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Abstract
Hybrid systems are a modeling framework that allows for the combined consideration
of continuous and discrete state dynamics. They are described by a finite collection
of continuous systems, with each of these continuous dynamics corresponding to dis-
crete modes of operation. Hidden mode hybrid systems are the special case when the
mode is unknown or hidden and mode transitions are autonomous. In addition, by
allowing unknown inputs in this framework, both deterministic and stochastic distur-
bance inputs and noise signals can be considered. There are a large number of ap-
plications, such as autonomous systems with contact, urban transportation systems,
human-automation systems as well as fault and attack identification in cyber-physical
systems. However, the literature on feedback control and estimation approaches for
such systems is rather sparse.

The main contribution of this thesis is the development of fundamental theory
and computationally efficient algorithms for feedback control and estimation of hid-
den mode hybrid systems. In the first part of the thesis, we consider the feedback
control problem of hidden mode hybrid systems with input amplitude and rate con-
straints. We propose a single hidden mode control law that applies to all modes, as
opposed to existing control designs in which a controller is designed for each mode and
the switching between controllers are based on mode estimates. This technique was
applied to the problems of dynamic landing of a helicopter and robot walking without
ground contact sensors and to the control of a car with automatic transmission.

In the second part of the thesis, we develop inference algorithms for simultaneously
estimating states, unknown inputs and hidden modes of stochastic switched linear
systems, along with an analysis of their properties. We first design simultaneous
state and input estimators for a more general class of linear systems. Then, we make
use of a multiple model framework to additionally estimate the hidden mode. These
inference algorithms provide the initial steps towards the realization of smart vehicles
that can infer the hidden intention of other drivers without explicit communication,
as well as smart power grids with reliable estimates despite faults or malicious attacks
on its topology, actuators and sensors.

Thesis Supervisor: Emilio Frazzoli
Title: Professor of Aeronautics and Astronautics
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Chapter 1

Introduction

This thesis considers the controller and estimator designs for hidden mode hybrid
systems with applications to autonomous systems. We would like to point out that
the controller and estimator designs of interest are those that are generally applicable
to a wide range of applications beyond autonomous mechanical and electrical systems.
By and large, the rich modeling tool presented by the hidden mode hybrid systems
remains untapped, and the literature on the control and estimation for such systems
is sparse. Developing design tools for such systems that are lacking and putting them
to use is the central focus of this thesis.

At a high-level, the role of this introduction chapter is to introduce the types of
control and estimation problems that are well described under the modeling frame-
work of hidden mode hybrid systems. To this end, we recount a number of such
application examples. The aim is to motivate why control and estimation problems
using the framework of hidden mode hybrid systems are both interesting and rele-
vant. In fact, we will revisit these examples as motivational aids at various points
throughout the thesis. We will also discuss in a contributions section how we see the
thesis work extends the area of control and estimation theory. Finally, this chapter
provides an overview of the organizational structure of this thesis, as a guide and
preview of the narrative that follows.

1.1 General Motivation

The problems considered in this thesis stem from the desire and need to review and
reconsider existing controller and estimation design tools for more complex system
behaviors, that are better described as a combination of both behaviors that are
typical of continuous-time and of discrete-time dynamical systems. These systems
are called hybrid dynamical systems or simply hybrid systems.

Some prevalent simplifying assumptions for dealing with such systems are that
systems designers or operators have full knowledge of the systems’ continuous and
discrete states and also complete control over their continuous and discrete dynamics.
However, these assumptions are often difficult to guarantee, due to ever present small
disturbances and imperfect knowledge of the system. One such class of hybrid systems
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is the hidden mode hybrid system [3–5] in which the mode is not available for control.
In other words, the discrete state of a system, a.k.a. mode, is unknown or hidden and
mode transitions are autonomous and exogeneous, i.e., there is no direct control over
the switching mechanism that triggers the discrete events. There are a large number
of applications, in which it is not realistic to assume knowledge of the mode, or it
is simply impractical or costly to measure the mode. This is the case, for instance,
in navigation across heterogeneous terrains, manufacturing, electronics, chemical or
biological processes, etc., where the addition of mode sensors add unnecessary weight
or interfere with the controlled process. Even when such sensors are present, this will
be the case when the mode sensors fail.

This particular class of hybrid systems is, in the author’s opinion, well suited to
describe autonomous systems, including robotic systems, multi-agent systems, trans-
portation systems, power and energy systems, etc. The reason for this is that many
if not most autonomous systems have to operate without full knowledge of their own
states or modes of operation, and the decisions of other non-communicating systems,
humans or adversaries. In some instances, the control strategy can be designed to be
robust to these uncertainties or to adapt to the changing intentions or modes of oper-
ations. In others, these intentions and control decisions may need to be inferred from
noisy measurements to guarantee safe operation and to satisfy given performance cri-
teria. Given the apparent relevance of hidden mode hybrid systems as a model, it is
surprising, at least to the author, that the literature on the control and estimation of
hidden mode hybrid systems is relatively sparse, a gap that this thesis aims to help
to fill.

A sampling of the application examples that are well modeled as hidden mode
hybrid systems with unknown inputs are described next, and they will serve as moti-
vational aids for the control and estimation techniques developed in this thesis. These
problems share the same features of having hidden modes that are not controlled and
unknown disturbance or attack inputs. Specifics for these features will be elucidated
further in Chapter 2.

1.1.1 Autonomous Systems with Contact

Two specific applications of autonomous systems with contact that motivate this
thesis are the control of an actuated dynamic walker, a.k.a. toddler robot and the
autonomous dynamic landing of a helicopter (see Figure 1-1). The state dynamics
is dependent on whether the robot leg or the helicopter skid is in contact with the
ground. In these problems, the system mode is hidden without a ground contact
sensor. Furthermore, there may exist disturbance inputs such as wind, ground effects
and air turbulence or unmodeled dynamics. Thus, in both applications, the control
objective is to develop a feedback controller without the knowledge of the system
mode that also rejects the disturbance inputs.
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(a) Toddler robot [1]. (b) Autolanding helicopter.

Figure 1-1: Autonomous systems with contact.

1.1.2 Intention-Aware Vehicles

The second motivational application for this thesis is the collision avoidance problem
of (semi-)autonomous multi-vehicle systems at intersections (see Figure 1-2), where
the intents of other vehicles (e.g. inattentive, malicious, etc.) are inaccessible [5, 6].
Moreover, even when the intents are known, the decisions or the control inputs of the
other vehicles are still unknown. Therefore, the objective for this application is the
simultaneous inference of the system states, the hidden intention or mode and the
unknown control decisions from noisy measurements, such that these estimates may
be used to enhance safety and control performance.

Figure 1-2: Intention-aware vehicles at an intersection.
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1.1.3 Resilient Power Systems

A third motivating example is that of resilient state estimation of critical infras-
tructure, e.g. power systems, that are under malicious attacks (cf. Figure 1-3).
Specifically, we consider power systems with multiple control areas, each consisting of
generators and loads, with tie-lines providing interconnections between areas [7]. A
malicious agent is assumed to have access to circuit breakers that control the tie-lines,
and is thus able to sever the connection between control areas, altering the topology of
the tie-line interconnection graph (a hidden mode) and thus the power flow across the
tie lines. In addition, the system dynamics and measurements are subject to random
noise and attacks via additive data injection (unknown inputs) in a fixed number of
the actuator and sensor signals, where the subset of actuators and sensors that are
under attack is unknown, i.e., the attack location is also a hidden mode. The goal of
resilient state estimation is thus to obtain unbiased state estimates despite attacks on
switches/circuit breakers, actuators and sensors, i.e., with the true interconnection
network and the true subset of attacked actuator and sensor signals being the hidden
mode and the attack signals as unknown inputs.

Figure 1-3: Potential societal cost associated with malicious attacks on power systems.

1.2 Statement of Contributions

The main contribution of this thesis is the development of fundamental theory and
computationally efficient algorithms for two complementary subjects of interest to the
system control and estimation community, namely feedback control and estimation
of hidden mode hybrid systems.

In the first part of the thesis, we consider the feedback control problem of hidden
mode hybrid systems with input amplitude and rate constraints. We propose a single
hidden mode control law that applies to all modes, as opposed to existing control
designs in which a controller is designed for each mode and the switching between
controllers are based on mode estimates.

More specifically, the contributions of this first part are listed as follows.

• We designed a hidden mode tracking controller [8] for a class of hidden mode
hybrid systems in which the mode is not available for control, but without input
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constraints. Our approach is based on designing an adaptive sliding mode con-
troller and the use of well-established tools for stabilization of hybrid systems.

• In the presence of actuator input amplitude and rate constraints, a direct model
reference adaptive control framework was presented for achieving asymptotic
adaptive tracking for some classes of uncertain linear time-invariant systems
and nonlinear systems [9], without causing any chatter in the control input.

• We developed and compared two design approaches for hidden mode tracking of
uncertain hybrid systems in Brunovsky form that are subject to actuator input
amplitude and rate constraints, as well as bounded disturbances. The first
approach adapts to the parameters of the hidden mode, whereas the second
approach rejects the ‘disturbance’ resulting from the difference between the
nominal and the true model using integral sliding mode control.

The above techniques were applied to the problems of dynamic landing of a heli-
copter and robot walking without ground contact sensors as well as to the control of
a car with automatic transmission.

In the second part of the thesis, we discuss the development of the first inference
algorithms for simultaneously estimating states, unknown inputs and hidden modes
of stochastic switched linear systems, along with an analysis of their properties. The
challenge of designing algorithms for hidden mode hybrid systems with unknown
inputs is compounded by the fact that simultaneous state and input estimation (with
known mode) has been previously considered for only restrictive classes of linear
systems. Hence, we first develop simultaneous state and input estimators for a more
general class of linear systems. Then, we make effective use of a multiple model
framework for estimation to additionally estimate the hidden mode.

In particular, the contributions of this part on the inference problem of hidden
mode hybrid systems are listed as follows.

• We presented a unified optimal and exponentially stable filter for linear discrete-
time stochastic systems [10] that simultaneously estimates the states and un-
known inputs in an unbiased minimum-variance sense (with ‘known’ mode),
without making any assumptions on the direct feedthrough matrix. We also
provided the connection between the stability of the estimator and a system
property known as strong detectability.

• An optimal filter for linear time-varying continuous-time stochastic systems
(with ‘known’ mode) was developed that simultaneously estimates the states
and unknown inputs in an unbiased minimum-variance sense [11]. Unlike its
discrete-time counterpart, we showed that the unknown inputs cannot be esti-
mated in a meaningful way without additional assumptions, and provided an
analysis of two sets of assumptions under which the input can be estimated.
Moreover, we proved that a principle of separation of estimation and control
holds and that the unknown inputs may be rejected.
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• We proposed inference algorithms for simultaneously estimating the mode, input
and state of hidden mode switched linear stochastic systems with unknown
inputs [6]. We defined the generalized innovation signal for each mode and
utilized the whiteness property of the generalized innovation of the true mode to
infer the hidden mode of the switched linear stochastic system. We also explored
the asymptotic property of the inference algorithm for mode identification and
established its relationship to Kullback-Leibler divergence [12].

These inference algorithms provide the initial steps towards the realization of
smart vehicles that can infer the hidden intention of other drivers without explicit
communication, as well as smart power grids with reliable estimates despite faults or
malicious attacks on its topology, actuators and sensors. In addition, on the topic of
resilient estimation of smart power grids or more generally, cyber-physical systems,
the following contributions have been made [12].

• As compared to existing literature, e.g. [13], actuator signal attacks and net-
work topology attacks can be considered in addition to sensor signal attacks for
stochastic systems.

• We characterized fundamental limitations to resilient estimation, e.g., the upper
bound on the number of asymptotically correctable signal attacks/errors (i.e.,
signal attacks whose effects can be asymptotically negated or cancelled such that
unbiased state estimates are still available), as well as the maximum number of
models that are needed for resilient estimaition.

• We also discussed some observations about attack detectability under our mul-
tiple model estimation framework.

Lastly, the final chapter summarizes the contributions of this thesis and points
out several other contributions of ours to extend the work on simultaneous input and
state filtering (with ‘known’ mode), which we omitted from this thesis to place a
greater emphasis on the inference problem for systems with hidden modes. Interested
readers are instead referred to [14] for a detailed discussion on strong detectability
and estimation with a possible delay/lag as well as to [15] for the development of
input and state filters when input aggregate information in the form of equality and
inequality constraints is available. Other directions for future research are the algo-
rithmic development of hidden mode, input and state smoothers and nonlinear input
and state estimators, as well the broad topic of control designs that use these esti-
mates and the subject of incorporating robustness to modeling errors into resilient
state estimation.

1.3 Organization
This thesis is essentially divided into two parts, preceded by the introduction and
definition of hidden mode hybrid systems of interest in Chapter 2. The first part of
the thesis covers controller design tools in the spirit of “one controller fits all modes”
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without mode estimation. These designs have the advantage of simplicity as only one
controller is needed and also of immediacy since mode estimation is typically associ-
ated with a wait time until the mode estimate is sufficiently trustworthy, assuming
that the estimate converges in the first place. On the other hand, the second part of
the thesis is devoted to estimator designs in which we do want to estimate the system
mode as well as continuous state and unknown inputs of a system, in the spirit of “one
estimator finds all”. An engineer often needs to estimate the system mode and state
because the mode and state are interesting in their own right, as is the case when
monitoring the faults and/or attacks on the operation of a power system. Moreover,
an engineer may need to estimate the system state and mode in order to implement
the “correct” state-feedback controller.

The two main topics of the thesis, namely feedback control and estimation of
hidden mode hybrid systems, may thus be viewed as being disjoint or also as com-
plementary subjects of interest to the system control and estimation community. We
believe that the division of the thesis into two parts would make the exposition of the
fundamental theory and algorithms in this thesis clearer for our reader. Note, how-
ever, that there may be overlaps in the notations used throughout these two parts,
and they should be viewed as independent of each other unless otherwise specified.

In essence, this thesis is organized into Part I: Feedback Control of Hidden Mode
Hybrid Systems and Part II: Estimation of Hidden Mode Hybrid Systems, whereas
the chapter-by-chapter breakdown is as follows:

• In Chapter 2, we will present a mathematical definition of the model of interest,
i.e., of hidden mode hybrid systems as well as some common notations specific
to the model that will be used in our discussion in the following chapters. We
will also highlight a few central features of the model we are considering to
clearly distinguish the work in this thesis from the literature on hybrid systems
with known system modes.

• In Chapter 3 (Part I), we will present preliminary concepts, mathematical def-
initions and notations that are specific to the chapters in Part I. A literature
review and well-known results for the topic of feedback control of hidden mode
hybrid systems and input-constrained tracking control will also be presented
for future reference in later chapters, with an allusion to missing pieces in the
literature that this thesis will address.

• In Chapter 4 (Part I), we will present a novel approach to track a given ref-
erence trajectory of a hybrid system in which the system mode is hidden. We
will provide the design and analysis for a feedback controller that tracks a given
dwell-time reference trajectory for a particular class of hybrid systems, with-
out relying on mode estimates, i.e., in the spirit of “one controller that fits all
modes”. By means of numerical examples of autonomous systems with contact
(cf. Section 1.1.1), we illustrate the effectiveness of the hidden mode tracking
controller. Note that in this chapter, input amplitude or rate constraints are
not yet imposed.
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• In Chapter 5 (Part I), we will first propose a novel approach to asymptotically
track a modified reference model (CHARM) for some classes of uncertain linear
time-invariant systems and nonlinear systems (non-hybrid) in the presence of
actuator input amplitude and rate constraints. Then, we will extend the input-
constrained tracking approach to track a modified reference model (iCHARM)
in a stable manner for hidden mode hybrid systems in Brunovsky form. In
addition to the adaptive approach in Chapter 4, we will also introduce a robust
control approach using integral sliding mode control. By means of the same
numerical examples of autonomous systems with contact (cf. Section 1.1.1),
we will illustrate the performance of these approaches when these systems are
subject to input amplitude and rate constraint.

• In Chapter 6 (Part II), preliminary concepts, mathematical definitions and no-
tations for the chapters in Part II will be presented. In particular, we will in-
troduce relevant and important system properties known as invertibility, strong
observability and strong detectability. The existing literature on the subject of
simultaneous input and state estimation as well as multiple model estimation
will also be presented to point out the gaps that this thesis will bridge to achieve
our objective of simultaneous hidden mode, input and state estimation. Fur-
thermore, a review of the resilient state estimation literature will be given as a
prelude to the discussion in Chapter 8 on the application of the developed infer-
ence algorithm for achieving resilience against adversarial topology and signal
attacks.

• In Chapter 7 (Part II), we will present several novel input and state estimators
(for a single mode system) that are less restrictive than those in the existing
literature: (i) a unified and optimal filter for linear discrete-time stochastic
systems (ULISE), (ii) an optimal smoother for linear discrete-time stochastic
systems (ULISS), and (iii) an optimal filter for linear continuous-time stochastic
systems under some appropriate additional assumptions (ELISE and ALISE).
We will also show that the stability of these estimators is closely related to the
strong detectability of the system. Simulation results using a benchmark fault
identification problem and a nonlinear vehicle reentry problem are then given
to demonstrate the usefulness of these estimators.

• In Chapter 8 (Part II), we will propose inference algorithms for simultaneously
estimating the mode, input and state of hidden mode switched linear stochastic
systems with unknown inputs. By defining a likelihood function based on a
provably Gaussian white noise signal of the optimal ULISE filter in Chapter 7,
we then employ a multiple model approach based on the likelihood function
for inferring the hidden mode of switched linear stochastic systems. We will
also study the asymptotic property of the inference algorithm for mode identifi-
cation and show its relationship to Kullback-Leibler divergence. The proposed
inference algorithms will be illustrated with examples of smart vehicles that can
infer the hidden intention of other drivers without explicit communication, as
well as of smart power grids with reliable estimates despite faults or malicious
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attacks on its topology, actuators and sensors. Further results on resilient esti-
mation of stochastic cyber-physical systems such as its associated fundamental
limitations will also be discussed.

• Finally, in Chapter 9, we conclude the thesis with summaries of our contribu-
tions and present some insights gained from further extensions of our work that
were omitted from this thesis. Future research directions will also be given.
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Chapter 2

Hidden Mode Hybrid Systems as
Model

Hybrid systems are a modeling framework that allows for the combined consideration
of continuous and discrete state dynamics. They are described by a finite collection of
continuous systems, with each of these continuous dynamics corresponding to discrete
modes of operation. Hidden mode hybrid systems are the special case when the
mode is unknown or hidden and mode transitions are autonomous (i.e., there is no
direct control over the switching process). In addition, by allowing unknown inputs
in this framework, both deterministic and stochastic disturbance inputs and noise
signals can also be considered. There are a large number of applications, such as
urban transportation systems, human-automation systems as well as fault and attack
identification in cyber-physical systems that were motivated in Chapter 1, in which
it is not realistic to assume knowledge of the mode and disturbance inputs or they
are simply impractical or too costly or unwieldy to measure. However, the literature
on feedback control and estimation approaches for such systems is rather sparse.
The objective of this chapter is to describe the modeling framework that will be
used throughout the thesis, and to also summarize some common notations that
are applicable for the following two parts of the thesis. Additional assumptions and
notations that are specific to the individual parts (and may overlap) will be given in
the chapters on background and preliminaries of each part.

2.1 Modeling Framework

The general modeling framework that is of interest to this thesis is the hybrid dy-
namical system, or simply hybrid system, denoted as H (see, e.g., [16, 17]):
Continuous-time dynamics:

(ẋ, q̇) = (fq(x, u, d), 0) (x, u, d) 2 Cq

(x, q)+ = (gq(x, u, d), �q(x)) x 2 Dq (2.1)
y = hq(x, u, d)
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Discrete-time dynamics:

(xk+1, qk+1) = (fqk
(xk, uk, dk), 0) (xk, uk, dk) 2 Cqk

(xk, qk)
+ = (gqk

(xk, uk, dk), �qk
(xk)) xk 2 Dqk

(2.2)
yk = hqk

(xk, uk, dk)

where for the continuous-time dynamics representation, x 2 Rn is the continuous
state, q 2 Q := {1, 2, . . . , N} the discrete state or mode, u 2 Uq ⇢ Rm the known
control input, d 2 �q ⇢ Rp the unknown disturbance or noise input and y 2 Rl the
output. For each q 2 Q, Uq ⇢ Rm is the set of admissible inputs, �q ⇢ Rp is the
set of disturbance inputs, Cq ⇢ Rn ⇥ Uq ⇥ �q the flow set, Dq ⇢ Rn the jump set,
fq : Cq ! Rn the continuous dynamics or flow map, gq : Dq ! Rn the (bounded)
discrete transition/reset map or impulse effects, �q : Dq ! Q the mode transition map
and hq the output map. The data of the hybrid system H is given by (C, f, D, g, �, h)
with C :=

S
q2Q Cq⇥{q}, f :=

S
q2Q fq⇥{q}, D :=

S
q2Q Dq⇥{q}, g :=

S
q2Q gq⇥{q},

� :=
S

q2Q �q ⇥ {q} and h :=
S

q2Q hq ⇥ {q}. It also follows from (2.1) that on every
open interval on Cq \ Dq, the mode q remains constant, while the continuous states
flow according to ẋ = fq(x, u, d). Analogous definitions apply for the discrete-time
dynamics representation.

A special case is when the impulse effects are absent, i.e., the reset map gq or gqk

is the identity (x(t+) = x(t) or x+
k = xk), in which case the system is referred to as a

switched system. Moreover, if the continuous- or discrete-time dynamics of the flow
map fq or fqk

is linear, the system is called a switched linear system.
Yet another special case of hybrid systems is the hidden mode hybrid system (see,

e.g., [5, 8] and references therein) when the system mode q or qk is not available for
control or hidden. This class of hybrid systems is the primary focus of this thesis.
Specifically, the hidden mode hybrid systems we consider in this thesis have the
following three features:

Hidden Mode:

The system mode q is not directly measured or observed, thus unavailable for control.
This may either be simply impractical or too costly or unwieldy to measure.
For instance, the hidden modes in the motivational examples are:

• Autonomous systems with contact: Robot leg or helicopter skip that is in con-
tact with the ground (left, right or both).

• Intention-aware vehicles: Intentions or decisions of the other human drivers or
(semi-)autonomous vehicles (stop, continue forward or turn left or right).

• Resilient power systems: Subsets of potentially attacked actuators and sensors
(signal location attack), as well as the network topology (mode attack) chosen
by an adversary.
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Autonomous/Uncontrolled Switching:

There is no direct control over the switching mechanism that triggers the discrete
events (�q and Dq are independent of u and d). For the most part in this thesis, we
assume that the mode transition map �q is deterministic but both the mode transition
map �q and the jump set Dq need not be known. For instance, this is the case when
the system has state-dependent switchings such as impacts and contact in mechanical
systems, or when the internal clock or the switching logic of time-dependent switchings
is inaccessible. The ability to directly control switching would imply the knowledge
of the mode, which is contrary to the assumption of a hidden mode system.

Note that we also consider the scenario when the system mode q is a random
variable and the mode transition map �q is stochastic in Section 8.2.3. This case is
especially useful when some prior knowledge of the mode transitions in a probabilistic
sense is available, e.g. from data, and for systems in which the mode transitions are
not as clear-cut as impacts and contacts in mechanical systems.
As discussed in the previous chapter, autonomous switching is integral to the problem
formulation of our motivational examples.

• Autonomous systems with contact: Ground height or contact points are fixed
and cannot be controlled.

• Intention-aware vehicles: Intentions or decisions of other drivers/cars on a street
cannot be directly manipulated.

• Resilient power systems: The network topology and the true subset of attacked
actuators/sensors are chosen by attackers.

Disturbance or Unknown Inputs:

The disturbance input d may be deterministic or stochastic, or is linearly composed
of deterministic and stochastic components.
For example, the hidden modes in the motivational examples are:

• Autonomous systems with contact: External disturbances such as wind or un-
modeled dynamics.

• Intention-aware vehicles: Control inputs of other vehicles on the street.

• Resilient power systems: The magnitude of the attack signals that are injected
into attacked actuators/sensors (signal magnitude attack).

2.2 Common Notations
We first summarize the common notations used throughout the thesis:

• R is the field of real numbers.

• C the field of complex numbers.
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• R�0 is the set of non-negative real numbers.

• Rn denotes the n-dimensional Euclidean space.

• N is the set of natural numbers including 0.

• Given a set A, Ā denotes its closure and Ac its complement.

• Given a vector x 2 Rn, kxk denotes the Euclidean vector norm and kxk1 the
infinity norm.

• For a random vector, v 2 Rn, the expectation is denoted by E[v].

• Given a set A ⇢ Rn and a point x 2 Rn, kxkA := infy2Akx � yk.

• A function ↵ : R�0 ! R�0 is said to belong to class-K (denoted ↵ 2 K) if it is
continuous, zero at zero and strictly increasing and to belong to class-K1 if it
belongs to class-K and is unbounded.

• The function max : R ⇥ R ! R returns the maximum value of its arguments.

• Given a matrix M 2 Rp⇥q, its transpose, inverse, Moore-Penrose pseudoinverse,
range, trace and rank are given by M>, M�1, M †, Ra(M), tr(M) and rk(M).
For a symmetric matrix S, S � 0 (S ⌫ 0) indicates S is positive (semi-)definite.
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Part I

Feedback Control of Hidden Mode
Hybrid Systems
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Chapter 3

Background and Preliminaries

In this chapter, we first review the existing literature on the subject of feedback
control for hidden mode hybrid systems, as well as the topic of input constrained
control. We then overview definitions and important results that lay the foundation
for analyzing the tracking control designs for continuous-time hidden mode hybrid
systems with input constraints presented in the following chapters of Part I. During
our discussion in the next chapters, we will recall these definitions and results when
necessary.

3.1 Motivation and Literature Review

This first part of the thesis is motivated by the need for designing feedback control
algorithms for hybrid systems with hidden modes and unknown disturbance inputs
in Example 1.1.1. This problem is not only typical of many autonomous mechanical
systems subject to nonsmooth impacts as in in Example 1.1.1 but also of electronics,
chemical or biological processes, etc., with multiple modes of operation. Mode sensors
may add unnecessary weight or interfere with the controlled process and even when
such sensors are present, the mode sensors fail. Hence, a control design in the spirit
of “one controller fits all modes” is desirable, since it has the advantage of simplicity
as only one controller is needed and also of immediacy since mode estimation is typ-
ically associated with a wait time until the mode estimate is sufficiently trustworthy,
assuming that the estimate converges in the first place.

The feedback control of a hidden mode hybrid system is a relatively young area
of research. Despite the relevance of this problem to many systems, the literature
on this subject is relatively sparse. This research problem is first proposed, studied
and experimentally demonstrated in [3–5] for deterministic systems, with application
to safety control for multi-vehicle systems. The general strategy is to assist the
controlled vehicle assuming the worst-case scenario (similar in spirit to robust control)
while estimating the hidden mode (assuming the input to mode mapping is one-to-
one), after which the control strategy becomes increasingly less conservative based
on the mode estimate. However, the body of pioneering work listed above is the
only available literature on this topic and has only scratched the surface of what is
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possible with feedback control of hidden mode hybrid systems. In particular, adaptive
control and robust approaches that do not require the estimation of the hidden mode
have not been considered. For a start, we consider the specific problem of trajectory
tracking control for hidden mode hybrid systems in this thesis. Since the trajectory
tracking problem has to our knowledge not been considered with hidden modes, we
next review the existing literature on tracking control for hybrid systems with known
modes. Moreover, since control inputs to most systems, including hybrid systems,
are constrained due to physical limitations of actuators, we also survey some existing
work on trajectory tracking subject to input constraints.

3.1.1 Tracking Control with Known Mode

The research field of trajectory tracking has been fairly mature for continuous or
discrete systems. On the other hand, the stability analysis of hybrid systems, i.e.
systems with both continuous and discrete dynamics is also relatively well-developed.
Unfortunately, general results for tracking hybrid trajectories are only available for
very specific solutions, for e.g., the work in [18], for a mechanical system subject
to nonsmooth impacts and [19] for the juggling problem. Hence, there has been a
growing interest in developing tracking controller for hybrid systems. More recently,
general results have been developed in [20] and [21], assuming full knowledge of the
system states and complete control over the system’s continuous and discrete dynam-
ics. These assumptions are essential to the control framework for avoiding “peaking
phenomena” (identified in [18, 20]), which occur when the reference and plant jumps
do not coincide.

However, these assumptions are difficult to guarantee, due to ever present small
disturbances and imperfect knowledge of the system. One such class of hybrid systems
is the hidden mode hybrid system that we are considering, in which the mode is
unknown or hidden and mode transitions are autonomous, i.e., there is no direct
control over the switching mechanism that triggers the discrete events.

On the other hand, the control of hidden mode hybrid systems has been addressed
for safety control in [5], in which the hidden mode is estimated while conservatively
executing a safety control scheme until the mode estimate is sufficiently trustworthy.
However, the wait time for the estimate to converge may cause unnecessary delays,
assuming that the estimate converges in the first place. Thus, one of the objectives
of this thesis is to develop a control law that asymptotically track a hybrid refer-
ence trajectory, without knowledge of the hidden modes and without requiring the
convergence of the mode estimate to its true value.

3.1.2 Input-Constrained Control

It is well known that in real control systems, uncertainties in the form of disturbance
signals and dynamic perturbations are unavoidable. A mathematical model of any
real system is at best an approximation of the system dynamics, as we often exclude
high-frequency dynamics, nonlinearities in the modeling and time variations of system
parameter due to wear-and-tear or changing environment. Moreover, control inputs
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to these systems are constrained in most practical applications due to physical limi-
tations of actuators. It may also be desirable to intentionally impose artificial limits,
e.g., to avoid input chattering that can excite unmodeled dynamics, which in turn,
may cause plant damage.

Control design in the presence of input saturation has been widely studied (see [22]
for a chronological bibliography). However, the bulk of the research effort is on known
systems with actuator saturation limits, with the exception of [23–33]. The idea of
tracking an adaptive reference model, i.e., with modifications to the reference model
dynamics to deal with control deficiencies due to control amplitude saturation, is pro-
posed by Monopoli [23], without any formal stability proof. On the other hand, [28]
provides a rigorous proof and a domain of attraction for stable/bounded tracking
of linear time-invariant systems without modifications to the reference model. The
combination of these two was formalized in [30, 32] for linear time-invariant systems
to achieve asymptotic tracking of the adaptive reference model and they further in-
troduced positive µ-modification to guarantee that the control amplitude will never
incur saturation. The same approach is applied to nonlinear systems in Brunovsky
form in [32] to achieve stable/bounded tracking in the presence of bounded distur-
bances. However, the results in [28,30,32] do not consider input rate saturation. On
the other hand, [29,31,33] take both amplitude and rate saturation into consideration
but do not explicitly construct the domain of attraction, or allow for modifications for
avoiding input amplitude or rate saturation and for rejecting bounded disturbances.

Unfortunately, these approaches do not apply to systems that may exhibit state
jumps, which would result in a jump in the control input, incurring a violation of its
rate constraint. Moreover, the hidden mode may additionally cause unforeseen jumps
in the control inputs, thus further complicating the controller design subject to input
rate constraints.

3.2 Definitions and Useful Results

3.2.1 Solutions to Hybrid Systems

Solutions � to the hybrid system H are defined by hybrid arcs on hybrid time domains,
which are functions defined on subsets of R�0 ⇥ N given by the union of intervals of
the form [tj, tj+1] ⇥ {j}, tj+1 � tj. Since the mode q remains constant for each j,
one can associate each solution of the hybrid system H with a switching sequence,
indexed by an initial state �(0, 0) 2 Rn:

S�(0,0) = (t0, q0), (t1, q1), . . . , (tj, qj), . . . , (tN , qN), . . .

in which the sequence may or may not be infinite. We can take tN+1 = 1 in the
finite case, with all further definitions and results holding. The corresponding in-
creasing sequence of switching times is denoted as TS = t0, t1, . . . , tj, . . . , tN , . . . and
the switching modes is denoted as QS = q0, q1, . . . , qj, . . . , qN , . . ..

Moreover, if we restrict the solutions to the hybrid system H to a class of solutions
known as dwell-time solutions [16, 17] such that the hybrid time domains are given
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by the union of intervals of the form [tj, tj+1] ⇥ {j}, tj+1 � tj + ⌧D with dwell-time
⌧D > 0, we denote the resulting switching sequence, strictly increasing sequence of
switching times and switching modes as S

�(0,0)
⌧D , TS⌧D

and QS⌧D
, respectively.

3.2.2 Definitions and Results on Stability

Given an initial state �(0, 0) 2 Rn, SH(�(0, 0)) denotes the set of maximal solutions
� to H with �(0, 0). Then, we provide definitions of several notions of stability of
hybrid systems, which are partially given in [20].

Definition 3.2.1 (Stability and Boundedness) A set A ⇢ Rn is said to be

1. uniformly globally stable if there exists ↵ 2 K1 such that each solution � 2
SH(�(0, 0)) satisfies k�(t, j)kA  ↵(k�(0, 0)kA) for all (t, j) 2 dom�;

2. uniformly globally attractive if for each ✏ > 0 and � > 0, there exists T > 0
such that, for any solution, � 2 SH(�(0, 0) with k�(0, 0)kA  �, (t, j) 2 dom�
and t + j � T imply k�(t, j)kA  ✏;

3. uniformly asymptotically stable if it is both uniformly globally stable and uni-
formly globally attractive.

4. uniformly ultimately bounded if there exist ↵ 2 K and a finite time (tJ , J)
with tJ 2 R�0 and J 2 N such that each solution � 2 SH(�(0, 0)) satisfies
k�(t, j)kA  ↵(k�(tJ , J)kA) < 1 for all (t, j) 2 dom�, t � tJ , j � J .

Next, we introduce a well-known stability analysis tool for hybrid systems called
multiple Lyapunov functions (MLF) theory [34].

Definition 3.2.2 (Candidate Lyapunov-like function) Given a strictly increas-
ing sequence of times TS⌧D

belonging to a switching sequence S
�(0,0)
⌧D and a closed

set of design equilibrium points defined in the output space A ⇢ Rp, a function
Vq : dom Vq ! R is a Lyapunov-like function for function fq with respect to set
A on Cq over TS⌧D

if

1. Vq is positive definite on Cq with respect to set A,

2. V̇q(x, u)  0 for all (x, u) 2 Cq,

3. Vq[k + 1]  Vq[k], 8k 2 N where Vq[k] is defined as the value taken by Vq during
the switch-on instants of k-th time interval over which (x, u) 2 Cq.

Theorem 3.2.3 ([34, Thm. 2.3]) Let S be the set of all switching sequences asso-
ciated with the system. Given a closed set of design equilibrium points defined in the
output space A ⇢ Rp, if for each S 2 S, we have Lyapunov-like functions Vq for all
q 2 Q as in Definition 3.2.2, then the system is uniformly globally stable with respect
to set A.
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Clearly, a sufficient condition for Condition 3 of Definition 3.2.2 to hold is that the
inequality holds for every switch in the switching sequence. Thus, we can consider a
weaker version of Theorem 3.2.3, whose proof follows immediately from the definition
of uniform ultimate boundedness and the application of Theorem 3.2.3 starting from
after a finite time.

Proposition 3.2.4 Let S be the set of all switching sequences associated with the
system. Given a closed set of design equilibrium points defined in the output space
A ⇢ Rp, if for each S 2 S, there exists J 2 N such that some functions Vq for all
q 2 Q satisfy

1. Vq is positive definite on Cq with respect to set A,

2. V̇q(x, u)  0 for all (x, u) 2 Cq,

3. Vq(tj+1)[j + 1]  Vq(tj)[j] < 1, 8j � J where Vq[j] is defined as the value taken
by Vq during the j-th switch-on instant,

then the system is uniformly ultimately bounded after a finite time (tJ , J).

By construction, the closed set of design equilibrium points defined in the output
space A ⇢ Rp must be invariant during jumps, i.e. such that for all states in the jump
set corresponding to points in the equilibrium set {xd : yd = hq(xd) 2 A, (xd, u) 2
Dq} for all q 2 lim sup S�(0,0), there must exist u 2 Uq such that hq(gq(xd, u)) 2
A (for uncontrolled impulse maps, i.e. x+

d = gq(xd), hq(gq(xd)) 2 A). Note that
this condition should always be checked, especially for time-varying hybrid reference
trajectories.

3.2.3 Input Amplitude and Rate Constraints

For certain classes of uncertain systems we will consider in Chapter 5, we assume that
the control input u 2 R to these systems is amplitude and rate limited:

u(t) = umaxsat

✓
uc(t)

umax

◆
, u̇(t) = u̇maxsat

✓
u̇c(t)

u̇max

◆
, (3.1)

with �sat

✓
s(t)

�

◆
=

⇢
s(t), |s(t)|  �,
�sgn(s(t)), |s(t)| > �,

(3.2)

and where uc(t) and its derivative u̇c(t) represent the commanded control input, while
umax and u̇max are the actuator amplitude and rate saturation levels.

3.2.4 Positive (⇢, µ)-modification

Motivated by [30, 32], we propose a control design modification that protects the
adaptive input signal from amplitude and rate saturation, which we will make use of
in Chapter 5. This is achieved by defining u

�µ
max := umax � �µ, u̇

�⇢
max := u̇max � �⇢,
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�uc(t) := u
�µ
maxsat

⇣
uc(t)

u
�µ
max

⌘
� uc(t) and �u̇c(t) := u̇

�⇢
maxsat

⇣
u̇c,⇢(t)

u̇
�⇢
max

⌘
� u̇c,⇢(t), where

0 < �µ < umax and 0 < �⇢ < u̇max are chosen constants. Using these definitions, we
consider a positive (⇢, µ)-modification of the input amplitude and rate using implicit
equations given by:

uc(t) = ud(t) + µ�uc(t) (3.3)
u̇c,⇢(t) = u̇d,µ(t) + ⇢�u̇c(t) (3.4)

where ud(t) is the desired input before µ-modification, u̇d,µ(t) is the desired input
rate after µ-modification but before ⇢-modification1, while uc(t) and u̇c,⇢ are the
input amplitude and rate after (⇢, µ)-modification, which will be given for each class
of problems in Chapter 5. Further restrictions on the choice of µ > 0 and ⇢ > 0
will also be derived in Chapter 5 for input-to-state unstable systems. The following
lemma gives the explicit solutions of uc(t) and u̇c,⇢(t).

Lemma 3.2.5 For µ > 0 and ⇢ > 0, the explicit solutions to (3.3) and (3.4) 8t > 0
are given by:

uc(t) =
1

1 + µ

✓
ud(t) + µu�µ

maxsat

✓
ud(t)

u
�µ
max

◆◆
(3.5)

u̇c,⇢(t) =
1

1 + ⇢

✓
u̇d,µ(t) + ⇢u̇�⇢

maxsat

✓
u̇d,µ(t)

u̇
�⇢
max

◆◆
. (3.6)

Proof The proof for uc(t) is given in [30,32], and the same proof applies for u̇c,⇢(t).

Remark 3.2.6 The input amplitude and rate constraints need not be symmetric. We
can similarly have asymmetric limits of u(t) and u̇(t), as well as derive the (⇢, µ)-
modified command inputs by replacing �sat

⇣
s(t)
�

⌘
with

asat(s(t), �, �) :=

8
<
:

s(t), �  s(t)  �
�, s(t) > �
�, s(t) < �

(3.7)

where � represents either umin, u̇min, u
�µ

min := umin + �µ, or u̇
�⇢
min := u̇min + �⇢; while

� represents umax, u̇max, u
�µ
max := umax � �µ or u̇

�⇢
max := u̇max � �⇢.

3.2.5 Modified reference model

As we shall see in Chapter 5, we deal with input amplitude and rate constraints
by suitably modifying the open-loop reference model (ORM) such that when input
constraints are imposed, the system remains stable and still exhibits the general

1This definition of the desired input rate is to be distinguished from u̇d,o, which is before (⇢, µ)-
modification, and u̇d, which is the derivative of ud after ⇢- but before µ-modifications, defined later
in Chapter 5.
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desired behavior, as is also done by the approach in [23]. Specifically, when there
are no impulsive jumps in the system states, the open-loop reference model (ORM)
is modified to include a control deficiency feedback, which adaptively modifies the
reference model, and a tracking error feedback, which leads to a closed-loop reference
model. Furthermore, a higher-order reference signal r is considered as in [29] to
prevent input rate saturation. Thus, in general, the closed-loop higher-order adaptive
reference model (CHARM) has the form:

ẋm(t) = ẋORM
m (t) + a(�ud(t)) + c(e(t)) (3.8)

ṙ(t) = h(rd(t),�u̇d(t)) (3.9)

where xm(t) is the model state and r(t) is the reference signal. ẋORM
m (t) is the open-

loop reference model dynamics, which is modified by an adaptive term a(�ud(t)),
as in [30, 32], as well as two novel additions, namely a tracking error feedback term
c(e(t)), and a higher order dynamics of r(t) given by h(rd(t),�u̇d(t)), with rd(t)
being the desired reference signal of the ORM, whereas the tracking error vector and
deficiencies are defined as

e(t) := xp(t) � xm(t), (3.10)

�ud(t) := umaxsat

✓
uc(t)

umax

◆
� ud(t), (3.11)

�u̇d(t) := u̇maxsat

✓
u̇c,⇢(t)

u̇max

◆
� u̇d,µ(t), (3.12)

with uc(t) and u̇c,⇢(t) from Lemma 3.2.5.
Moreover, to cope with impulsive jumps in the system states, we further modify

the above reference model (CHARM) to also allow impulsive jumps in the reference
model. With this addition, we end up with an impulsive closed-loop higher-order
adaptive reference model (iCHARM) of the form:

ẋm(t) = ẋORM
m (t) + a(�ud(t)) + c(e(t)),

xm(t+) = i1(xp(t
+), xp(t), xm(t)),

ṙ(t) = h(rd(t),�u̇d(t)),
r(t+) = i2(r(t), xp(t

+), xp(t), xm(t+), xm(t)).

(3.13)

Notable additions are the impulsive terms i1(·) and i2(·) that are introduced to “ab-
sorb” the potential jumps in the control law that would violate the input rate con-
straint or lead to instability.
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Chapter 4

Tracking Control with Hidden Mode

In this chapter, we will present a novel “one controller that fits all modes” that tracks
a given dwell-time reference trajectory of a hybrid system in which the system mode is
hidden, as well as the analysis for this hidden mode tracking controller. Note that no
input constraints are imposed in this chapter. The consideration of these constraints
is the primary subject of Chapter 5.

The chapter is organized as follows. In Section 4.1, we state the hidden mode
tracking problem of interest. The main contribution of this chapter is the design of a
hidden mode controller for deterministic hybrid feedback linearizable square systems,
i.e., with as many inputs as outputs, for which we present sufficient conditions for
achieving bounded errors when tracking reference in Section 4.2 as well as discuss
some variations and implementation issues in Section 4.3. Examples are presented
in Section 4.4 to demonstrate our approach on a switched and a hybrid system: car
with automatic transmission [35] and actuated dynamic walker, also known as the
toddler [1].

4.1 Problem Formulation

In this section, we state the class of hybrid systems for which we construct a feedback
controller that stably tracks a given well-posed hybrid reference trajectory in the
presence of bounded exogeneous disturbances. We also state assumptions that are
implicitly made when defining this class of hybrid system and the conditions for well-
posedness of the hybrid reference trajectory. Specifically, we consider square, hidden
mode hybrid systems that are feedback linearizable.

A square hybrid system refers to a system with as many inputs as outputs, modeled
as a hybrid system H with state x 2 Rns , mode q 2 Q := {1, 2, . . . , N}, input
u 2 Rms , and output y 2 Rms . We shall also restrict our attention to systems that
are feedback linearizable to the following form: a hybrid system with state ⇠ 2 Rnp ,
composed of ⇠ 2 Rms and their first (m � 1) derivatives (i.e., np = ms ⇥ m), mode
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q 2 Q := {1, 2, . . . , N}, input u 2 Rms , and output y = ⇠ given by

(⇠(m), q̇) = (fq(⇠, . . . , ⇠
(m�1), u), 0) (⇠, u) 2 Cq

(⇠, q)+ = (gq(⇠, u), �q(⇠, u)) (⇠, u) 2 Dq.

The reader is referred to the literature (e.g. [36, 37]) on feedback linearization, and
specifically input-output linearization for more details. Moreover, we assume that
the input u 2 Rms has a Lebesgue integrable part u1 and an impulsive part u2, and
that fq is continuous and gq is Lipschitz continuous. We also consider a bounded
exogenous disturbance (kdk1  dmax) that affects the system flow dynamics.

We equivalently represent the above system (henceforth referred to as Hp) by:

(a1⇠
(m), q̇) = (

nc�1X

i=2

'i(⇠, . . . , ⇠
(m�1))ai + 'c + d + ⌫(⇠, . . . , ⇠(m�1), u1), 0), (⇠, u1) 2 C

(⇠, q)+ = (gq(⇠, u2), �q(⇠)), ⇠ 2 Dq (4.1)

where ⌫ : Rms ! Rms ⇥ Rnp is the generalized input, which by construction (see
for e.g. [37] for ensuring this in the process of input-output linearization), has an
inverse function ⌫�1 : Rms ⇥ Rnp ! Rms almost everywhere, such that the control
input u1 2 Rms can be determined. The above construction also implies an implicit
assumption that the system order for each mode is the same and that u1 can be
uniquely determined without the knowledge of the mode q, which we will justify in
Section 4.3.

On the other hand, 'c represents features that are present in all modes, while
for all i 2 {1, 2, . . . , nc}, 'i are features that are common among each mode q, and
ai 2 {ai,0 = 0, ai,1, . . . , ai,q, . . . , ai,N} are premultipliers of the features that, similar
to indicator functions, are constant when the system is in each time interval over
which the mode is q 2 Q (when a feature does not appear in a particular mode,
ai = ai,0 = 0). By construction, we assume that a1,q > 0, 8q 2 Q.

By hidden mode hybrid systems, we refer to hybrid systems in which the mode
q is unknown, either by choice or otherwise. For the plant (4.1), this means that
the values of ai are unknown. In addition, hidden mode hybrid systems are systems
with autonomous switching, i.e. with no direct control over the switching mechanism
that triggers the discrete events (�q(⇠, u) = �q(⇠) and ⇠ 2 Dq) as in the case of state-
dependent switchings such as impacts and contact in mechanical systems. The ability
to control switching would imply the knowledge of the mode, which is contrary to
the assumption of a hidden mode system. Note that this is a harder problem than
in Sanfelice et al. [20] because without knowledge of the active mode the hybrid
system, there is no possibility of guaranteeing that the jumps of the reference and
plant trajectories occur simultaneously for all switching times tj 2 TS by means of
controlled switching.

We consider hybrid arcs ⇠r : dom ⇠r ! Rnp defining reference trajectories to
be tracked, which we assume to be given by a hybrid supervisor, which generates
well-posed and complete dwell-time solutions to the hybrid system. Note that the
well-posedness of the reference trajectories implies that the trajectories are feasible
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and that for every jump in the reference state ⇠r 2 Rnp , composed of ⇠r 2 Rms and
its (m � 1) derivatives, given by ⇠r

+ � ⇠r, there exists u2 such that ⇠r
+ = gqr(⇠r, u2)

when qr 2 Dqr , i.e., in the jump set of the reference trajectory, which we assume is
provided by the trajectory generator alongside the reference trajectory:

{u2 2 Uqr : ⇠r
+ = gqr(⇠r, u2)} (4.2)

On the the hand, if there is no impulsive input, i.e. gq(⇠, u2) = gq(⇠), then the well-
posedness condition imply that every jump of the hybrid reference trajectory ⇠r

+�⇠r

must satisfy

⇠r
+ = gqr(⇠r) qr 2 Dqr (4.3)

Finally, a complete hybrid reference trajectory ⇠r is one such that dom ⇠r is un-
bounded. Note that the reference modification approach in Chapter 5 may help to
relax the requirement for the feasibility of the reference trajectory.

We consider the following class of tracking hybrid controllers Hc with state ⌘ 2 Rnc

(same nc as in Hp):

⌘̇ =

⇢
fc(⌘, ⇠, ⇠r), (⌘, ⇠, ⇠r) 2 Cc

0, otherwise

⌘+ = gc(⌘, ⇠, ⇠r), (⌘, ⇠, ⇠r) 2 Dc (4.4)
u = c(⌘, ⇠, ⇠r)

where the flow and jump sets, as well as the flow and reset maps, Cc, Dc, fc and gc

respectively, are defined as in (2.1) and c : Rnc ⇥ Rnp ⇥ Rnp ! Rnc is the control
map. The resulting closed-loop system resulting from the interconnection of Hp and
Hc is denoted Hcl and has state (⇠, ⌘) 2 Rnp ⇥ Rnc , which is available for control.

We now state our tracking control problem for the above class of hybrid systems.

Problem 4.1.1 (Tracking Control Problem) Given an input-output linearized,
square, hidden mode hybrid system Hp with autonomous switching and a well-posed
complete dwell-time reference trajectory ⇠r with switching sequence S

�(0,0)
⌧D , design the

controller Hc so that the tracking error k⇠� ⇠rk is uniformly ultimately bounded after
some finite time (tJ , J).

4.2 Controller Design

The key tool of our approach is the design of an adaptive sliding mode controller
[37] for the hybrid system (4.1), assuming that ai takes on values between ai,min :=
minq2{0}[Q ai,q and ai,max := maxq2{0}[Q ai,q for all i 2 {1, 2, . . . , nc}. Let us first
define a combined error or sliding mode vector s 2 Rms

s = e(m�1) + �m�2e
(m�2) + . . . + �0e = �(p)e (4.5)
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where �(p) = pm�1 + �m�2p
m�2 + . . . + �0 is a stable polynomial in the Laplace

variable p with parameter vector � := {�0, . . . ,�m�2} and e := ⇠ � ⇠r 2 Rms is the
output tracking error. Note that s can be rewritten as s = ⇠(m�1) � ⇠

(m�1)

r where
⇠

(m�1)

r := ⇠
(m�1)
r � �m�2e

(m�2) � . . . � �0e.
We then proceed to solve Problem 4.1.1 by first designing Hc (4.4) such that

sliding mode vector s is uniformly ultimately bounded after some finite time (tJ , J)
by the application of Proposition 3.2.4. In particular, we design our controller such
that the sliding surface As := {⇠ : s = 0} is uniformly globally asymptotically stable
during every flow interval of a dwell-time solution, i.e., to satisfy Conditions 1 and 2
of Proposition 3.2.4.

Lemma 4.2.1 (Attractiveness of sliding surface) For each mode q 2 Q, a can-
didate Lyapunov function Vq can be chosen as

Vq =
1

2
a1,qs

T s +
1

2
ãT

q �
�1ãq (4.6)

with ãq = âq � aq, where aq := [a1,q, a2,q, . . . , anc,q]
T and the premultiplier estimates

âq = ⌘ are the controller states, as well as � = diag(�1, . . . ,�nc) where �i > 0 for all
i 2 {1, . . . , nc}. Then, Conditions 1 and 2 of Proposition 3.2.4 are satisfied with the
following control and adaptation laws:

⌘̇i =

⇢
��iyis, (⌘i, ⇠, r) 2 Cc,i

0, (⌘i, ⇠, r) 2 Cc
c,i

8 i 2 {1, . . . , nc} (4.7)

u = ⌫�1(Y⌘ � 'c � ( + dmax)sgn(s)) (4.8)

where yi 2 Y := [⇠
(m)

r , �'2(·) , . . . , �'nc(·)], the controller flow set complement is
given by Cc

c,i := {(⌘i, ⇠, r) : (⌘i � ai,max ^��iyi s � 0)[ (⌘i  ai,min ^��iyi s  0)},
and  > 0 is a positive constant.

In other words, the sliding surface As := {⇠ : s = 0} is attractive during each flow
time interval.

Proof For each mode q, we define a candidate Lyapunov function, Vq as in (4.6).
The derivative of the Lyapunov function is given by

V̇q = s(a1,q⇠
(m) � a1,q⇠

(m)

r ) + ˙̂aT
q �

�1ãq

= s(
ncX

i=2

'i(·)ai,q + 'c � a1,q⇠
(m)

r + ⌫(·, u) + d) + ˙̂aT
q �

�1ãq

= s(⌫(·, u) + d � Yaq) + ˙̂aT
q �

�1ãq,

and âq = ⌘. With the control and adaptation law in (4.7) and (4.8) for (⌘i, ⇠, r) 2
Cc,i, we obtain V̇q  �|s|  0. Otherwise, for (⌘i, ⇠, r) 2 Cc

c,i, the adaptation is
stopped (⌘̇i = ˙̂ai,q = 0). If the adaptation were not stopped, the adaptation would
be such that sT yT

i ãi,q + ⌘̇T
i �

�1
i ãi,q = 0. From the definition of Cc

c,i, we can verify that

42



sgn(⌘̇i) = sgn(ãi,q), and hence sT yT
i ãi,q  0. Therefore, stopping adaptation retains

this extra negative term in V̇q, i.e., V̇q  �|s| + sT yT
i ãi,q  �|s|  0. Moreover, Vq

is positive definite. Thus, Conditions 1 and 2 in Proposition 3.2.4 hold.
In addition, one can verify that V̈q is bounded almost everywhere, since s and ãq

are bounded by the initial value of Vq, while ṡ is bounded by the closed loop system
equation. Therefore, by Barbalat’s Lemma, s ! 0 for each flow time interval. ⇤

Then, we assume that the resulting switching sequence S
�(tJ ,J)
⌧D starting from state

at (tJ , J) given by �(tJ , J) has a dwell-time ⌧D:

⌧D � ⌧D,snc (4.9)

where ⌧D,snc guarantees the sequence nonincreasing condition, i.e., Condition 3 of
Proposition 3.2.4, is satisfied.

Lemma 4.2.2 (Dwell-time requirement) Suppose the switching sequence S
�(tJ ,J)
⌧D

starting after some finite time (tJ , J) has a dwell time given by (4.9) with

⌧D,snc = sup
(tj ,j)2dom�

p
2a1,qj


((Vqj

��V⌘,j)
1
2 � (Vqj

��V⌘,j ��Vj+1)
1
2 ) (4.10)

where �Vj+1 := [Vqj+1
(gqj

(x, u), u)� Vqj
(x, u)](tj+1), �V⌘,j := 1

2
ãT

qj ,max�
�1ãqj ,max and

ãqj ,max := [max(a1,max �a1,qj
, a1,qj

�a1,min), . . . , max(anc,max �anc,qj
, anc,qj

�anc,min)].
Then, Condition 3 of Proposition 3.2.4 holds.

Proof Since, for all qj 2 Q,

V̇qj
 �|s|  �[

2

a1,qj

(Vqj
��V⌘,j)]

1
2 ,

we have quadratic decrease in Vqj
between switches. Therefore, if ⌧D,snc is chosen

as in (4.10) with suitable choices of � and , the decrease of �Vj+1 for all j � J
and t � tJ such that (t, j) 2 dom� is guaranteed, and as such even with a jump of
�Vj+1 at time tj+1, we still have Vqj

= Vq(tj)[j] � Vq(tj+1)[j + 1], i.e., Condition 3 of
Proposition 3.2.4 holds. ⇤

This dwell-time condition may be hard to guarantee a priori, but can be indirectly
controlled by a suitable design of the dwell-time ⌧ r

D of the desired reference trajectory
⇠r. A discussion of this subject will be deferred to Section 4.3.

Thus, the next lemma follows directly from Proposition 3.2.4:

Lemma 4.2.3 (Boundedness of sliding mode vector) The control and adapta-
tion laws in (4.7) and (4.8) for a given reference trajectory and impulse dynamics that
satisfy (4.9) and Lemma 4.2.2, guarantee that k⇠kAs is uniformly ultimately bounded.

Next, it remains to show that the ultimately bounded sliding mode vector leads
also to the ultimately boundedness of the tracking error in Problem 4.1.1, as provided
in the following theorem.
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Theorem 4.2.4 The control and adaptation laws in (4.7) and (4.8) solve Prob-
lem 4.1.1 for a given reference trajectory and impulse dynamics that satisfy (4.9)
and Lemma 4.2.2.

Proof By Lemma 4.2.3, the sliding mode vector, s, in (4.5) is uniformly ultimately
bounded. Since the error dynamics in (4.5) is stable (Hurwitz) and linear, a bounded
“input” s leads to a bounded tracking error e = ⇠� ⇠r, thus solving Problem 4.1.1. ⇤

Thus, we have shown that the hidden mode tracking controller given by the control
and adaptation laws (4.7), (4.8) and (4.2) leads to stable tracking of a given hybrid
reference satisfying Lemma 4.2.2, i.e., with ultimately bounded tracking errors, even in
the presence of bounded exogeneous disturbances. Note that nowhere in the control
law is the explicit knowledge of the mode q required—hence the name. We also
note that if Condition 3 of Proposition 3.2.4 holds for J = 0, then our tracking
controller leads to uniform global stability and, moreover, if Condition 3 holds with
strict inequality, then we obtain uniform asymptotic stability.

To some extent, the adaptive component of the tracking controller may be viewed
as a mode observer, since it implicitly infers the mode based on the changing dynam-
ics of the controller system. Nevertheless, this controller avoids the pitfall of many
adaptive controllers because the adaptation is only on a need-to-know basis. Often-
times, the values of ⌘i do not converge to the true values ai for some i 2 {1, 2, . . . , nc},
making the estimate of mode q inaccurate, or worse still, they converge to values for
which the mode q is undefined. To understand the conditions for which the estimates
do converge to their true values, we note that the closed loop dynamics with the
control law given in (4.7) and (4.8) is the following

a1ṡ + s + dmaxsgn(s) = Y ã + d.

Thus, as s ! 0 during each flow interval, Y ã+d ! 0, implying that for the estimates
to converge to their true values, the following must hold:

1. The disturbance d must tend to zero as s ! 0.

2. There exist t0 � 0, T > 0,↵1 > 0 such that, 8t � t0,
R t+T

t
Y T Y dt � ↵1I.

Note that this is the persistence of excitation condition found in literature on
adaptive control (e.g. [37, 38]).

3. For all t 2 TS corresponding to each q 2 lim sup S�(0,0), ã+ � ã must be zero.
For a possible approach to satisfy this, see the discussion on controller discrete
transition maps in the following section.

Next, we discuss some variations of the control law that similarly lead to stable
tracking and some issues related to the implementation of the controller.
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4.3 Variations and Implementation Issues

A variation of the control law in (4.8), with

u = ⌫�1(Y⌘ � 'c � s � dmaxsgn(s)) (4.11)

can easily be shown to also lead to stable tracking, since V̇q  �sT s 8q 2 Q which
leads to an exponential decrease in Vq between switches (as opposed to quadratic
decrease with the control law in (4.8)). The advantage of this variation of control law
is the greater decrease in Vq when s is large. One can thus consider initially using the
version in (4.11) and switching to the version in (4.8) when s is sufficiently small.

In addition, one can implement a hybrid controller by adding a discrete transition
map for the controller states

⌘+
i = ⌘i,r, (⌘, ⇠, r) 2 {(⌘, ⇠, ⇠r) : s = 0, ⇠+

r � ⇠r 6= 0} (4.12)

where ⌘i,r is the premultiplier values ai corresponding to the mode of the given ref-
erence trajectory ⇠+

r for all i 2 {1, . . . , nc}. Since the control states is only updated
with this jump map when s = 0, this has the effect of setting the premultiplier states
to its correct values. This addition can increase the rate at which Vq decreases during
flows since �V⌘,j as defined in Lemma 4.2.2 equals zero. Thus, this may be use-
ful especially when the given reference trajectory has a smaller dwell-time than is
required for the sequence nonincreasing condition to hold for a small subset of the
system modes. Note that the inclusion of this controller reset map also ensures that
the third condition for mode estimate convergence is satisfied.

The presence of sgn(s) in the control laws (discontinuous across the sliding surface)
leads to chattering which is undesirable in practice, because of high control activity
and excitation of high frequency dynamics typically neglected in modeling. This can
be achieved by smoothing out the discontinuity in a thin boundary layer around the
sliding surface [37], defined by ksk  �b, where �b is the boundary layer “thickness”.
Within the boundary layer, the term sgn(s) is replaced by s/�b, whereas when ksk >
�b, the term sgn(s) is retained. We represent this smoothed term with a saturation
function sat : Rn ! Rn. However, note that the implementation of the boundary layer
may exacerbate the peaking phenomenon. Nevertheless, the hidden mode tracking
controller with a sliding surface boundary layer should function sufficiently well for
most applications. An alternative method to avoid chattering is to introduce input
rate constraints, which is the subject of Chapter 5.

As for the dwell-time condition in (4.9) and Lemma 4.2.2 that may be hard to de-
termine a priori, this requirement can indirectly controlled by a suitable design of the
dwell-time ⌧ r

D of the desired reference trajectory ⇠r. Since we have constructed Lya-
punov functions in Lemma 4.2.2 that decrease monotonically with increasing dwell-
time ⌧D and with the assumption that the reset map gq(xp(t)) is Lipschitz continuous
for all q 2 Q, we can practically increase ⌧D by increasing the dwell-time of the refer-
ence trajectory ⌧ r

D (as a design parameter) until satisfactory performance is attained.
Finally, to implement this controller, we have to ensure that u1 can be determined
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without the knowledge of q, as assumed in Problem 4.1.1. This is not unreasonable
to require, as this can be resolved in the system design process, for e.g. by placing
the actuator such that the input affects the system the same way in all modes or
by having independent actuators for each mode such that when mode q is active,
actuators corresponding to modes that are not q can be active without affecting the
system dynamics. Moreover, the typical operating range of the generalized input
⌫(., u1) may be different in each mode, such that the mode can be inferred and u1

can be uniquely determined.

4.4 Simulation Examples

To demonstrate the effectiveness of the control scheme to stably track a given trajec-
tory with no measurement of the current mode, we present three examples: car with
automatic transmission, actuated dynamic walker (a.k.a. toddler robot) and attitude
control for autonomous landing of a helicopter. The simulations were implemented
in MATLAB on a 2.2 GHz Intel Core i7 CPU.

4.4.1 Car with Automatic Transmission

We first implement the hidden mode tracking controller on an example of a switched
system modeled as a finite automaton: a simplified model of a car with automatic
transmission from [35] (cf. Figure 4-1). This switched system is given by

v̇ = � k

m
v2sgn(v) � g sin↵ +

Gq

m
⌧,

q+ =

(
q + 1 if q 6= 4, v = 1

Gq
!high

q � 1 if q 6= 1, v = 1
Gq
!low

,

where m = 1000 kg is the mass of the car, Gq = {3, 2, 1, 0.8} are the transmission gears
ratios corresponding to modes/gears q = {1, 2, 3, 4}, k = 100 Ns2m�2, is a constant,
!high = 25 rads�1 and !low = 15 rads�1 are prescribed angular velocities of the engine,
and ↵ is the road inclination that is chosen to be periodic, ↵ = 0.2 sin(⇡/2t) rad.

To implement the controller outlined in Section 4.2, we put the plant dynamics in

q = 1start q = 2 q = 3 q = 4

v = 1
G1
!high v = 1

G2
!high

v = 1
G2
!low

v = 1
G3
!high

v = 1
G3
!low v = 1

G4
!low

Figure 4-1: Car with automatic transmission as a finite automaton.
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the form given in (4.1):

a1v̇ = �a2
k

m
v2sgn(v) +

⌧

m
+ d

where the hidden premultipliers are a1 = a2 = 1/3 when in gear q = 1, a1 = a2 = 1/2
when q = 2, a1 = a2 = 1 when q = 3, and a1 = a2 = 1/0.8 when q = 4, whereas the
road inclination is treated as an exogeneous disturbance, |d|  dmax = g/0.8.

Then, the control law given by (4.8) can be implemented to track a reference
trajectory given by another sinusoid, vref = 10 cos(⇡t) + 15 ms�1:

(⌘̇1, ⌘̇2) = (��1v̇refs,��2
k

m
v2sgn(v)s),

⌧ = m(v̇ref⌘1 +
k

m
v2sgn(v)⌘2 � ( + dmax)sgn(s)),

where �1 = �2 = 1, = 3, v̇ref = �10⇡ sin(⇡t) and the sliding mode is s = v � vref .
Figure 4-3(a) shows the time history of the sliding mode variable, which happens

to be the tracking error in this case. s converges towards zero within the first half
period in v, and remains small, implying that we have ultimately bounded tracking of
the reference trajectory. However, since the discontinuous version of the control law is
used (without a sliding surface boundary layer), we observe chattering in the control
input. Besides, as mentioned in Section 4.2, the values of ⌘1, ⌘2 do not converge to
the actual values (bottom plot of Figure 4-3(b)). In fact, there is a conflict between
the two estimates and thus, the mode estimate is undefined.

4.4.2 Actuated Dynamic Walker (Toddler)

Figure 4-2: Frontal plane toddler model [1].

Figure 4-2 illustrates the actuated dynamic walker, also known as the toddler
robot [1]. The goal is to actuate the dynamic walker, such that it toddles in a
periodic fashion in the frontal plane, for which the dynamics is given as:

H(✓)✓̈ + C(✓, ✓̇)✓̇ + G(✓) = ⌧,
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where ⌧ is the control input/torque generated at the hip or from ankle actuation.

When the ground contact point is in the curved portion of either foot, i.e. |✓| > �,
the dynamics are:

H(✓) = I + ma2 + mR2
f � 2mRfa cos ✓,

C(✓, ✓̇) = mRfa✓̇ sin ✓,

G(✓) = mga sin ✓,
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Figure 4-3: Time history of closed-loop system states: v, ⌘1, ⌘2 and the control input
⌧ and sliding mode variable for car with automatic transmission.
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whereas, when the ground contact is along the inside edge of the foot, i.e. |✓|  �,

H(✓) = I + ma2 + mR2
f � 2mRfa cos�,

C(✓, ✓̇) = 0,

G(✓) = mg(a sin ✓ � Rf sin↵),

where ↵ = ✓� � if ✓ > 0, otherwise ↵ = ✓ + �. The mass is given by m, the moment
of inertia by I and the lengths and angles are as depicted in Figure 4-2.

Furthermore, when ✓ = 0, the swing leg collides with the ground, and assuming
an inelastic collision, the angular rate after collision is given by

✓̇+ = ✓̇� cos


2 arctan

✓
Rf sin�

Rf cos�� a

◆�
.

Thus, putting the dynamics in the form given in (4.1), the hybrid system describing
the frontal plane toddler model is

a1✓̈ = a2mRfa sin ✓✓̇2 + a3mgRf sin ✓ cos�

+ a4mgRf cos ✓ sin�� mga sin ✓ + ⌧ + d, (✓, ✓̇, ⌧) 2 C := {(✓, ✓̇, ⌧) : ✓ 6= 0}

✓̇ = ✓̇ cos


2 arctan

✓
Rf sin�

Rf cos�� a

◆�
, (✓, ✓̇, ⌧) 2 Dq := {(✓, ✓̇, ⌧) : ✓ = 0}.

When q = 1 (|✓| > �), a1 = I + ma2 + mR2
f , a2 = �1, a3 = 0, and a4 = 0, whereas

when q = 2 (0 < ✓  �), a1 = I + ma2 + mR2
f � 2mRfa cos�, a2 = 0, a3 = 1, and

a4 = �1, and, finally, when q = 3 (��  ✓  0), a1 = I +ma2 +mR2
f � 2mRfa cos�,

a2 = 0, a3 = 1, and a4 = 1. Note that 2mRfa cos ✓✓̈ term in q = 1 is treated as
a disturbance, |d|  2mRfa✓̈max, where ✓̈max is the maximum expected |✓̈| for the
entire trajectory.

For this example, we implemented the second variant of the hidden mode tracking
controller described in Section 4.3, i.e. with the control laws given by (4.7), (4.11)
and (4.12) for the frontal plane toddler model with the following parameters: a =
0.1 m, Rf = 0.5 m, m = 3 kg, I = 0.1 kgm2,� = 0.45 rad, g = 9.81 ms�2,� = 2, =
35,�b = 0.05, dmax = 0.9 Nm and � = diag(30, 30, 30, 30).

Figure 4-4(b) shows the time history of the reference and actual hybrid system
states, torque input and the controller states. The controller quickly tracks the given
reference trajectory (denoted by dashed red lines). The transients disappears within
two periods in ✓, which we can see from the settling of system variables to periodic
patterns. We also observe that the chattering in the control input is almost eliminated
with the implementation of the sliding surface boundary layer. However, for this
smoothing, we pay a small price of having to accommodate bigger jumps in s during
the transition between one foot to the other (see Figure 4-4(a)). Once again, the
hidden parameters do not converge to their true values (see Figure 4-4(c)), and except
for a few time instances, the mode is undefined. Thus, we have shown that the hidden
mode tracking controller works even without a reliable estimate of its hybrid mode.
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Figure 4-4: Time history of closed-loop system states: ✓, ✓̇, ⌘1, ⌘2, ⌘3, ⌘4, control input
and sliding mode variable for the toddler robot.
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4.4.3 Autonomous Landing of a 2D Helicopter

Figure 4-5: Helicopter on right skid.

The hybrid nonlinear system that we would like to control is that of a helicopter
with two skids, which we would like to land on an unprepared slope (Figure 7-6). The
continuous dynamics of the helicopter attitude is similar to that of a hybrid bipedal
rimless wheel with propeller thrust control input and can be described by:

I�̈ = ⌫A (in air)

(I + mR2)�̈ =

⇢
⌫L + Rmg sin�G cos� + Rmg cos�G sin� if � < ' (on left skid)
⌫R � Rmg sin�G cos� + Rmg cos�G sin� if � > ' (on right skid)

(4.13)

where Lmg(1 + dTmax) sin�T,min  vA  Lmg(1 + dTmax) sin�T,max

Kmg(1 + dTmax) sin (�T,min � ↵)  vL  Kmg(1 + dTmin) sin (�T,max � ↵)

Kmg(1 + dTmin) sin (�T,min + ↵)  vR  Kmg(1 + dTmax) sin (�T,max + ↵)

K =
p

R2 + L2 + 2RL cos�G

↵ = tan�1 (
R sin�G

L + R cos�G

).

⌫L and ⌫R are generalized torques, dT and �T are torque and cyclic angle inputs to
the system, and ' is the slope of the terrain. Assuming that angular momentum is
conserved (with a coefficient of restitution, cR), the discrete dynamics of the system
is given by:
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�̇(t+) = cR
I + mR2 · cos (2�G)

I + mR2
· �̇(t�). (4.14)

It can be observed that the dynamics of the helicopter in the air, on the left and
the right skids put in the form given in Equation (4.13) only differ from each other by
a constant factor. Thus, we define some parameters, a = [a1, a2, a3]

T , corresponding
to the different hybrid mode. To account for unmodeled dynamics and disturbances,
an additional term, d, is also added to the equation, yielding the following equation
that represents the dynamics on both skids:

a1�̈ = ⌫ � a2Rmg sin�G cos� + a3Rmg cos�G sin� + d (4.15)

where the disturbance is bounded, |d|  dmax and the parameters, a, are unknown:
a = [I, 0, 0]T if the helicopter is in the air; a = [I + mR2, 1, 1]T if the helicopter is on
the left skid; and a = [I + mR2, 1, 1]T if the helicopter is on the right skid.

Since we know that the hidden parameters, a, only take on particular values
depending on the hidden mode, an additional feature of this sliding adaptive controller
is that the adaptation can be individually stopped when any ai of the a is such
that it does not fulfill the following conditions: I  a1  I + mR2; |a2|  1; and
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Figure 4-6: Performance for the attitude control implemented with �b = 0.025,
 = 5, � = 25 and � = diag(104, 1, 1, 0) with disturbance d = dmax

3
sin (3t � 5) +

2dmax

3
sin (29t + 2) and dmax = 100. Transition from air to right skid takes place after

approximately 6.6 s.
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0  a3  1. Furthermore, to avoid overtraining, adaptation is also temporarily
suspended with a dead zone, which we choose to be the same as the sliding mode
boundary layer (|s|  �b). Besides, given that real systems have actuator input
constraints, we saturate the inputs when the constraints are violated. There is a
slight loss of robustness because of this saturation, but this is not a problem if the
saturation is only necessary for very short periods of time.

Figure 4-4(b) shows the time history of the reference and actual attitude and
attitude rates of the helicopter when using the second variant of the hidden mode
tracking controller described in Section 4.3. The parameters of the helicopter that
we used are: m = 5000 kg, g = 9.81 m/s2, I = 2450 kgm2, L = 1.5 m, R =
3 m, �G = 37 deg, �T,min = �5 deg, �T,max = 5 deg, dTmax = 1, dTmin = �0.6,
cR = 0.9, and ' = 15 deg. We observe that with this hidden mode controller,
the helicopter successfully tracked a pendulum-like maneuver in the air, transitions
from the air to touching the sloped ground on the right skid after 6.6 s and come
to a standstill after 7.9 s, despite the presence of an unknown wind disturbance
d = dmax

3
sin (3t � 5) + 2dmax

3
sin (29t + 2) with dmax = 100.
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Chapter 5

Input Amplitude and Rate
Constrained Control

In this chapter, we consider a common concern by application engineers that many
modern controllers do not take actuator input constraints into consideration. As
such, given actuator limitations, many theoretically sound control designs may not
be suitable for applications. For instance, input chattering that is essentially input
rate “jumps” may not be tolerable or desired.

Since the existing literature has not satisfactorily considered the tracking control
problem subject to input amplitude and rate saturation even for non-hybrid systems,
we first consider this problem for two classes of single mode uncertain linear time-
invariant systems and nonlinear systems in Section 5.2 and propose a novel approach
to asymptotically track a suitably modified reference model. Then, in Section 5.3,
we will extend the input-constrained tracking approach to track a modified reference
model (iCHARM) in a stable manner for hidden mode hybrid systems in Brunovsky
form. In addition to the adaptive approach, we will also introduce a robust control
approach using integral sliding mode control. By means of the same numerical ex-
amples of autonomous systems with contact (cf. Section 1.1.1), we will illustrate in
Section 5.4 the performance of these new approaches that take input amplitude and
rate constraints into account.

5.1 Problem Formulation

We consider three classes of uncertain systems: linear time-invariant systems, non-
linear systems in Brunovsky form and hidden mode hybrid systems in Brunovsky
form, whose dynamics are defined in Sections 5.2.1, 5.2.2 and 5.3, respectively. These
systems are assumed to be perturbed by bounded time-varying disturbances and the
control input is amplitude and rate limited as described in Section 3.2.3.

The problem of an input-constrained tracking control of these systems is relevant
for situations when a general desired behavior of the system is given but a specific
feasible reference model may be too difficult or tedious to design a priori because
of input constraints and complex uncertain system dynamics. Motivated by an ap-
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proach pioneered by [23], we choose to similarly deal with input amplitude and rate
constraints by suitably modifying the open-loop reference model (ORM) such that
when input constraints are imposed, the system remains stable and still exhibits the
general desired behavior. As we have introduced in Section 3.2.5, when there are no
impulsive jumps in the system states, the open-loop reference model (ORM) is mod-
ified to the closed-loop higher-order adaptive reference model (CHARM) with the
form given in (3.8). With that in mind, we now state our tracking control problem
for the first two classes of uncertain systems that do not exhibit state jumps: linear
time-invariant systems and nonlinear systems in Brunovsky form:

Problem 5.1.1 (Asymptotic Tracking) Given a general desired behavior in the
form of an open-loop reference model (ORM), design an adaptive control signal, uc(t),
as well as the modification terms of CHARM, i.e., the signals c(e(t)), a(�ud(t)) and
h(rd(t),�u̇d(t)) in (3.8), so that the state xp(t) of an uncertain plant with input
amplitude and rate constraints asymptotically tracks the adaptively modified reference
model state xm(t), while all signals of the plant and reference model remain bounded.

Next, we consider a class of uncertain hybrid systems with hidden modes, which
can exhibit impulsive state jumps. Thus, if there are impulse effects (i.e., not a
switched system), the CHARM reference model is further modified to an impulsive
closed-loop higher-order adaptive reference model (iCHARM) of the form given in
(3.13) to also allow impulsive jumps in the reference model. We study two control
design approaches for input-constrained hidden mode tracking of this appropriately
modified reference: the first in an adaptive manner with dwell-time requirements on
the reference trajectories similar to our approach in Chapter 4, and the second in a
robust manner using integral sliding mode control.

Problem 5.1.2 (Adaptive Stable/Bounded Tracking) Given an open-loop ref-
erence model (ORM), design an adaptive control signal uc(t), as well as the modifi-
cation terms of iCHARM, i.e., the signals c(e(t)), a(�ud(t)), h(rd(t),�u̇d(t)), i1(·)
and i2(·) in (3.13), so that the state xp(t) of an uncertain plant with input amplitude
and rate constraints tracks the adaptively modified reference model state xm(t) with
bounded errors1, while all signals of the plant and reference model remain bounded.

Problem 5.1.3 (Robust Tracking) Given an open-loop reference model (ORM),
design a robust control signal uc(t), as well as the modification terms of iCHARM,
i.e., the signals c(e(t)), a(�ud(t)), h(rd(t),�u̇d(t)), i1(·) and i2(·) in (3.13), so that
the state xp(t) of an uncertain plant with input amplitude and rate constraints ro-
bustly tracks the adaptively modified reference model state xm(t) throughout the entire
response of the system starting from the initial time instance (i.e., xp(t) = xm(t) for
all t � 0), while all signals of the plant and reference model remain bounded.

Remark 5.1.4 Note that in all the problems we consider, only uc(t) is sent to the
actuator; u̇c,⇢(t) in (3.6) is not obtained by explicitly differentiating uc(t) with respect
to time.

1That is, the tracking error is uniformly ultimately bounded (by an ideally small bound, cf.
Definition 3.2.1), as is the objective in [28,32].
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Remark 5.1.5 Note also that the next sections in this chapter deal with stand-alone
classes of systems and the overlap in notations is intentional in order to preserve the
notations used in [30,32], as well as to emphasize their similarities.

5.2 Single Mode Tracking Control

In this section, we introduce two classes of uncertain systems with input ampli-
tude and rate constraints: linear time-invariant systems, and nonlinear systems in
Brunovsky form, considered in [30,32], respectively. Then, we provide corresponding
co-designs of the control and adaptation laws, as well as the modified reference model
state of the form of CHARM in (3.8). These designs guarantee that the uncertain
plants asymptotically track the adaptively modified reference model state xm(t), while
all signals of the plant and reference model remain bounded. Moreover, for each class
of systems, we will derive control and adaptation laws (with all system states xp being
available for control) for two different cases, one in which the state derivative ẋp is
accessible and another when ẋp is inaccessible.

5.2.1 Linear Time-Invariant Systems

We first consider linear time-invariant systems [30]:

ẋp(t) = Apxp(t) + bp(�u(t) + d(xp(t), t)) (5.1)

where xp 2 R is the system state, Ap is an unknown matrix and bp is a known constant
vector. We assume that 0 < �min  �  �max and |d(·)|  dmax, with known �max

and dmax. The control input u 2 R is amplitude and rate limited (cf. Section 3.2.3).
Ideally, we would like to track the open loop reference model (ORM), such that

ẋm = ẋORM
m := Amxm+bmrd. However, if the ORM is infeasible due to the constraints

on the control input and the presence of exogenous disturbance, modifications of the
ORM in the form of the following CHARM dynamics is considered:

ẋm(t) = Amxm + bm(r(t) + ku(t)�ud(t)) + �bpsgn(e(t)T Pbp)dmax

ṙo(t) = ṙd(t) + ⇤r(r(t) � rd(t)) (5.2)

ṙ(t) =

8
><
>:

ṙo(t) + 1
kr(t)

�u̇d(t), |uc(t)|  u
�µ
max

ṙo(t) + 1+µ
kr(t)

�u̇d(t), u
�µ
max < |uc(t)|  umax

ṙo(t), otherwise

for any � � 1 and ⇤r < 0, while �ud(t) and �u̇d(t) are given by (3.11) and (3.12).
The introduction of the ku(t)�ud(t) term to adaptively modify the ORM is first
proposed in [23, 28, 30, 32] to deal with control input amplitude constraints, whereas
the �bpsgn(e(t)T Pbp)dmax and ṙ(t) terms are novel. The former term is inspired by
the disturbance rejection approach in sliding mode control, but since this term is
not included in the control input as is done in sliding mode control, there will be no
input chattering, which is a desirable trait in many practical applications. The latter
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term is motivated by [29, 33] to deal with control input rate constraints, and with
the ⇢-parametrization presented in Section 3.2.4, the input rate constraints can be
avoided with a suitably large ⇢.

To solve Problem 5.1.1 for this class of systems, we assume the following:

Assumption 5.2.1 (Matching conditions) 9k⇤
x, k

⇤
r , k

⇤
u, so that

bp�k⇤T
x = Am � Ap, bp�k⇤

r = bm, bmk⇤
u = bp� (5.3)

Assumption 5.2.2 There exists R > 0 such that xp 2 BR := {xp : kxpk  R} and
bp�minumax � maxxp2BR

d(xp, t).

From Assumption 5.2.1 and �max, we obtain k⇤
r � kr,min := 1

�max
(bT

p bm)(bT
p bp)

�1 >
0. Next, control and adaptation laws are derived for two different cases, one in which
the state derivative ẋp is accessible and another when ẋp is inaccessible:

Case 1: ẋp(t) accessible.

Since ẋp(t) is accessible, we can choose the control and adaptation laws as:

ud(t) = kx(t)
T xp(t)+kr(t)r(t), (5.4)

u̇d,o(t) = kx(t)
T ẋp(t)+ k̇x(t)

T xp(t)+ k̇r(t)r(t)+kr(t)ṙo(t)

u̇d,µ(t) =

8
><
>:

u̇d,o(t), |uc(t)|  u
�µ
max

1
1+µ

u̇d,o(t), u
�µ
max < |uc(t)|  umax

0, otherwise
(5.5)

k̇x(t) = ��xxp(t)e(t)
T Pbp

k̇r,o(t) = ��rr(t)e(t)
T Pbp

k̇r(t) =

⇢
0, kr(t)  kr,min ^ k̇r,o(t) < 0

k̇r,o(t), otherwise
(5.6)

k̇u(t) = �u�ud(t)e(t)
T Pbm

with uc(t) and u̇c,⇢(t) given in (3.5) and (3.6), and where �x = �T
x � 0, �r > 0 and �u >

0, while P = P T is the solution of the algebraic Lyapunov equation AT
mP+PAm = �Q

for arbitrary Q � 0. The tracking error dynamics is then given by

ė(t) = Ame(t) + bp�(k̃T
x (t)xp(t) + k̃r(t)r(t)) (5.7)

� bmk̃u(t)�ud(t)+bpd(xp(t), t)��bpsgn(e(t)T Pbp)dmax

where the parameter errors are defined as k̃x(t) := kx(t)� k⇤
x, k̃r(t) := kr(t)� k⇤

r and
k̃u(t) := ku(t)� k⇤

u. Thus, a Lyapunov function for this system and its derivative are:

V (t) = e(t)T Pe(t) + �(k̃x(t)
T��1

x k̃x(t) + ��1
r k̃r(t)

2) + ��1
u k̃u(t)

2 (5.8)

V̇ (t)  �e(t)T Qe(t) � 2�e(t)T Pbpsgn(e(t)T Pbp)dmax + 2e(t)T Pbpd(xp, t)

 �e(t)T Qe(t)  0 (5.9)
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since � � 1. This implies the boundedness of the signals e(t), k̃x(t), k̃r(t) and k̃u(t),
and consequently, there exists emax, k̃max

x and k̃max
r , such that for all t > 0,

ke(t)k < emax, kk̃x(t)k < k̃max
x , |k̃r(t)| < k̃max

r = ↵k̃max
r ,

where ↵ :=
p
�r/�min(�x). To prove asymptotic convergence of the tracking error to

zero, it is essential to additionally show the boundedness of either the plant or model
states, i.e., xp or xm. This can be shown to be globally true for stable systems (i.e.,
A is Hurwitz) in the following theorem:

Theorem 5.2.3 For the plant dynamics in (5.1) that is stable (i.e., A is Hurwitz),
and with the CHARM dynamics in (5.2), if Assumptions 5.2.1 and 5.2.2 hold, and
ẋp(t) is accessible, then

• the tracking error e(t) tends to zero asymptotically.

• If 9t⇤ > 0 such that 8t � t⇤, the amplitude and rate constraints are not violated
and dmax ! 0 as t ! 1, then xp(t) tends towards the open-loop reference model
signal xORM

m (t) as t ! 1.

Proof Since the linear time-invariant system is stable and the input u(t) and dis-
turbance d(xp(t), t) are bounded, xp(t) remains bounded. By applying Barbalat’s
lemma, the tracking error e(t) tends asymptotically to zero. Moreover, convergence
to the ORM holds under the above assumptions because ⇤r < 0. ⇤

For unstable systems (i.e., A is not Hurwitz), we now show the local asymptotic
convergence of the tracking error to zero, and characterize the domain of attraction of
the unstable systems in Theorem 5.2.4. For this, we introduce the following notations:
⌘ := |�min(Q) � 2�kPbpkkk⇤

xk,  :=
q

�max(P )
�min(P )

, ⇣ := rmax

umax
, ǔ := �umax � dmax and

û := �umax + dmax.

Theorem 5.2.4 For unstable plant dynamics given by (5.1) (with non-Hurwitz A)
and CHARM dynamics given by (5.2), assume that Assumptions 5.2.1 and 5.2.2 hold,
ẋp(t) is accessible, and the minimum and maximum of the desired reference signal is
such that �rmax < rmin

d  rd(t)  rmax
d < rmax, where

rmax <
�min(Q)ǔ

�|k⇤
r |⌘

� dmax

�
.

For a given lower and upper bound on ṙd(t) such that ṙmin
d  ṙd(t)  ṙmax

d , the design
parameter ⇤r is chosen to satisfy the upper bound given by

⇤r  � 2DI,1 + ṙmax
d � ṙmin

d

2rmax � (rmin
d � rmax

d )
,

59



and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, the design parameters µ and ⇢
are selected such that the following lower bounds are satisfied:

µ > max{(⌘ + 2kPbpk(k̃max
x + kk⇤

xk))ǔ + (k̃max
r + |k⇤

r |)⌘rmax

⌘�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇max + CI,1) � 2, 0},

where |u̇d,µ(t)|  CI,1 + (k̃max
r + |k⇤

r |)|⇤r|(rmax + rmax
d ) and

CI,1 :=
4kPbpk3emaxǔ

2�max(�x)

⌘
+ kPbpkemax�rr

2
max + (k̃max

r + |k⇤
r |)ṙmax

d

+
2ǔkPbpk(k̃max

x + kk⇤
xk)(kAmk + �kbpkkk⇤

xk) + ⌘kbpkû
⌘

,

DI,1 :=
1 + µ

kr,min

(u̇max + CI,1).

If the system initial condition and the initial value of the candidate Lyapunov
function in (5.8) satisfy

• x(0)T Px(0) < �min(P )
⇣

2kPbpk
⌘

ǔ
⌘2

•
p

V (0) <
q

�
�max(�x)

⇣
�min(Q)�|k⇤

r |⌘⇣
2�kPbpk+↵⌘⇣

⌘
,

then

• the adaptive system in (5.1), (5.2), (5.12) has bounded solutions and |r(t)| 
rmax, 8t > 0,

• the tracking error e(t) tends to zero asymptotically, while

x(t)T Px(t) < �min(P )

✓
2kPbpkǔ

⌘

◆2

, 8t > 0,

• |uc(t)|  umax and |u̇c,⇢(t)|  u̇max, i.e., control amplitude and rate limits are
avoided 8t > 0, and

• if 9t⇤ > 0 such that 8t � t⇤, the amplitude and rate constraints are not violated
and dmax ! 0 as t ! 1, then xp(t) tends towards the open-loop reference model
signal xORM

m (t) as t ! 1.

Proof The proof of the bounds on µ, rmax and initial x(0)T Px(0) and
p

V (0) is
identical to the proof of Theorem 5.1 in [30], with �dmax

�
added to the umax term as

in [32]. The lower bound on ⇢ can be derived in a manner similar to the bound on
µ in [30, 32] and is given in Section 5.5.1. On the other hand, the bound on ⇤r is
imposed to ensure that ṙ(t)  0 when r(t) � rmax, and ṙ(t) � 0 when r(t)  �rmax,
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where we have applied |�u̇|  |u̇(t)| + |u̇d,µ(t)|  u̇max + CI,1 (See Section 5.5.1).
Furthermore, the convergence to the ORM holds because ⇤r < 0. ⇤

Case 2: ẋp(t) not accessible.

Given that ẋp(t) is inaccessible, we further modify (5.4) by introducing an integrator
in the controller and choose the control law as:

u̇d,o(t) = kx(t)
T (Amxp(t) + bmkxu(t)

T xp(t) + bmku(t)u(t) � 'bpsgn(ũ(t)kx(t)
T bp)dmax)

+ k̇x(t)
T xp(t) + k̇r(t)r(t) + kr(t)ṙo(t) � kũũ(t) � e(t)T Pbmku(t)

u̇d,µ(t) =

8
><
>:

u̇d,o(t), |uc(t)|  u
�µ
max

1
1+µ

u̇d,o(t), u
�µ
max < |uc(t)|  umax

0, otherwise
(5.10)

u̇d(t) = kx(t)
T (Amxp(t) + bmkxu(t)

T xp(t) + bmku(t)u(t) � 'bpsgn(ũ(t)kx(t)
T bp)dmax)

+ k̇x(t)
T xp(t) + k̇r(t)r(t) + kr(t)ṙ(t) � kũũ(t) � e(t)T Pbmku(t) (5.11)

for any ' � 1; kxu(t) is an estimate of k⇤
uk

⇤
x and kũ is a constant, positive parameter.

Here, we have defined
u?

d(t) = kx(t)
T xp(t) + kr(t)r(t)

as the “desired” input when ẋp is accessible (cf. (5.4)), and the input error is defined as
ũ(t) := ud(t)�u?

d(t), where ud is obtained by integrating (5.11) with initial condition
ud(0) = u?

d(0). Moreover, uc(t), u̇c,⇢(t) and �ud(t) are given in (3.5), (3.6), (3.11) and
(3.12). On the other hand, the adaptation laws are chosen as:

k̇x(t) = ��xxp(t)e(t)
T Pbp

k̇r,o(t) = ��rr(t)e(t)
T Pbp

k̇r(t) =

⇢
0, kr(t)  kr,min ^ k̇r,o(t) < 0

k̇r,o(t), otherwise
(5.12)

k̇u(t) = �u(�ud(t)e(t)
T Pbm � u(t)ũ(t)kx(t)

T bm + ũ(t)e(t)T Pbm)

k̇xu(t) = ��xuxp(t)ũ(t)kx(t)
T bm

where �x = �T
x � 0, �xu = �T

xu � 0, �r > 0 and �u > 0, while P = P T is the solution
of the algebraic Lyapunov equation AT

mP + PAm = �Q for arbitrary Q � 0. The
tracking error and input error dynamics can be written as

ė(t) = Ame(t) + bp�(k̃x(t)
T xp(t) + k̃r(t)r(t)) + bmk⇤

uũ(t)

� bmk̃u(t)�ud(t) + bpd(xp(t), t) � �bpsgn(e(t)T Pbp)dmax

˙̃u = kT
x (t)(bmk̃xu(t)

T xp(t) + bmk̃u(t)u(t) � bpd(t) � kũũ(t)

� 'bpsgn(ũ(t)kx(t)
T bp)dmax) � e(t)T Pbmku(t) (5.13)

where the parameter errors are defined as k̃x(t) := kx(t) � k⇤
x, k̃r(t) := kr(t) � k⇤

r ,
k̃u(t) := ku(t) � k⇤

u and k̃xu(t) := kxu(t) � k⇤
uk

⇤
x.
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A candidate control-Lyapunov function and its derivative are:

V (t) = e(t)T Pe(t) + �(k̃x(t)
T��1

x k̃x(t) + ��1
r k̃r(t)

2) + ��1
u k̃u(t)

2 + k̃xu(t)
T��1

xu k̃xu(t)

+ ũ(t)2 (5.14)

V̇ (t)  �e(t)T Qe(t) � 2�e(t)T Pbpsgn(e(t)T Pbp)dmax � 2ũ(t)kx(t)
T bpd(xp(t), t)

+ 2e(t)T Pbpd(xp(t), t) � 2'ũ(t)kx(t)
T bpsgn(ũ(t)kx(t)

T bp)dmax � 2kũũ(t)2

 �e(t)T Qe(t) � 2kũũ(t)2  0 (5.15)

for any � � 1 and ' � 1, which implies the boundedness of the signals e(t), k̃x(t),
k̃r(t), k̃u(t), k̃xu(t) and ũ(t). Consequently, there exists emax, k̃max

x , k̃max
r , k̃max

xu , k̃max
u

and ũmax, such that for all t > 0,

ke(t)k < emax, |ũ(t)| < ũmax, kk̃x(t)k < k̃max
x , kk̃xu(t)k < k̃max

xu , |k̃r(t)| < k̃max
r = ↵k̃max

r ,

where ↵ :=
p
�r/�min(�x).

Similar to the first case, global asymptotic convergence of the tracking error to zero
can be shown for stable systems with Hurwitz A, with identical claims as in Theorem
5.2.3, even when ẋp is inaccessible. The proof is also identical, and is omitted for
brevity. For unstable systems (i.e., A is not Hurwitz), we will again show its local
asymptotic tracking capability, and characterize its the domain of attraction. In the
analysis, ⌘, , ⇣, ǔ and û are as defined in the first case.

Theorem 5.2.5 For unstable plant dynamics (5.1) (with non-Hurwitz A) and CHARM
dynamics given by (5.2), assume that Assumptions 5.2.1 and 5.2.2 hold, ẋp(t) is in-
accessible, and the minimum and maximum of the desired reference signal is such that
�rmax < rmin

d  rd(t)  rmax
d < rmax, where

rmax <
�min(Q)ǔ

�|k⇤
r |⌘

� dmax

�
� ũmax.

For a given lower and upper bound on ṙd(t) such that ṙmin
d  ṙd(t)  ṙmax

d , the design
parameter ⇤r is chosen to satisfy the upper bound given by

⇤r  � 2DI,2 + ṙmax
d � ṙmin

d

2rmax � (rmin
d � rmax

d )
,

and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, the design parameters µ and ⇢
are selected to satisfy the following lower bounds:

µ > max{(⌘ + 2kPbpk(k̃max
x + kk⇤

xk))ǔ
⌘�µ

+
(k̃max

r + |k⇤
r |)rmax

�µ

+
ũmax

�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇�⇢

max + CI,2) � 1, 0},

where |u̇d,µ(t)|  CI,2 + (k̃max
r + |k⇤

r |)|⇤r|(rmax + rmax
d ) and

62



CI,2 :=
4kPbpk3emaxǔ

2�max(�x)

⌘
+ kPbpkemax�rr

2
max + emaxkPbmk(k̃max

u + |k⇤
u|)

+ (k̃max
x + kk⇤

xk)[(kAmk + kbmk(kmax
xu + kk⇤

uk
⇤
xk))

2ǔkPbk
⌘

+ 'kbpkdmax]

+ kũũmax + (k̃max
r + |k⇤

r |)ṙmax
d ,

DI,2 :=
1 + µ

kr,min

(u̇max + CI,2).

If the system initial condition and the initial value of the Lyapunov function in
(5.14) are as in Theorem 5.2.4, then the same claims apply.

Proof The proof of the bound on ⇢ and ⇤r is given in Sections 5.5.2 and 5.5.2,
while the rest of the proof is similar to that of Theorem 5.2.4, with an additional
consideration of ũ(t), and are omitted for the sake of conciseness. ⇤

5.2.2 Brunovsky Form Nonlinear Systems

The same principles as for the previous class of problems can be applied for the design
of an adaptive control approach for nonlinear systems in Brunovsky form [32]:

x(n)
p (t) = WT�(xp(t)) + bpu(t) + d(xp(t), t) (5.16)

where xp(t) := [xp, ẋp, . . . , x
(n�1)
p ]T , W is an unknown vector, �(x(t)) is a known

vector and bp is an unknown constant where bmax � bp � bmin > 0 and |d(·)|  dmax,
with bmin and dmax. The control input u 2 R is amplitude and rate limited (cf.
Section 3.2.3). This leads to the consideration of the following CHARM dynamics:

x(n)
m (t) = k⇤T

x xm(t) + bmr(t) + b̂(t)�ud(t) + �sgn(e(t)T Pb)dmax

ṙo(t) = ṙd(t) + ⇤r(r(t) � rd(t)) (5.17)

ṙ(t) =

8
><
>:

ṙo(t) + b̂(t)
bm
�u̇d, |uc(t)|  u

�µ
max

ṙo(t) + (1+µ)b̂(t)
bm

�u̇d, u
�µ
max < |uc(t)|  umax

ṙo(t), otherwise

for any � � 1; e(t) := xp(t)�xm(t) is the tracking error, xm := [xm, ẋm, . . . , x
(n�1)
m ]T ,

k⇤
x is chosen such that A =


0 I
k⇤T

x

�
is Hurwitz, b =

⇥
0 . . . 0 1

⇤T and �ud(t) and

�u̇d(t) are given by (3.11) and (3.12). As before, we consider two cases:

Case 1: ẋp(t) accessible.

Given the accessibility of ẋp(t), we can choose the control law as:

ud(t) =
(k⇤T

x xp(t) + bmr(t) � Ŵ(t)T�(xp(t)))

b̂(t)
(5.18)
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u̇d,o(t) =
1

b̂(t)
(� ˙̂

b(t)ud(t) + k⇤T
x ẋp(t) + bmṙo(t) � ˙̂

W(t)T�(xp(t)) � Ŵ(t)T �̇(xp(t)))

u̇d,µ(t) =

8
><
>:

u̇d,o(t), |uc(t)|  u
�µ
max

1
1+µ

u̇d,o(t), u
�µ
max < |uc(t)|  umax

0, otherwise
(5.19)

with uc(t) and u̇c,⇢(t) given in (3.5) and (3.6). Then, the tracking error dynamics is

ė(t) = Ae(t) � b(W̃ (t)T�(xp(t)) + b̃(t)u(t) � d(xp(t), t) + �sgn(e(t)T Pb)dmax),

where the parameter errors are b̃(t) = b̂(t)�bp and W̃(t) = Ŵ(t)�W. The adaptation
laws are chosen as:

˙̂
W(t) = �W�(xp(t))e(t)T Pb,

˙̂
bo(t) = �bumaxsat

✓
uc(t)

umax

◆
e(t)T Pb

˙̂
b(t) =

(
0, b̂(t)  bmin ^ ˙̂

bo(t) < 0
˙̂
bo(t), otherwise

(5.20)

for any �W = �T
W � 0 and �b > 0, while P = P T is the solution to AT P + PA = �Q

for arbitrary Q � 0.
A control-Lyapunov function candidate and its derivative are:

V (t) = e(t)T Pe(t) + W̃(t)T��1
W W̃(t) + ��1

b b̃(t)2

V̇ (t)  �e(t)T Qe(t) � 2�e(t)T Pbsgn(e(t)T Pb)dmax + 2e(t)T Pbd(xp(t), t)

 �e(t)T Qe(t)  0 (5.21)

with any � � 1, which implies the boundedness of the signals e(t), b̃(t) and W̃(t),
and consequently, there exist emax, b̃max and W̃max, such that 8t > 0, ke(t)k < emax,
kW̃(t)k < W̃max and |b̃(t)| < b̃max.

Global asymptotic convergence of the tracking error to zero can be shown for
input-to-state stable systems when ẋp is accessible, with identical claims and proof
as in Theorem 5.2.3, thus, is not explicitly restated for the sake of brevity. But,
this does not hold when the system is input-to-state unstable. In this case, we pro-
vide in Theorem 5.2.7 the characterization of the domain of attraction for which
local asymptotic tracking can be achieved. We begin by introducing the following
notations: ⌘ := 2|bpumax�dmax|

|�min(Q)�2kPbkkk⇤
x| and  :=

q
�max(P )
�min(P )

, where we further assume that

kWk  Wmax and in the operating region, d(xp, t) := |WT�(xp(t)) + d(xp(t), t)| 
|WT�(xp(t))| + dmax  dmax, k�(xp(t))k  �max, k�̇(xp(t))k  �̇max and that the
upper bounds and bmax are known. Thus, |WT�(xp(t))|  Wmax

� := dmax �dmax and
9↵ such that W̃max +Wmax = ↵b̃max. We also assume that the control input authority
is greater than the disturbance input, formally stated as follows:
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Assumption 5.2.6 There exists R > 0 such that xp 2 BR := {xp : kxpk  R} and
bminumax � maxxp2BR

d(xp, t).

Theorem 5.2.7 For the input-to-state unstable plant dynamics given by (5.16) and
CHARM dynamics given by (5.17), assume that Assumption 5.2.6 holds, ẋp(t) is
accessible, and the minimum and maximum of the desired reference signal is such
that �rmax < rmin

d  rd(t)  rmax
d < rmax, where

rmax <
bmin�min(Q)⌘

2bmbp

� dmax.

For a given lower and upper bound on ṙd(t) such that ṙmin
d  ṙd(t)  ṙmax

d , the design
parameter ⇤r is chosen to satisfy the upper bound given by

⇤r  � 2DII,1 + ṙmax
d � ṙmin

d

2rmax � (rmin
d � rmax

d )
,

and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, the design parameters µ and ⇢
are selected such that the following lower bounds are satisfied:

µ > max{kk
⇤
xkkPbk⌘ + bmrmax + Wmax

�

bmin�µ

+
umax

�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇max + CII,1) � 2, 0},

where |u̇d,µ(t)|  CII,1 + bm

bmin
|⇤r|(rmax + rmax

d ) and

CII,1 :=
1

bmin

[kk⇤
xk{(kAk + kk⇤

xk)�min(P )⌘2kPbk2 + (bpumax + dmax)}

+ bmṙmax
d + k�Wk�2

maxemaxkPbk + (Wmax + W̃max)�̇max]

+
�bumaxemaxkPbk

b2
min

[kk⇤
xk
p

�min(P )⌘kPbk + bmrmax + (Wmax + W̃max)�max],

DII,1 :=
(1 + µ)bmax

bm

(u̇max + CII,1).

If the system initial condition and the initial value of the Lyapunov function in
(5.21) satisfy

• xp(0)T Pxp(0) < �min(P )⌘2kPbk2

•
p

V (0) <
q

1
�b

✓
�min(Q)�2

bmbp
bmin

rmax+dmax
⌘

2
kPbk
bmin

(kk⇤
xk+bp↵)

◆

then similar claims as in Theorem 5.2.4 holds, with

xp(t)
T Pxp(t) < �min(P )⌘2kPbk2, 8t > 0.
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Proof The proof of the bounds on µ, rmax and initial xp(0)T Pxp(0) and
p

V (0) is
identical to the proof given in [32]. The lower bound on ⇢ can be derived in a manner
similar to Section 5.5.1 for Theorem 5.2.4. Finally, the bound on ⇤r is imposed to
ensure that ṙ(t)  0 when r(t) = rmax, and ṙ(t) � 0 when r(t) = �rmax, where we
have applied |�u̇|  |u̇(t)|+ |u̇d,µ|  2+⇢

1+⇢
(u̇max+CII,1) (similar derivation as Appendix

5.5.1). Similar to Theorem 5.2.4, ⇤r < 0 implies that xp(t) tends to the ORM if the
amplitude and rate constraints are not violated, and dmax ! 0 as t ! 1. ⇤

Case 2: ẋp(t) not accessible.

We next consider control and adaptation laws that do not require the knowledge of
ẋp(t):

u̇d,o(t) = �kũũ(t) � e(t)T Pbb̂(t) +
1

b̂(t)

✓
� ˙̂

b(t)u?
d(t) + bmṙo(t) � ˙̂

W(t)T�(xp(t))

+ (k⇤T
x � Ŵ(t)T�0(xp(t)))


[0n�1 In�1]xp(t)

Ŵ(t)T�(xp(t)) + b̂(t)u(t) � 'sgn(ũ(t)L(t))dmax

�◆

u̇d,µ(t) =

8
><
>:

u̇d,o(t), |uc(t)|  u
�µ
max

1
1+µ

u̇d,o(t), u
�µ
max < |uc(t)|  umax

0, otherwise
(5.22)

u̇d(t) = �kũũ(t) � e(t)T Pbb̂(t) +
1

b̂(t)

✓
� ˙̂

b(t)u?
d(t) + bmṙ(t) � ˙̂

W(t)T�(xp(t))

+ (k⇤T
x �Ŵ(t)T�0(xp(t)))


[0n�1 In�1]xp(t)

Ŵ(t)T�(xp(t)) + b̂(t)u(t)�'sgn(ũ(t)L(t))dmax

�◆

(5.23)

˙̂
W(t) = �W�(xp(t))

 
e(t)T Pb � L(t)ũ(t)

b̂(t)

!

˙̂
bo(t) = �bumaxsat

✓
uc(t)

umax

◆ 
e(t)T Pb � L(t)ũ(t)

b̂(t)

!

˙̂
b(t) =

(
0, b̂(t)  bmin ^ ˙̂

bo(t) < 0
˙̂
bo(t), otherwise

(5.24)

for any ' � 1, kũ > 0, �W = �T
W � 0 and �b > 0. �0(xp(t)) is the Jacobian

matrix of �(xp(t)), L(t) = (k⇤T
x � Ŵ(t)T�0(xp(t)))

⇥
0 . . . 0 1

⇤T is the last element
of k⇤T

x � Ŵ(t)T�0(xp(t)), while P = P T is the solution of the algebraic Lyapunov
equation AT P + PA = �Q for arbitrary Q � 0. In this case where ẋp is inaccessible,
we defined the “desired” input (cf. (5.18)) as

u?
d(t) =

(k⇤T
x xp(t) + bmr(t) � Ŵ(t)T�(xp(t)))

b̂(t)
,
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and the input error as ũ(t) := ud(t) � u?
d(t), where ud is obtained from integrating

(5.23) with ud(0) = u?
d(0). uc(t), u̇c,⇢(t), �ud(t) and �u̇d(t) are as given in (3.5),

(3.6), (3.11) and (3.12).
Then, the tracking error and input error dynamics are

ė(t) = Ae(t) � b(W̃(t)T�(xp(t)) + b̃(t)u(t) � b̂(t)ũ(t)

+ �sgn(e(t)T Pb)dmax � d(xp(t), t)) (5.25)

˙̃u(t) =
1

b̂
L(t)(W̃(t)T�(xp(t)) + b̃(t)u(t) � d(xp(t), t)

� 'sgn(ũ(t)L(t))dmax) � kũũ(t) � e(t)T Pbb̂(t) (5.26)

where the parameter errors are b̃(t) = b̂(t) � bp and W̃(t) = Ŵ(t) � W. A control-
Lyapunov function and its derivative are:

V (t) = e(t)T Pe(t) + W̃(t)T��1
W W̃(t) + ��1

b b̃(t)2 + ũ(t)2

V̇ (t)  �e(t)T Qe(t) � 2kũũ(t)2  0 (5.27)

for any � � 1 and ' � 1. This implies the boundedness of the signals e(t), b̃(t), W̃(t),
and ũ(t), and there exist emax, b̃max, W̃max and ũmax, such that 8t > 0, ke(t)k < emax,
kW̃(t)k < W̃max, |b̃(t)| < b̃max and |ũ(t)| < ũmax.

Once again, global asymptotic convergence of the tracking error to zero can be
shown for input-to-state stable systems when the state derivative ẋp is inaccessible,
with identical claims and proof as in Theorem 5.2.3, thus, is not restated for brevity.
In the case that the system is input-to-state unstable, we provide in Theorem 5.2.8 the
characterization of the domain of attraction for which local asymptotic tracking can be
achieved. The notations ⌘,  are as in the previous case, and we further assume that
kWk  Wmax and in the operating region, d(xp, t) := |WT�(xp(t)) + d(xp(t), t)| 
|WT�(xp(t))| + dmax  dmax, k�(xp(t))k  �max, k�0(xp(t))k  �0

max, that the
upper bounds and bmax are known, and that Assumption 5.2.6 holds. Therefore, we
obtain the upper bound |WT�(xp(t))|  Wmax

� := dmax � dmax and know that 9↵
such that W̃max + Wmax = ↵b̃max.

Theorem 5.2.8 For the input-to-state unstable plant dynamics given by (5.16) and
CHARM dynamics given by (5.17), assume that Assumption 5.2.6 holds, ẋp(t) is
inaccessible, and the minimum and maximum of the desired reference signal is such
that �rmax < rmin

d  rd(t)  rmax
d < rmax, where

rmax <
bmin�min(Q)⌘

2bmbp

� dmax �
bmin

bm

ũmax.

For a given lower and upper bound on ṙd(t) such that ṙmin
d  ṙd(t)  ṙmax

d , the design
parameter ⇤r is chosen to satisfy the upper bound given by

⇤r  � 2DII,2 + ṙmax
d � ṙmin

d

2rmax � (rmin
d � rmax

d )
,
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and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, the design parameters µ and ⇢
are selected such that the following lower bounds are satisfied:

µ > max{kk
⇤
xkkPbk⌘ + bmrmax + Wmax

�

bmin�µ

+
ũmax + umax

�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇max + CII,2) � 2, 0},

where |u̇d,µ(t)|  CII,2 + bm

bmin
|⇤r|(rmax + rmax

d ) and

CII,2 :=
1

bmin

⇥
(kk⇤

xk + (Wmax + W̃max)�
0
max)('dmax +

p
�min(P )⌘kPbk

+ (Wmax + W̃max)�max + (b̃max + bp)umax) + bmṙmax
d

+ k�Wk�2
maxemaxkPbk + emaxkPbk(bp + b̃max) + kũũmax

⇤

+
�bumaxemaxkPbk

b2
min

⇥
kk⇤

xk
p
�min(P )⌘kPbk + bmrmax + (Wmax + W̃max)�max

⇤
,

DII,2 :=
(1 + µ)bmax

bm

(u̇max + CII,2).

If the system initial condition and the initial value of the candidate Lyapunov
function in (5.27) are as given in Theorem 5.2.7, then the same claims also apply.

Proof The proof of the bound on ⇢ and ⇤r is similar to Sections 5.5.2 and 5.5.2. The
rest of the proof is similar to that of Theorem 5.2.7, with an additional consideration
of ũ(t), and is omitted for brevity. ⇤

5.3 Input Constrained Tracking Control with Hid-
den Mode

Next, we consider a class of uncertain hidden mode hybrid systems, in which the
family of continuous dynamics or flow maps is in the Brunovsky form as in Section
5.2.2, which is assumed to be perturbed by bounded possibly state-dependent time-
varying disturbances, i.e., |d(xp(t), t)|  dmax, with known dmax:

(x(n)
p , q̇)(t) = (WT

q �(xp(t)) + bqu(t) + d(xp(t), t), 0), xp(t) 2 Cq, (5.28)
(xp, q)(t

+) = (gq(xp(t)), �q(xp(t))), xp(t) 2 Dq,

where the plant state vector is denoted as xp(t) := [xp(t), ẋp(t), . . . , x
(n�1)
p (t)]T 2 Rn.

As before, the mode is unknown or hidden and mode transitions are autonomous. We
also assume that �(·) is a known vector that is independent on the mode q, whereas
Wq and bq are unknown constant vectors and scalars with known bounds given by
Wmax � Wq,max � Wq � Wq,min � Wmin > 0 (element-wise) and bmax � bq,max �
bq � bq,min � bmin > 0. The control input u 2 R is amplitude and rate limited (cf.
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Section 3.2.3). Note that the same approaches below can be easily adapted to the
class of hidden mode hybrid systems with a family of linear time-invariant continuous
dynamics as in Section 5.2.1. Moreover, we will only discuss the case when ẋp(t) is not
accessible since the extension to the case when ẋp(t) is available is straightforward.

In addition to further modifying the CHARM reference model to an impulsive
closed-loop higher-order adaptive reference model (iCHARM) of the form given in
(3.13) to incorporate impulsive jumps in the reference model, we will present two con-
trol design approaches. The first control design discussed in Section 5.3.1 is similar
on the adaptive tracking approach in Chapter 4 with augmented dwell-time require-
ments on the reference trajectories, whereas the second control approach in Section
5.3.2 is based on integral sliding mode control and is “robust” to changes in modes.

5.3.1 Control Design 1: Adaptive Stable/Bounded Tracking

This control design addresses Problem 5.1.2 and builds on our work in Chapters 4
and 5. Motivated by the former, we assume that the mode switches are sufficiently
infrequent/slow, i.e., there exists a dwell-time ⌧D between mode switches or jumps.
We now consider the following iCHARM dynamics, which ensures that impulsive
jumps in the system states xp(t) do not lead to violation of input constraints or to
instability:

x(n)
m (t) = k⇤T

x xm(t) + bmr(t) + b̂(t)�ud(t) + �sgn(e(t)T Pb)dmax,

xm(t+) = xm(t) + xp(t
+) � xp(t), if xp(t

+) 6= xp(t),

ṙo(t) = ṙd(t) + ⇤r(r(t) � rd(t)), (5.29)

ṙ(t) =

8
><
>:

ṙo(t) + b̂(t)
bm
�u̇d, |uc(t)|  u

�µ
max,

ṙo(t) + (1+µ)b̂(t)
bm

�u̇d, u
�µ
max < |uc(t)|  umax,

ṙo(t), otherwise,

r(t+) = r(t) + 1
bm

(Ŵ(t)T (�(xp(t
+)) ��(xp(t)))

� k⇤T
x (xp(t

+) � xp(t))), if xp(t
+) 6= xp(t),

with b =
⇥
0 . . . 0 1

⇤T , and any � � 1 and ⇤r < 0 (see additional constraint on ⇤r

in Theorem 5.3.5 for input-to-state unstable systems). e(t) := xp(t) � xm(t) is the
tracking error vector, xm(t) := [xm(t), ẋm(t), . . . , x

(n�1)
m (t)]T the model state vector

and bm the model gain parameter, while �ud(t) and �u̇d(t) are given by (3.11) and

(3.12). k⇤
x is chosen such that A =


0 I
k⇤T

x

�
is Hurwitz (such that the xm dynamics

remain stable). Note that the case xp(t
+) 6= xp(t) above is not required for switched

systems (i.e., without state jumps) and is equivalent to xp(t) 2 Dq otherwise.
On the other hand, the control and adaptation laws remain the same as in Section

5.2.2 and can be found in (5.22), (5.23) and (5.24) with the same definitions that follow
the referenced equations. Then, the tracking error and input error dynamics can be
similarly found as (5.25) and (5.26).

To prove that the tracking error is uniformly ultimately bounded (by an ideally
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small bound; cf. Definition 3.2.1), we shall make use of Proposition 3.2.4. To this
end, we first define a Lyapunov function for each mode q:

Vq(t) = e(t)T Pe(t)+W̃q(t)
T��1

W W̃q(t)+��1
b b̃q(t)

2+ũ(t)2,

V̇q(t)  �e(t)T Qe(t) � 2kũũ(t)2  0, (5.30)

where we substituted the control and adaptation laws in (5.22), (5.23) and (5.24), the
tracking error and input error dynamics in (5.25) and (5.26), as well as � � 1 and
' � 1, into (5.27). Then, as in Chapter 4, we assume infrequent/slow switching, i.e.,
the existence of a dwell-time solution that satisfies Condition 3 of Proposition 3.2.4.

Lemma 5.3.1 (Dwell-time requirement I) Suppose the switching sequence S
�(tJ ,J)
⌧D

starting after some finite time (tJ , J) has a dwell time given by ⌧D � ⌧V
D � ⌧V

D,j for
all j � J with

⌧V
D,j =

�max(P )

�min(Q)
ln

����
Vqj

��Vmax

Vqj
��Vmax ��Vj+1

���� , (5.31)

with the following definitions: �Vj+1 := [Vqj+1
(gqj

(x, u), u) � Vqj
(x, u)](tj+1), and

�Vmax := maxt2I(j,j+1) W̃(t)T��1
W W̃(t) + ��1

b b̃(t)2 + ũ(t)2 where I(j, j + 1) is the
hybrid time interval between jumps. Then, Condition 3 of Proposition 3.2.4 holds.

Proof From (5.30), using the approach similar to [37, pp. 91-93], we know that for
each hybrid time interval between jumps, I(j, j + 1),

V̇q(t) 
�min(Q)

�max(P )
(Vq ��Vmax).

Thus, it can be verified that Condition 3 of Proposition 3.2.4 holds. ⇤

The next lemma follows directly from Proposition 3.2.4:

Lemma 5.3.2 (Boundedness of tracking error) The control and adaptation laws
in (5.22), (5.23) and (5.24) for a given reference trajectory and impulse dynamics that
satisfy Lemma 5.3.1 guarantee that the tracking error kek is uniformly ultimately
bounded. Moreover, the input ‘error’ is also bounded, i.e., |ũ(t)| < ũmax.

Nonetheless, it would defeat the control purpose unless we additionally show the
boundedness of either the plant or model states, i.e., xp(t) or xm(t). This can be shown
to hold globally for systems (5.28) with input-to-state stable continuous dynamics.

Theorem 5.3.3 Suppose the input-to-state stable plant trajectory has a dwell-time
solution that satisfies Lemma 5.3.1. Then

• the adaptive system in (5.28), (5.29), (5.22), (5.23) and (5.24) has bounded
solutions (i.e., uniformly ultimately bounded xp and xm).
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• the tracking error e(t) asymptotically decreases during each flow interval, i.e.,
xp(t) 2 Cq, and

• |uc(t)|  umax and |u̇c,⇢(t)|  u̇max, i.e., control amplitude and rate limits are
avoided 8t > 0.

Proof This can be shown to be globally true for systems (5.28) with input-to-state
stable continuous dynamics. Since the continuous dynamics of (5.28) is input-to-state
stable, as well as both input u(t) and disturbance d(xp(t), t) are bounded, and the
reset map gq(xp(t)) is bounded by assumption, xp(t) remains bounded. By applying
Barbalat’s lemma, the tracking error e(t) tends asymptotically to zero. ⇤

For the case when the system (5.28) has input-to-state unstable continuous dy-
namics, we provide in Theorem 5.3.5 the characterization of its local domain of at-
traction. For analysis purposes, we assume that in the operating region of interest,
||xp(t

+) � xp(t)||  Jmax and ||�(xp(t
+)) � �(xp(t))||  J�

max. The control input
authority is also assumed to be greater than the disturbance input, i.e., there exists
R > 0 such that xp 2 BR := {xp : kxpk  R} and bminumax � maxxp2BR

dq(xp, t),
where dq(xp, t) := |WT

q �(xp(t)) + d(xp(t), t)|  |WT
q �(xp(t))| + dmax  dmax for all

q. We further assume that kWqk  Wmax, k�̇(xp(t))k  �̇max and that the upper
bounds and bmax are known. Thus, |WT

q �(xp(t))|  Wmax
� := dmax � dmax and 9↵

such that W̃max + Wmax = ↵b̃max.
Additionally, we require a ‘second’ dwell-time ⌧ r

D such that the signal r at the end
of the j-th interval is small enough, i.e.,

r(t�j+1)  rIII
max := rIII

max,B � ||k⇤
x||Jmax + (Wmax + W̃max)J

�
max

bm

,

rIII
max,B <

bmin�min(Q)⌘

2bmbq

� dmax �
bmin

bm

ũmax, (5.32)

where ⌘ := 2|bqumax�dmax|
|�min(Q)�2kPbkkk⇤

x| and  :=
q

�max(P )
�min(P )

, and the upper bound on rIII
max,B is

the bound given in Theorem 5.2.8 for nonlinear systems in Brunovsky form without
jumps, and the latter term in rIII

max ensures that even with jumps in r, it still results
in r(t+j+1)  rIII

max,B, given in the next lemma that can be proven in the same manner
as Lemma 5.3.1.

Lemma 5.3.4 (Dwell-time requirement II) Let the switching sequence S
�(tJ ,J)
⌧D

starting after some finite time (tJ , J) have a dwell time given by ⌧D � ⌧ r
D � ⌧ r

D,j for
all j � J with

⌧ r
D,j =

1

⇤r

ln

����
r(t+) ��rmax

r(t�) ��rmax

���� , (5.33)

with �rmax := maxt2I(j,j+1)(ṙ(t)� ṙo(t)), where I(j, j + 1) is the hybrid time interval
between jumps, while t+ and t� are the times before and after the j-th jump (at the
start of interval I(j, j + 1)). Then, r(t+j+1)  rIII

max,B holds for all j � J .
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With the above, we now provide the characterization of the domain of attraction
for systems (5.28) with input-to-state unstable continuous dynamics.

Theorem 5.3.5 Suppose the resulting input-to-state unstable plant trajectory has a
dwell-time

⌧D � max{⌧V
D , ⌧ r

D},

where ⌧V
D and ⌧ r

D are the dwell-times given in Lemmas 5.3.1 and 5.3.4, respectively,
and let the minimum and maximum desired reference signal be such that �rIII

max <
rmin
d  rd(t)  rmax

d < rIII
max where rIII

max given (5.32). For given lower and upper
bounds on ṙd(t) such that ṙmin

d  ṙd(t)  ṙmax
d , let the design parameter ⇤r be chosen

to satisfy the upper bound given by

⇤r  � 2DIII,1 + ṙmax
d � ṙmin

d

2rIII
max � (rmin

d � rmax
d )

,

and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, let the design parameters µ and
⇢ be selected such that the following lower bounds are satisfied:

µ > max{kk
⇤
xkkPbk⌘ + bmrIII

max + Wmax
�

bmin�µ

+
ũmax + umax

�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇max + CIII,1 +

bm

bmin

|⇤r|(rIII
max + rmax

d )) � 2, 0},

where |u̇d,µ(t)|  CIII,1 + bm

bmin
|⇤r|(rIII

max + rmax
d ) with

CIII,1 :=
1

bmin

⇥
(kk⇤

xk + (Wmax + W̃max)�
0
max)('dmax +

p
�min(P )⌘kPbk

+ (Wmax + W̃max)�max + (b̃max + bq)umax) + bmṙmax
d + k�Wk�2

maxemaxkPbk

+ emaxkPbk(bq + b̃max) + kũũmax

⇤
+

�bumaxemaxkPbk
b2
min⇥

kk⇤
xk
p
�min(P )⌘kPbk + bmrIII

max + (Wmax + W̃max)�max

⇤
,

DIII,1 :=
(1 + µ)bmax

bm

(u̇max + CIII,1).

If the system initial condition and the initial value of the Lyapunov function satisfy

• xT
p (0)Pxp(0) < �min(P )⌘2kPbk2,

•
p

V (0) <
q

1
�b

 
�min(Q)�2

bmbq
bmin

rIII
max+dmax

⌘

2
kPbk
bmin

(kk⇤
xk+bq↵)

!
,

for q = q(0) if it is known (otherwise, for all q 2 Q), then

• the adaptive system in (5.28), (5.29), (5.23) has uniformly ultimately bounded
solutions and |r(t)|  rIII

max,B 8t > 0, with rIII
max,B as given in (5.32),
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• the tracking error e(t) asymptotically decreases during each flow interval, i.e.,
xp(t) 2 Cq, and

• |uc(t)|  umax and |u̇c,⇢(t)|  u̇max, i.e., control amplitude and rate limits are
avoided 8t > 0.

Proof The jump in r(t+) given in (5.29) absorbs the jump that would otherwise
appear in u?

d(t) and hence would introduce an additional undesired term in V̇q(t) in
(5.27). On the other hand, the stricter bound on rIII

max and the dwell time of ⌧ r
D

ensures that r(t) < rIII
max,B 8t > 0. Thus, since all the assumptions in Theorem 5.2.8

hold, the results above follow immediately from that theorem. ⇤

The above dwell-time requirement is a sufficient condition, rather than a prescrip-
tive method to compute the dwell time. This condition may be hard to guarantee a
priori, but can be indirectly controlled as described in Section 4.3.

5.3.2 Control Design 2: Robust Tracking

This control approach that solves Problem 5.1.3 is based on integral sliding mode con-
trol [39] to eliminate the reaching phase (time before the sliding manifold is achieved)
in order to provide perfect tracking of an adaptively modified reference trajectory
throughout the entire trajectory starting from the initial time. This approach re-
quires only that the initial state of the reference model xm(0) be chosen to coincide
with that of the true initial state xp(0). Moreover, the control strategy is such that it
is “robust” to parametric uncertainties in Wq and bq, as opposed to an adaptive strat-
egy that adapts to these uncertainties as is done in the bounded tracking approach
in the previous Section 5.3.1. To this end, we define

b̂q =
1

2
(bq,min + bq,max), Ŵq =

1

2
(Wq,min + Wq,max), for each q 2 Q

b̂ =
1

2
(bmin + bmax), Ŵ =

1

2
(Wmin + Wmax),

such that the following have minimum absolute values and 1-norms:

|b̃q| = |b̂q � bq| 
1

2
(bq,max � bq,min) =: b̄q,

|b̃| = |b̂ � bq| 
1

2
(bmax � bmin) =: b̄,

kW̃qk1 = kŴq � Wqk1 
1

2
kWq,max � Wq,mink1 =: w̄q,

kW̃k1 = kŴ � Wqk1 
1

2
kWmax � Wmink1 =: w̄.

Similar to the previous adaptive approach, we consider the following iCHARM
dynamics with slight changes, notably the final term of x

(n)
m (t) associated to the
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sliding mode vector s(t) and the time independence of b̂ and Ŵ:

x(n)
m (t) = k⇤T

x xm(t) + bmr(t) + b̂�ud(t) + �(t)sgn(s(t)),

xm(t+) = xm(t) + xp(t
+) � xp(t), if xp(t

+) 6= xp(t),

ṙo(t) = ṙd(t) + ⇤r(r(t) � rd(t)), (5.34)

ṙ(t) =

8
><
>:

ṙo(t) + b̂
bm
�u̇d, |uc(t)|  u

�µ
max,

ṙo(t) + (1+µ)b̂
bm

�u̇d, u
�µ
max < |uc(t)|  umax,

ṙo(t), otherwise,

r(t+) = r(t) + 1
bm

(ŴT (�(xm(t+)) ��(xm(t)))

� k⇤T
x (xm(t+) � xm(t))), if xp(t

+) 6= xp(t),

with b =
⇥
0 . . . 0 1

⇤T and any ⇤r < 0 (see additional constraint on ⇤r in Theorem
5.3.7 for input-to-state unstable systems). e(i)(t) := x

(i)
p (t)� x

(i)
m (t) for i = 1, 2, . . . , n

is the ith component of the state tracking error, xm(t) := [xm(t), ẋm(t), . . . , x
(n�1)
m (t)]T

the model state vector and bm the model gain parameter, while �ud(t) and �u̇d(t)

are given by (3.11) and (3.12). k⇤
x is chosen such that A =


0 I
k⇤T

x

�
is Hurwitz (such

that the xm dynamics remain stable), whereas the scalar �(t) needs to be chosen to
be large enough:

�(t) > w̄k�(xp(t))k1 + |ŴT (�(xp(t)) � �(xm(t)))| + b̄umax + dmax,

to enforce the integral sliding condition for the sliding manifold chosen as

s(t) = e(n�1)(t),

i.e., with the integral sliding manifold s(t) = s0(t) + z(t), where s0(t) = xn�1
p (t)

and z(t) = �xn�1
m (t) (cf. [39] for details). Note that similar to the previous adaptive

control approach, the case above of xp(t
+) 6= xp(t) is not required for switched systems

and is equivalent to xp(t) 2 Dq otherwise.
To achieve robust/perfect tracking we consider the following control law:

ud(t) =
1

b̂
(k⇤T

x xm(t) + bmr(t) � ŴT�(xm(t))), (5.35)

u̇d,o(t) =
1

b̂
(k⇤T

x ẋm(t) + bmṙo(t) � ŴT �̇(xm(t))),

u̇d,µ(t) =

8
><
>:

u̇d,o(t), |uc(t)|  u
�µ
max,

1
1+µ

u̇d,o(t), u
�µ
max < |uc(t)|  umax,

0, otherwise.
(5.36)

where �̇(xm(t)) = �0(xm(t))ẋm is known and �0(xm(t)) is the Jacobian matrix of
�(xm(t)). This control law is non-adaptive (i.e., b̂ and Ŵ are constant), which
translates into a lower order controller and also has the advantage that no knowledge
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of ẋp(t) is necessary.
To show the invariance of the integral sliding surface, we consider a common

Lyapunov function (independent of q; common tool for stability analysis of hybrid
systems):

V (t) =
1

2
s2(t), (5.37)

V̇ (t) = s(t)ṡ(t) = s(t)e(n)(t)

= s(t)(�W̃>
q �(xp(t)) + Ŵ>

q (�(xp(t))��(xm(t)))

� b̃qu(t) + d(xp(t), t) � �(t)s(t))

 s|s|  0. (5.38)

The derivative of the common Lyapunov function above is negative (equal to zero
when s(t) = 0) since we choose �(t) = s+w̄k�(xp(t))k1+|ŴT (�(xp(t))��(xm(t)))|+
b̄umax +dmax, where s is any positive scalar. Moreover, since we chose xm(0) = xp(0)
(which is equivalent to z(0) = �s0(0) in integral sliding mode control [39]), from the
initial time, s(0) = 0 and since the common Lyapunov function is non-negative and
non-increasing, we have s(t) = 0 for all t � 0, i.e., x

(n�1)
p (t) = x

(n�1)
m (t) which also

leads to perfect tracking xm(t) = xp(t) for all t � 0.

Remark 5.3.6 Note that if the initial mode q(0) is known and the mode transition
map �q(xp(t)) is unique and also known, then given that we are able to achieve perfect
tracking, we will have exact knowledge of the mode q(t) at all times. This implies
that we can use b̂q, Ŵq, b̄q and w̄q in place of their more conservative counterparts
in (5.34). This can have the effect that input constraints are less likely to be violated
and thus, the adaptive reference model (iCHARM) is less modified from the open-loop
reference model (ORM).

As with the previous control approach, we are interested in a design that does
not result in unbounded plant or model states in addition to enabling perfect track-
ing of the model reference. If the system (5.28) has input-to-state stable continuous
dynamics and a bounded jump/reset map gq(xp(t)), then the plant states are guar-
anteed to be bounded since both input u(t) and disturbance d(xp(t), t) are bounded.
Otherwise, the boundedness of the solution can only be ascertained locally. Thus,
our goal in this regard is to characterize the domain of attraction in which the state
boundedness can be guaranteed, using the same assumptions and definitions as in the
previous control design (cf. Section 5.3.1). We similarly require a dwell-time ⌧ r

D such
that the r signal at the end of the j-th interval is small enough, i.e.,

r(t�j+1)  rIV
max := rIV

max,B � ||k⇤
x||Jmax + (Wmax + W̃max)J

�
max

bm

,

rIV
max,B <

bmin�min(Q)⌘

2bmbq

� dmax, (5.39)
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where the upper bound on rIV
max,B is the bound given in Theorem 5.2.7, and the latter

term in rIV
max ensures that even with jumps in r, it still results in r(t+j+1)  rIV

max,B.
The dwell-time requirement that satisfies the above is given in Lemma 5.3.4.

Theorem 5.3.7 Suppose the resulting input-to-state unstable plant trajectory has a
dwell-time ⌧D � ⌧ r

D, where ⌧ r
D is the dwell-time that satisfies Lemma 5.3.4, with the

minimum and maximum desired reference signal such that �rIV
max < rmin

d  rd(t) 
rmax
d < rIV

max, where rIV
max is given in (5.39). For a given lower and upper bound on

ṙd(t) such that ṙmin
d  ṙd(t)  ṙmax

d , let the design parameter ⇤r be chosen to satisfy
the upper bound given by

⇤r  � 2DIV + ṙmax
d � ṙmin

d

2rIV
max � (rmin

d � rmax
d )

,

and for arbitrary 0 < �µ < umax and 0 < �⇢ < u̇max, let the design parameters µ and
⇢ be selected such that the following lower bounds are satisfied:

µ > max{kk
⇤
xkkPbk⌘ + bmrIV

max + Wmax
�

bmin�µ

+
umax

�µ

� 2, 0},

⇢ > max{ 1

�⇢
(u̇max + CIV +

bm

bmin

|⇤r|(rIV
max + rmax

d )) � 2, 0},

where |u̇d,µ(t)|  CIV + bm

bmin
|⇤r|(rIV

max + rmax
d ), with

CIV :=
1

bmin

[kk⇤
xk{(kAk + kk⇤

xk)�min(P )⌘2kPbk2

+ (bpumax + dmax)} + bmṙmax
d + kŴk�̇max],

DIV :=
(1 + µ)bmax

bm

(u̇max + CIV).

If the system initial condition satisfies xT
p (0)Pxp(0) < �min(P )⌘2kPbk2, then

• the system in (5.28), (5.34), (5.35) has bounded solutions and |r(t)|  rIV
max,B, 8t >

0, with rIV
max,B as given in (5.39),

• the tracking error e(t) is identically zero 8t � 0, and

• |uc(t)|  umax and |u̇c,⇢(t)|  u̇max, i.e., control amplitude and rate limits are
avoided 8t > 0.

Proof The jump in r(t+) given in (5.34) absorbs the jump that would otherwise
appear in uc(t) and thus violate the input rate constraint. On the other hand, the
stricter bound on rmax and the dwell time of ⌧ r

D ensures that r(t) < rIV
max,B 8t > 0.

Thus, since xp(t) = xm(t) for all t � 0 due to the invariance of the integral sliding
surface and all the assumptions in Theorem 5.2.7 hold, as well as s(0) = 0 ) V (0) =
0, the results above follow immediately with straightforward simplifications because
Ŵ and b̂ are non-adaptive and constant.
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5.4 Simulation Examples

5.4.1 Linear Time-Invariant System

For this example, we consider the linear time-invariant system that was studied in [30]:

ẋp(t) = 0.5xp + 2(u(t) + 0.125(sin(0.5t) + sin(2t))).

The CHARM dynamics was chosen as

ẋm(t) = �6xm(t) + 6(r(t) + ku(t)�ud(t)) + sgn(eT (t)Pb)dmax

with rd(t) = 0.7(sin(2t) + sin(0.4t)). The actuator limits are umax = 0.6 and u̇max =
1.5. Figures 5-1 and 5-2 show the simulation of this adaptive system with the following
parameters and initialization: �µ = 0.2umax, �⇢ = 0.2u̇max, dmax = 0.25, b = 2,
�max = 5 ) kr,min = 0.6, ⇤r = �10, Q = 7.5, �x = 1, �r = 1, �u = 1, kũ = 1,
xp(0) = 0, xm(0) = 0, r(0) = rd(0), kx(0) = �1, kr(0) = 1, ku(0) = 1, kxu(0) = 1,
ud(0) = kx(0)xp(0) + kr(0)r(0).

We observe from Figures 5-1(a) that the tracking error do not asymptotically go
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(a) Without disturbance rejection; µ =
1, ⇢ = 50
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(b) Disturbance rejection in ud(t); µ =
1, ⇢ = 50 (chatter)

Figure 5-1: States, inputs and input rates for example 5.4.1 without CHARM.
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(a) µ = 1, ⇢ = 50, ẋp accessible
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(b) µ = 50, ⇢ = 50, ẋp accessible
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(c) µ = 1, ⇢ = 50, ẋp inaccessible
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(d) µ = 50, ⇢ = 50, ẋp inaccessible

Figure 5-2: States, inputs and input rates for example 5.4.1 with CHARM.
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to zero, if disturbances are not rejected. On the other hand, if disturbance rejec-
tion is carried out by a disturbance rejection term in the control input u(t) (Figures
5-1(b)), we have significant input chattering, which can be detrimental to many con-
trolled systems. Note that the chattering was not limited by the rate saturation in
this example, because this leads to a numerically stiff problem, which would make
implementation impractical.

By the introduction of CHARM, we are able to reject bounded disturbances with-
out any input chattering, as can be observed from Figures 5-2(a)-(d). Thus, asymp-
totic tracking of CHARM can be achieved in these cases without any implementation
difficulties. As expected, large values of ⇢ and µ result in avoidance of the control
saturation limits, albeit with large changes to the ORM dynamics. Moreover, when
comparing the cases in which ẋp(t) is accessible (Figures 5-2(a)-(b)) with when ẋp(t)
is inaccessible (Figures 5-2(c)-(d)), we note slightly higher oscillations in the input
rates, and also a marginal increase in the deviation from the ORM dynamics given
by xORM

m (t) (green dash-dotted lines). Thus, the knowledge of ẋp(t) can be beneficial
for achieving a modified trajectory that is closer to the original reference trajectory.

5.4.2 Nonlinear System (Brunovsky form)

Next, we consider the nonlinear system in Brunovsky form considered in [32]:

ẋp(t) = WT�(xp) + 2u(t) + 0.125(sin(0.5t) + sin(2t)),

W =
⇥
0.2, 0.01,�1,�1, 0.5

⇤T
,

�(·) =
⇥
xp, x

3
p, e

�10(xp+0.5)2 , e�10(xp�0.5)2 , sin(2xp)
⇤T

.

The CHARM dynamics was chosen as

ẋm(t) = �6xm(t) + 6r(t) + b̂(t)�ud(t) + sgn(eT (t)P )dmax

with the desired reference signal rd(t) = 0.7(sin(2t)+ sin(0.4t)). Figure 5-3 shows the
simulation of this adaptive system with the following parameters and initialization:
umax = 0.94, u̇max = 2, �µ = 0.2umax, �⇢ = 0.2u̇max, dmax = 0.25, bmin = 1, ⇤r = �10,
Q = 7.5, �W = I5, �b = 1, xp(0) = 0, xm(0) = 0, r(0) = rd(0), Ŵ(0) = 0, b̂(0) = 1.5,
ud(0) = 1

b̂(0)
(�6xp(0) + 6r(0) � Ŵ(0)T�(xp(0))).

The same tracking behavior as for the linear system in Section 5.4.1 is observed.
With the introduction of CHARM, bounded disturbances can be rejected without
any input chattering (cf. Figure 5-3(a)-(b)). As before, the choice of bigger values of
⇢ and µ leads to control saturation limits being avoided, but with bigger deviations
from the ORM.

5.4.3 Actuated Dynamic Walker (Toddler)

We now revisit the example of an actuated dynamic walker, a.k.a. toddler robot,
described in Section 4.4.2, and additionally consider actuator input amplitude and
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(a) µ = 50, ⇢ = 200, ẋp accessible
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(b) µ = 50, ⇢ = 200, ẋp inaccessible

Figure 5-3: States, inputs and input rates for example 5.4.2.

rate constraints. In this example, we wish to illustrate the stable/bounded tracking
approach for hidden mode hybrid systems with input amplitude and rate constraints.
The goal is to actuate the dynamic walker (cf. Figure 4-2) [1], such that it toddles in
a periodic fashion in the frontal plane, for which the continuous dynamics (assumed
to be input-to-state stable) is given as:

H(✓)✓̈ + C(✓, ✓̇)✓̇ + G(✓) = ⌧,

where ⌧ is the control input/torque generated at the hip or from ankle actuation,
and is amplitude and rate limited either by physical constraints or by choice, i.e.
|⌧ |  ⌧max and |⌧̇ |  ⌧̇max. The reader is referred to Section 4.4.2 for the description
of H(✓), C(✓, ✓̇) and G(✓) when on the curved portion of either foot is in contact with
the ground or when the ground contact is along the inside edge of the foot, as well as
for the jump dynamics.

Thus, putting the continuous dynamics in the Brunovsky form given in (5.28),
the hybrid adaptive system describing the frontal plane toddler model, as well as the
chosen iCHARM dynamics can be written as follows:
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Figure 5-4: ✓, ✓̇, inputs, input rates and modes for example 5.4.3.
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Figure 5-5: Time history of errors in ✓ and ✓̇ for example 5.4.3.
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Continuous dynamics (when ✓p = 0):

✓̈p = W1mRfa sin ✓p✓̇
2
p + W2mgRf sin ✓p cos� + W3mgRf cos ✓p sin� + bqu + d,

✓̈m = �10!✓̇m � 25!2✓m + 26!2r + b̂�ud + sgn(eT Pb)dmax,

ṙo = ṙd + ⇤r(r � rd),

ṙ =

8
><
>:

ṙo(t) + b̂(t)
26!2�u̇d, |uc(t)|  u

�µ
max,

ṙo(t) + (1+µ)b̂(t)
26!2 �u̇d, u

�µ
max < |uc(t)|  umax,

ṙo(t), otherwise;

Jump dynamics (when ✓p 6= 0):

✓̇+
p = ✓̇�p cos

h
2 arctan

⇣
Rf sin�

Rf cos��a

⌘i
,

✓̇+
m = ✓̇�m + ✓̇+

p � ✓̇�p ,

r+ = r(t) +
1

26!2
(10!(✓̇+

p � ✓̇p) + Ŵ1(mRfa sin ✓p(✓̇
+
p )2 � mRfa sin ✓p✓̇

2
p)),

where u := ⌧ � mga sin ✓p, and correspondingly, umin := ⌧min � mga sin ✓p, umax :=
⌧max�mga sin ✓p, u̇min := ⌧̇min�mga✓̇p cos ✓p and u̇max := ⌧̇max�mga✓̇p cos ✓p. When
q = 1 (|✓p| > �), W1 = � 1

a1
, W2 = 0, W3 = 0 and bq = 1

a1
, whereas when q = 2

(0 < ✓p  �), W1 = 0, W2 = 1
a2

, W3 = � 1
a2

and bq = 1
a2

, and, finally, when q = 3

(��  ✓p  0), W1 = 0, W2 = 1
a2

, W3 = 1
a2

and bq = 1
a2

, with a1 = I + ma2 + mR2
f ,

and a2 = I + ma2 + mR2
f � 2mRfa cos�.

Note that the 2mRf a cos ✓p✓̈p

a1
term in q = 1 is treated as a disturbance, |d|  dmax :=

2mRf a✓̈max

a1
, where ✓̈max is the maximum expected |✓̈p| for the entire trajectory. The

desired reference signal is given by rd = rmax
d sin(!t) and ! = 2⇡

T
, where T is the

desired period. Figure 5-4 shows the simulation of this adaptive system with: a =
0.1 m, Rf = 0.5 m, m = 3 kg, I = 0.1 kgm2, � = 0.2 rad, g = 9.81 ms�2, |⌧ |  4 Nm,
|⌧̇ |  375Nms�1, �µ = 0.25⌧max, �⇢ = 0.2⌧̇max, T = 16 s, rmax

d = 0.5, 1
a2

 b̂(t)  1
a2

,
⇤r = �10, Q = diag(240, 20), �b = 50, �W = diag(100, 100, 100), ✓̈max = !2rmax

d =
0.0771 rads�2, ✓p(0) = �0.1, ✓̇p(0) = 0.1, ✓m(0) = �0.5, ✓̇m(0) = 0.1, r(0) = rd(0) =

0, b̂(0) = 1
a2

, Ŵ1(0) = 0, Ŵ2(0) = 1
a2

, Ŵ3(0) = 1
a2

and ud(0) = u?
d(0).

We see from Figure 5-4 that the system states track the desired trajectories satis-
factorily even when the system is subject to the input amplitude and rate constraints.
Besides, when µ and ⇢ are chosen to be sufficiently large, the commanded inputs, uc

are observed to be within their bounds. However, this does result in a marginally
different state trajectory and also slightly higher tracking errors (differences are al-
most imperceptible in Figure 5-5), although in both cases, the tracking errors remain
bounded, as desired.
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5.4.4 Car with Automatic Transmission

To illustrate the robust tracking approach for hidden mode hybrid systems, we revisit
simplified model of a car with automatic transmission (from [8], which is also input-
to-state stable) described in Section 4.4.1.

The CHARM dynamics (without impulsive modification since this is a switched
system) was chosen as ẋm(t) = �10xm(t) + 10r(t) + b̂(t)�ud(t) + �sgn(e) with the
desired reference signal rd(t) = 25 cos(0.25t + 0.025) + 30. Figure 5-6 shows the
simulation of this adaptive system with: �10000  ⌧  142500, |⌧̇ |  150000,
�µ = 0.175(⌧max � ⌧min) = 2.6688 ⇥ 104, �⇢ = 0.35⌧̇max = 52500, dmax = g, b̂ = 2.275,
b̄ = 1.725, ⇤r = �10, � = 255.6275, xp(0) = 0, xm(0) = 0, r(0) = rd(0).

Figure 5-6 shows that robust tracking can be achieved with the approach outlined
in Section 5.3.2. When larger values of ⇢ and µ are chosen (Figure 5-6(b)), we observe
that the input constraints can be avoided, but at the same time, the modified reference
trajectory deviates even more from the open-loop reference model (ORM). In fact, the
robust tracking approach has the tendency to find ‘the middle ground’ given that the
‘mean’ parameter values Ŵ = 1

2
(Wmin + Wmax) and b̂ = 1

2
(bmax + bmin) are used in
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(b) µ = 1, ⇢ = 100

Figure 5-6: Time history of velocity, torques, torque rates and modes/gears for ex-
ample 5.4.4.
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place of the unknown parameters W and b (see also Remark 5.3.6). For example, this
approach, when applied to the toddler example in Section 5.4.3, leads to a standstill,
which is the dynamics associated with its ‘mean’ parameter values. Moreover, we
observe from Figure 5-6 that while the torque and torque rates are bounded, there is
a high amount chattering in the torque rate, which is typically undesirable.

5.5 Miscellaneous Proofs and Derivations

In this section, we derive the lower and upper bounds on various parameters used in
the various theorems in this chapter.

5.5.1 Bounds on ⇢ and ⇤r in Theorem 5.2.4

Lower Bound on ⇢

As with µ, we seek a lower bound on ⇢ such that u̇c,⇢(t) < u̇max. From (3.4) and (3.6),

�u̇c(t) =
1

⇢
(u̇c,⇢(t) � u̇d,µ(t)) =

1

1 + ⇢
(u̇�⇢

maxsat

✓
u̇d,µ(t)

u̇
�⇢
max

◆
� u̇d,µ(t))

)|�u̇c(t)| 
1

1 + ⇢

�
u̇�⇢

max + |u̇d,µ(t)|
�
. (5.40)

Since µ > 0, from (5.5), we obtain

|u̇d,µ(t)| |k̇T
x (t)xp(t)| + |k̇r(t)r(t)| + |kT

x (t)ẋp(t)| + |kr(t)ṙo(t)|
kPbpkemax�max(�x)kxp(t)k2 + kPbpkemax�rr

2
max + (k̃max

x + kk⇤
xk)kẋp(t)k

+ (k̃max
r + |k⇤

r |)(ṙmax
d + |⇤r|(rmax + rmax

d ))

where kxp(t)k  2kPbpkǔ
⌘

as shown in [30]. To bound ẋp(t), we rewrite the system
dynamics as ẋp(t) = Amxp(t) � bp�k⇤T

x xp(t) + bp�u(t) + bpd(xp(t), t). Then,

kẋp(t)k  (kAmk + �kbpkkk⇤
xk)2kPbpkǔ

1

⌘
+ kbpkû.

Thus, (5.40) becomes

|�u̇c(t)| 
u̇
�⇢
max + CI,1

1 + ⇢

where CI,1 is defined in Theorem 5.2.4. From definition, �u̇d = u̇
�⇢
maxsat

⇣
u̇c,⇢(t)

u̇
�⇢
max

⌘
�u̇c,⇢.

Hence, we obtain

|u̇c,⇢(t)|  u̇�⇢
max + |�u̇c(t)|  u̇�⇢

max +
u̇
�⇢
max + CI,1

1 + ⇢
.

84



In order that |u̇c,⇢(t)| < u̇max, 8t > 0, we require

u̇
�⇢
max + CI,1

1 + ⇢
< �⇢ ) ⇢ >

1

�⇢
(u̇�⇢

max + CI,1) � 1 =
1

�⇢
(u̇max + CI,1) � 2.

Upper Bound on ⇤r

From definition, �u̇d(t) = u̇maxsat
⇣

u̇c,⇢(t)

u̇max

⌘
� u̇d,µ(t). Thus, we can bound |�u̇d(t)| 

u̇max + |u̇d,µ(t)|  u̇max + CI,1. In order to have |r(t)|  rmax, 8t > 0, we constrain
⇤r < 0 such that ṙ(t)  0 when r(t) � rmax and ṙ(t) � 0 when r(t)  �rmax, with
the former requirement leading to

ṙ(t)  ṙmax
d + ⇤r(rmax � rmax

d ) +
1 + µ

kr,min

(u̇max + CI,1)  0

and the latter

ṙ(t) � ṙmin
d + ⇤r(�rmax � rmin

d ) � 1 + µ

kr,min

(u̇max + CI,1) � 0

)� ṙmin
d + ⇤r(rmax + rmin

d ) +
1 + µ

kr,min

(u̇max + CI,1)  0.

Adding the two inequalities and rearranging, we obtain the upper bound on ⇤r given
in Theorem 5.2.4.

5.5.2 Bounds on ⇢ and ⇤r in Theorem 5.2.5

Lower Bound on ⇢

Since µ > 0 and |ṙ(t)|  |ṙo(t)|, from (5.11),

|u̇d,µ(t)|  |k̇T
x (t)xp(t)| + |kr(t)ṙ(t)| + |k̇r(t)r(t)| + kũ|ũ(t)| + |e(t)T Pbmku(t)|

+ |kT
x (t)Amxp(t)| + |kT

x (t)bmkT
xu(t)xp(t)| + '|kT

x (t)bp|dmax

 kPbpkemax�max(�x)kxp(t)k2 + (k̃max
r + |k⇤

r |)(ṙmax
d + |⇤r|(rmax + rmax

d ))

+ kPbpkemax�rr
2
max + kũũmax + emaxkPbmk(k̃max

u + kk⇤
uk)

+ (k̃max + kk⇤
xk)[kAmk + kbmk(k̃max

xu + kk⇤
xuk)kxp(t)k + 'kbpkdmax]

and kxp(t)k  2kPbpkǔ
⌘

. Thus, (5.40) becomes

|�u̇c(t)| 
u̇
�⇢
max + CI,2

1 + ⇢
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where CI,2 is defined in Theorem 5.2.5. From definition, �u̇d = u̇
�⇢
maxsat

⇣
u̇c,⇢(t)

u̇
�⇢
max

⌘
�u̇c,⇢.

Hence, we obtain

|u̇c,⇢(t)|  u̇�⇢
max + |�u̇c(t)|  u̇�⇢

max +
u̇
�⇢
max + CI,2

1 + ⇢
.

In order that |u̇c,⇢(t)| < u̇max, 8t > 0, we require

u̇
�⇢
max + CI,2

1 + ⇢
< �⇢

)⇢ >
1

�⇢
(u̇�⇢

max + CI,2) � 1 =
1

�⇢
(u̇max + CI,2) � 2.

Upper Bound on ⇤r

The upper bound on ⇤r can be found as in Section 5.5.1 with |u̇d,µ(t)|  CI,2.
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Part II

Estimation of Hidden Mode Hybrid
Systems
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Chapter 6

Background and Preliminaries

In this chapter, we first review existing literature pertaining to Part II of the thesis
on the subject of estimation of stochastic hidden mode hybrid systems with unknown
inputs, as well as the currently emerging topic of resilient estimation for cyber-physical
systems. We then lay the foundations for developing and analyzing the estimation
algorithms that we will design and describe in the remaining chapters of Part II, with
useful definitions, building blocks and results on relevant system properties.

6.1 Motivation and Literature Review

This second part of the thesis is motivated by the need for designing estimation algo-
rithms for hybrid systems with hidden modes and unknown inputs in Examples 1.1.2
and 1.1.3. The first example is typical of most autonomous systems, which must oper-
ate without knowledge of the intention and the decisions of other non-communicating
systems or humans. Thus, these intention and control decisions need to be inferred
from noisy measurements. Similarly, the second example is a typical concern for any
cyber-physical systems (CPS) in which computational and communication elements
collaborate to control physical entities. Such systems include the power grid, au-
tonomous vehicles, medical devices, etc. Recent incidents of attacks on CPS, e.g., the
Maroochy water breach, the StuxNet computer worm and various industrial security
incidents [40–42], highlight a need for resilient estimates despite malicious attacks.

However, to the best of our knowledge, the problem of simultaneous mode, input
and state estimation of stochastic hybrid systems has not been considered in the
literature. Figure 6-1 shows two possible routes of solving this problem for the special
case of switched linear systems (the focus of this second part of the thesis), indexed by
superscripts (1) and (2) starting from the well-known Kalman filter. Both routes offer
some interesting insights, although we will ultimately propose an estimator design
based on route (2) in Chapter 8. Thus, we will next review the intermediate steps
of both routes in the following subsections, i.e., the topics of simultaneous input and
state estimation, as well as of hidden mode and state filtering with known inputs.

In addition, we will provide a brief review of current literature on the subject of re-
silient estimation of cyber-physical systems, since we will show that the hidden mode,
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Figure 6-1: Illustration of two different routes/pathways to achieve hidden mode,
input and state estimation starting from the celebrated Kalman filter.

input and state estimation algorithm that we will develop is almost tailor-made for
achieving resilient estimation. The development of our estimator also provides insights
into how and when resilience can be attained under some appropriate assumptions.

6.2 Simultaneous Input and State Estimation
The term estimator is commonly used to refer to systems that extract information
about a quantity of interest from measured data corrupted by noise. Filter algorithms
estimate current values of the variables of interest in real-time, whereas smoothing
algorithms post-process all measurements to also estimate past values. Kalman fil-
ter [43] is the most widely used linear filtering algorithm, while the most common
fixed-interval smoothing algorithm (a.k.a. Kalman smoother) is probably the Rauch-
Tung-Striebel (RTS) smoother [44], which has the advantage of being computation-
ally cheaper than the forward-backward smoother [45]. Kalman filtering and RTS
smoothing provide the tool needed for obtaining reliable estimates when the system
is linear and when the disturbance inputs are well modeled by a zero-mean, Gaus-
sian white noise. However, in many instances, the exogenous input (e.g., the inputs
of other autonomous vehicles) cannot be modeled as a Gaussian stochastic process
rendering the estimates unreliable. Nonetheless, we want to be able to estimate the
states and inputs of other vehicles based on noisy measurements for purposes of col-
lision avoidance, route planning, etc. Similar problems can be found across a wide
range of disciplines, from the real-time estimation of mean areal precipitation during
a storm [46] to fault detection and diagnosis [47] to input estimation in physiological
systems [48] to oceanographic flow field reconstruction [49].

Much of the research focus has been on state estimation of systems with unknown
inputs without actually estimating the inputs. An optimal filter that estimates a
minimum-variance unbiased (MVU) state estimate for a system with unknown inputs
is first developed for linear discrete-time systems without direct feedthrough in [46].
This design was extended to a more general parameterized solution by [50], and
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eventually to state filtering of systems with direct feedthrough in [51–53]. Similarly,
while H1 filters (e.g., [54–56]) can deal with non-Gaussian disturbance inputs in
minimizing the worst-case state estimation error, the unknown input is not estimated.
However, the problem of estimating the unknown input itself is often as important as
the state information, and should also be considered.

Palanthandalam-Madapusi and Bernstein [57] proposed an approach to recon-
struct the unknown inputs, in a process that is decoupled from state estimation with
an emphasis on unbiasedness, but neglecting the optimality of the estimate. On the
other hand, Hsieh [58] and Gillijns and De Moor [59] developed simultaneous in-
put and state filters that are optimal in the minimum-variance unbiased sense, for
systems without direct feedthrough. Extensions to systems with a full rank direct
feedthrough matrix were proposed by Gillijns and De Moor [60], Fang et al. [61] and
Yong et al. [62]. In an attempt to deal with systems with a rank deficient direct
feedthrough matrix, Hsieh [63] allowed the input estimate to be biased. Thus, the
problem of finding a simultaneous state and input filter for systems with rank deficient
direct feedthrough matrix, that is both unbiased and has minimum variance remains
open. Moreover, a unified MVU filter that works for all cases remains elusive.

On the other hand, to the best knowledge of the authors, the only available input
and state smoothing algorithm is designed for nonlinear systems with unknown inputs
[49]. However, this algorithm makes an implicit assumption that is equivalent to
imposing a full rank condition on the system direct feedthrough matrix, which is
somewhat restrictive (cf. [10]). Furthermore, neither an analytical solution nor any
claims of optimality were presented. Thus, an optimal smoothing algorithm for linear
discrete-time stochastic systems with unknown inputs is still lacking at present.

Furthermore, to our best knowledge, the problem of simultaneous state and in-
put estimation for linear continuous-time stochastic systems has not been addressed.
Thus, we turn to the literature on observer designs for deterministic systems for inspi-
ration. As it turns out, the accessibility of output derivatives plays an important role
for the estimation of the unknown inputs in observer designs. Some observer designs
(e.g., [64]) differentiate the output measurements, whereas other designs (e.g., [65,66])
rely solely on output measurements without differentiation, although these observers
can only asymptotically estimate the unknown input to any degree of accuracy instead
of exact asymptotic estimation.

Another set of relevant literature pertains to the stability of the state and input
filters, since optimality does not imply stability and vice versa. However, to the best
of our knowledge, the literature on this subject is limited to linear time-invariant
systems [53, 61, 67]. Yet another related literature is on state and input observabil-
ity and detectability conditions, also known as strong or perfect observability and
detectability, as this will be shown to be related to the stability of the input and
state filter dynamics. Some conditions for state and input observability were derived
in [57, 68]. Finally, there is no known literature on whether a principle of separation
of estimation and control also exists for linear systems with unknown inputs, and if
the unknown inputs may be rejected, a topic that we will visit in Section 7.4.
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6.2.1 Hidden Mode and State Filtering with Known Inputs

The filtering problem of hidden mode hybrid systems with known inputs have been
extensively studied (see, e.g., [69, 70] and references therein), especially in the con-
text of target tracking applications. These filtering algorithms, which use a multiple
model approach, typically consist of three components: (i) a bank of filters for each
mode, (ii) a likelihood-based approach to determine the probability of each mode,
and (iii) a hypothesis management algorithm to trade off between computational cost
and estimation quality. Oftentimes, the Kalman filter [43] or a variation thereof is
used as the filtering algorithm, while the likelihood-based mode association typically
uses the whiteness property of the innovation [71,72]. On the other hand, some pop-
ular hypothesis merging algorithms include the first- and second-order generalized
pseudo-Bayesian (GPB1 and GPB2) as well as the interacting multiple model (IMM)
algorithms [69, 73]. However, oftentimes the disturbance inputs cannot be modeled
as a zero-mean, Gaussian white noise, which gives rise to a need for an extension of
the existing algorithms to hidden mode hybrid systems with unknown inputs.

6.3 Resilient Estimation

Cyber-physical systems (CPS) are systems in which computational and communi-
cation elements collaborate to control physical entities. Such systems include the
power grid, autonomous vehicles, medical devices, etc. Most of these systems are
safety-critical and if compromised or malfunctioning, can cause serious harm to the
controlled physical entities and the people operating or utilizing them. Recent in-
cidents of attacks on CPS, e.g., the Maroochy water breach, the StuxNet computer
worm and various industrial security incidents [40–42], highlight a need for CPS se-
curity and for new designs of resilient estimation and control.

Much of the early research focus has been on the characterization of undetectable
attacks and on attack detection and identification techniques, which range from
a simple application of data time-stamps [74] to hypothesis tests using residuals
(e.g., [75–78]). However, the ability to reliably estimate the true system states de-
spite attacks is just as desirable, if not more than purely attack detection; thus, this
problem has garnered considerable interest in recent years because the availability of
resilient state estimates would, among others, allow for continued operation with the
same controllers as in the case without attacks or for locational marginal pricing of
electricity based on the real unbiased state information despite attacks.

For deterministic linear systems under actuator and sensor signal attacks (e.g., via
data injection [75, 76, 78]), the resilient state estimation problem has been mapped
into an `0 optimization problem, which is NP-hard [78, 79]; thus, a relaxation of the
problem to a convex problem is considered in [79]. A further extension [80] computes
a worst-case bound on the state estimate error in the presence of additive modeling
errors with known bounds, but the optimization problem remains NP-hard. More
importantly, these approaches do not apply in the presence of additive stochastic
(unbounded) noise signals, which is one of the security issues we consider in this
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thesis. On the other hand, another resilient estimation approach that relies on running
a bank of Kalman filters is independently developed in [13], which is similar to our
multiple model approach in Chapter 8, but can only take sensor signal attacks into
consideration.

Moreover, attacks that exploit the switching vulnerability of CPS or that alter the
network topology of interacting subsystems have been recently identified as a serious
CPS security concern. Some instances of such vulnerability are attacks on the circuit
breakers of a smart grid [81] or on the logic mode (e.g., failsafe mode) of a traffic
infrastructure [82], on the meter/sensor data network topology [83] and on the power
system network topology [77]. However, to the best of our knowledge, no resilient
state estimators for dynamic systems have been developed to deal with this new class
of attacks.

6.4 Definitions and Useful Results

6.4.1 Decoupling via System Transformation

For the development of simultaneous input and state estimators in Chapter 7, we
shall consider the system transformation of linear time-varying systems, which re-
veals some interesting insights. The linear systems we are considering are:

Discrete-time:

xk+1 = Akxk + Bkuk + Gkdk + wk

yk = Ckxk + Dkuk + Hkdk + vk
(6.1)

Continuous-time:

ẋ(t) = A(t)x(t) + B(t)u(t) + G(t)d(t) + w(t)
y(t) = C(t)x(t) + D(t)u(t) + H(t)d(t) + v(t)

(6.2)

where x 2 Rn is the state vector at time k or t, u 2 Rm is a known input vector, d 2 Rp

is an unknown input vector, and y 2 Rl is the measurement vector. The process noise
w 2 Rn and the measurement noise v 2 Rl are assumed to be mutually uncorrelated,
zero-mean, white random signals with known covariance matrices, Q ⌫ 0 and R � 0.
Note that the explicit dependence on time k or t has been omitted in this section for
simplicity and also to emphasize that the discussions in this section apply to both
discrete- and continuous-time systems, while the differential and forward difference
operators will be denoted with r.

For the system transformation, we first decouple the output equation into two
components, one with a full rank direct feedthrough matrix and the other without
direct feedthrough. In this form, the filter can be designed leveraging existing ap-
proaches for both cases (e.g., [59, 62]).

Let pH := rk(H). Using singular value decomposition, we rewrite the direct
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feedthrough matrix H as

H =
⇥
U1 U2

⇤ ⌃ 0
0 0

� 
V >

1

V >
2

�
= U1⌃V >

1 , (6.3)

where ⌃ 2 RpH⇥pH is a diagonal matrix of full rank, U1 2 Rl⇥pH , U2 2 Rl⇥(l�pH),
V1 2 Rp⇥pH and V2 2 Rp⇥(p�pH), while U :=

⇥
U1 U2

⇤
and V :=

⇥
V1 V2

⇤
are unitary

matrices. When there is no direct feedthrough, ⌃, U1 and V1 are empty matrices1,
and U2 and V2 are arbitrary unitary matrices.

Then, as suggested in [53], we define two orthogonal components of the unknown
input given by

d1 = V >
1 d, d2 = V >

2 d. (6.4)

Since V is unitary, we can recover d with

d = V1d1 + V2d2. (6.5)

The system (6.1) and (6.2) can be rewritten as

rx = Ax + Bu + GV1d1 + GV2d2 + w

= Ax + Bu + G1d1 + G2d2 + w (6.6)
y = Cx + Du + HV1d1 + HV2d2 + v

= Cx + Du + H1d1 + v, (6.7)

where G1 := GV1, G2 := GV2 and H1 := HV1 = U1⌃. Next, we decouple the output
y using a nonsingular transformation T =

⇥
T>

1 T>
2

⇤>

T =


IpH

�U>
1 RU2(U

>
2 RU2)

�1

0 I(l�pH)

� 
U>

1

U>
2

�
(6.8)

to obtain z1 2 RpH and z2 2 Rl�pH given by

z1 = T1y = C1x + D1u + ⌃d1 + v1

z2 = T2y = C2x + D2u + v2
(6.9)

where C1 := T1C, C2 := T2C = U>
2 C, D1 := T1D, D2 := T2D = U>

2 D, v1 := T1v
and v2 := T2v = U>

2 v. This transform is also chosen such that the measurement
noise terms for the decoupled outputs are uncorrelated (i.e., E[v1k

v>
2,i] = 0, 8k, i and

1We adopt the convention that the inverse of an empty matrix is also an empty matrix and
assume that operations with empty matrices are possible. These features are readily available in
many simulation software products such as MATLAB, LabVIEW and GNU Octave. Otherwise, a
conditional statement can be included to bypass this case.
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E[v1(t)v
>
2 (t0)] = 0, 8t, t0). The covariances of v1 and v2 are, respectively:

R1 := T1RT>
1 � 0,

R2 := T2RT>
2 = U>

2 RU2 � 0.
(6.10)

Moreover, the covariances of v1 and v2 with the initial state x0 (or x(t)) and process
noise w are also identically zero.

The interesting realization obtained from the above decoupling of the output sig-
nals with respect to the unknown inputs in (6.9) is the following:

Proposition 6.4.1 The output y contains insufficient information to fully estimate
the signal d, specifically the component d2, which does not appear in z1 and z2 (and
y = T�1[z1 z2]

>).

We shall show in Chapter 7 that for discrete-time systems, this means that the
d2 component can only be estimated with (at least one step) delay, whereas for
continuous-time systems, additional information associated with an “output deriva-
tive” measurement is necessary.

6.4.2 Input and State Observability and Detectability

We will show in Chapter 7 that the stability of the discrete-time estimators (both
filter and smoother) is directly related to the notion of input and state observability
and detectability, also known as strong or perfect observability and detectability (see,
e.g., [68,84,85]). Another related system property of interest is invertibility. Without
loss of generality, we assume that Bk = Dk = 0 since uk is known. To simplify the
exposition, we also assume that wk = 0 and vk = 0, with which there is no loss of
generality because the analysis can be easily extended to the case with non-zero wk

and vk with a straightforward application of the Gauss-Markov theorem [86, Theorem
3.1.1] 2.

Definition 6.4.2 (Strong observability) The linear system (6.1) is strongly ob-
servable, or equivalently state and input observable or perfectly observable, if the
initial condition x0 and the unknown input sequence up to time r � 1, {di}r�1

i=0 , and
specifically Dr 2 Rrp+pHr , can be uniquely determined from the measured output se-
quence {yi}r

i=0, or equivalently Zr 2 R(r+1)l, for a large enough number of observa-
tions, i.e., r � r0 for some r0 2 N, where Dr and Zr are given in (?). Equivalently,
the linear system (6.1) is strongly observable if

yk = 0, 8 k � 0 implies x0 = 0

for all initial states and input sequences {di}r�1
i=0 .

2This simplification was also chosen to provide a connection to the notions of strong observ-
ability/detectability for deterministic systems [68,84,85]. For the stochastic case, yk and xk can be
replaced by E[yk] and E[xk]. Note that these notions are related but not equivalent to the definitions
of exact observability/detectability [87,88].
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Definition 6.4.3 (Strong detectability) The linear system (6.1) is strongly de-
tectable if, for all initial states and input sequences {di}i2N,

yk = 0 8 k � 0 implies xk ! 0 as k ! 1.

Definition 6.4.4 (Invertibility3) The system (6.1) is said to be invertible if, given
the initial state x0, there exists a nonnegative integer L such that the unknown inputs
{di}k�1

i=0 (and thus the state xk) can be uniquely recovered from the outputs up to time
step L, denoted {yi}k+L

i=0 .

Next, we derive the conditions for strong observability for the time-varying and
time-invariant cases in the following theorems and corollary.

Theorem 6.4.5 (Strong observability (time-varying)) A linear time-varying
discrete-time system is input and state observable if and only if

rk(
⇥
O2,r I(2,2),r

⇤
)

=

8
<
:

n + rk I(2,2),r, if rk


Gr�1

Hr�1

�
= p and (‡) holds,

n + rk I(2,2),r�1 + p � pHr�1 , otherwise,
(6.11)

3Note the slightly different definition compared to [89] in which {di}k
i=0 is to be uniquely deter-

mined from {yi}k+L
i=0 .

Z1,r :=
⇥
z>1,0 z>1,1 . . . z>1,r

⇤> 2 R
Pr

k=0 pHk , Z2,r :=
⇥
z>2,0 z>2,1 . . . z>2,r

⇤> 2 R(r+1)l�Pr
k=0 pHk ,

D1,r :=
⇥
d>

1,0 d>
1,1 . . . d>

1,r

⇤> 2 R
Pr

k=0 pHk , D2,r :=
⇥
d>

2,0 d>
2,1 . . . d>

2,r�1

⇤> 2 Rrp�Pr�1
k=0 pHk ,

Zr :=


Z1,r

Z2,r

�
, Dr :=


D1,r

D2,r

�
,�(i,i) := Âi := Ai � G1,i⌃

�1
i C1,i,�(i,j>i) := Âj . . . Âi,

pHk
= rk(Hk) 8 0  k  r, and 8 q = {1, 2}, s = {1, 2},

Oq,r :=

2
66666664

Cq,0

Cq,1Â0

Cq,2�(0,1)
...

Cq,r�1�(0,r�2)

Cq,r�(0,r�1)

3
77777775

,

I(q,s),r :=

2
66666664

0 0 . . . 0 0
Cq,1Gs,0 0 . . . 0 0

Cq,2Â1Gs,0 Cq,2Gs,1 . . . 0 0
...

... . . . ...
...

Cq,r�1�(1,r�2)Gs,0 Cq,r�1�(2,r�2)Gs,1 . . . Cq,r�1Gs,r�2 0

Cq,r�(1,r�1)Gs,0 Cq,r�(2,r�1)Gs,1 . . . Cq,rÂr�1Gs,r�2 Cq,rGs,r�1

3
77777775

(?)
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where the observability and invertibility matrices, O2,r 2 R((r+1)l�Pr
k=0 pHk

)⇥n and
I(2,2),r 2 R((r+1)l�Pr

k=0 pHk
)⇥(rp�Pr�1

k=0 pHk
), as well as pHk

are given in (?); and (‡) is the
condition under which (6.11) holds starting from xr and xr�1. Sufficient conditions
for (6.11) to hold (assuming that rk

⇥
G>

r�1 H>
r�1

⇤
< p for all r) are

(I) r � r0,r and l � p + 1, or l = p = n and pHr = 0,

(II) (a) rk(O2,r) = n,

(b) rk(Ik
(2,2),r) = p � pHk�1

, 8 1  k  r,

where r0,r := dn�l�pHr

l�p
e, dae is the smallest integer not less than a and Ik

(2,2),r is the
k-th column of I(2,2),r.

Proof The system transformation given by (6.8) transforms the output equations
such that the d1,k component can be determined from only the current output mea-
surement and previous state and input estimates. Specifically, from (6.6) and (6.9),

and ignoring the known input and noise terms, we find D1,r = �⌃̆
⇥
O1,r I(1,2),r

⇤  x0

D2,r

�
+

(IPr
k=0 pHk

� I(1,1),r)⌃̆Z1,r where ⌃̆ =
⇥
⌃�1

0 . . . ⌃�1
r

⇤
. Substituting this in the output

equation z2,k in (6.9), we observe that the initial state x0 and unknown input D2,r

(and consequently D1,r from the previous equation) can be obtained from

⇥O2,r I(2,2),r�1 I r
(2,2),r

⇤
2
4

x0

D2,r�1

d2,r�1

3
5 = Z2,r � I(2,1),r

⇥
G1,0⌃

�1
0 . . . G1,r�1⌃

�1
r�1

⇤
Z1,r�1.

If rk
⇥
G>

r�1 H>
r�1

⇤
< p, a unique solution for x0 and d2,r�1 exists if and only if the sec-

ond condition of (6.11) holds. Otherwise, with only rk(
⇥
O2,r I(2,2),r

⇤
) = n+rk I(2,2),r,

x0 can be uniquely determined (while D2,r may not be). However, by assumption
(‡), xr and xr�1 can be uniquely determined from sufficient observations and with
rk
⇥
G>

r�1 H>
r�1

⇤
= p, the unknown input dr�1 (and hence d2,r�1) can be uniquely

obtained from

xr � Ar�1xr�1

yr�1

�
=


Gr�1

Hr�1

�
dr�1. Finally, we obtain the sufficient con-

ditions by assuming that rk
⇥
G>

r�1 H>
r�1

⇤
< p for all r yielding the following:

(I) The linear system is not underdetermined, i.e., (r + 1)l�Pr
k=0 pHk

� n + rp�Pr�1
k=0 pHk

) (r + 1)l � n + rp + pHr . Thus, (I) holds.

(II) The matrix
⇥
O2,r I(2,2),r

⇤
has full column rank. For this to hold, the following

are necessary:

(a) O2,r has full column rank.

(b) Ik
(2,2),r has full column rank, 8 1  k  r.

⇤
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Theorem 6.4.6 (Strong observability(time-invariant)) A linear time-invariant
discrete-time system is input and state observable if and only if

rk(
⇥
O2,ñ I(2,2),ñ

⇤
) = n + rk I(2,2),ñ (6.12)

for some 0  ñ  n. Sufficient conditions for (6.12) to hold are with rk I(2,2),ñ =
ñ(p � pH), where pH = rk(H), which implies the following:

(I) r � r0 and l � p + 1, or l = p = n and pH = 0,

(II) (a) rk(O2,n�1) = n; thus, (Â, C) is observable,

(b) rk(C2G2) = p � pH ; thus, rk(CG) � p � pH ,
where Â = A�G1⌃

�1C1. Moreover, if l 6= p, then r0  ñ  n, where r0 := dn�l�pH

l�p
e;

otherwise, l = p = n and pH = 0 must hold.

Proof The claims of this theorem follows from Theorem 6.4.5 with additional simpli-
fications that result from time-invariance, described as follows. Since we had assumed
that maxk(rk

⇥
G>

k H>
k

⇤
) = rk

⇥
G> H>⇤ = p and (‡) holds trivially by time invariance,

the ‘weaker’ condition in Theorem 6.4.5 holds. The proof of the upper bound on the
number of time steps, ñ, can be found in [85, Propositions 1 & 2], which is briefly
outlined here. Let Ek denote the subspace of Rn spanned by the set of weakly un-
observable states from observations up to time k (i.e., the complement of the set of
strongly observable states). By time invariance, Ek ✓ Ek�1. Further, let � be the first
integer for which E� = E�+1. If x0 is any state in E�+1, there must be an input d0

such that x1 = Ax0 + Gd0 2 E�. Thus, starting from x0, we get to x1 2 E� = E�+1

(by assumption) with d0 and there then exists � + 1 observations such that x0 is still
weakly unobservable, which implies that x0 2 E�+2, from which E�+1 ✓ E�+2. Since
the reverse inclusion also holds by time invariance, E�+1 = E�+2 holds. By induc-
tion, we have E0 � E1 � . . . � E� = E�+1 = E�+2 = . . .. Since the dimension of the
subspace can decrease at most n times, it follows that �  n. By applying the Cayley-
Hamilton theorem, we can show that the observable subspace spanned by O2,n�1 is Â-
invariant (i.e., Ra(O2,n�1Â) ⇢ Ra(O2,n�1)), which implies that rk(O2,r) = rk(O2,n�1)

for all r � n. Furthermore, for Condition (II), since O2,n�1 = U>
2 Ô, where Ô =⇥

C> (CÂ)> . . . (CÂn�1)>
⇤>

and C2G2 = U>
2 CGV2, then rk(O2,n) = rk(O2,n�1) 

min(rk(U>
2 ), rk(O)) and rk(C2G2)  min(rk(U>

2 ), rk(CG), rk(V2)). Thus, it follows
that rk(Ô) = n (i.e., (Â, C) is observable) and rk(CG) � p � pH are necessary con-
ditions. ⇤

Corollary 6.4.7 For the time-invariant case, the following statements are equiva-
lent:

(i) rk(
⇥
O2,n I(2,2),n

⇤
) = n + rk I(2,2),n (strong observability condition in Theorem

6.4.6)

(ii) rk


zI � A �G

C H

�
= n + p for all z 2 C.
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(iii) rk

✓
zI � Â �G2

C2 0

�◆
= n + p � pH for all z 2 C.

Moreover, the observability of (A, C) is a necessary condition for strong observability;
whereas rk(C2G2) = p � pH if and only if rk I(2,2),n = n(p � pH).

Proof The proof of the equivalence of (i) and (ii) is fairly involved, and the reader
is referred to [85] for details. To relate (ii) and (iii), we use the following

n + p = rk


zI � A �G

C H

�
= rk

2
4

zI � A �G

C U


⌃ 0
0 0

�
V >

3
5

= rk


I 0
0 T

�2
4

zI � A �G

C U


⌃ 0
0 0

�
V >

3
5

I 0
0 V

�
= rk

2
4

zI � A �GV

TC TU


⌃ 0
0 0

�
3
5

= rk

2
4

zI � A �G1 �G2

C1 ⌃ 0
C2 0 0

3
5 = rk

2
4

I G1⌃
�1 0

0 I 0
0 0 I

3
5
2
4

zI � A �G1 �G2

C1 ⌃ 0
C2 0 0

3
5

= rk

2
4

zI � Â 0 �G2

C1 ⌃ 0
C2 0 0

3
5 = rk


zI � Â �G2

C2 0

�
+ pH

for all z 2 C, where the final equality holds because ⌃ is square and has full rank pH .
The necessity of observability of the pair (A, C) follows directly from (ii), while the
final conditional statement follows from Theorem 6.4.6. ⇤

Similar conditions for the weaker notion of strong detectability for linear time-
invariant systems can also be obtained.

Theorem 6.4.8 (Strong detectability(time-invariant)) A linear time-invariant
discrete-time system is strongly detectable if and only if either of the following holds:

(i) rk


zI � A �G

C H

�
= n + p, 8z 2 C, |z| � 1,

(ii) rk


zI � Â �G2

C2 0

�
= n + p � pH , 8z 2 C, |z| � 1.

The above conditions are equivalent to the property that the system is minimum-phase
(i.e., the invariant zeros of the system matrices in Corollary 6.4.7-(ii),(iii) are stable).

Proof This theorem is a simple generalization of Corollary 6.4.7 for the case that

P(z) :=


zI � A �G

C H

�
is rank deficient for some z 2 Z0 ⇢ C but |z| < 1. For

each such z, there exists
⇥
�x>

z d>
z

⇤> in the null space of P(z). It can be verified
that the input sequence dk = zkdz and the initial state xz leads to the output is
yk = 0 for all k � 0 but xk = zkxz, where with a slight abuse of notation, zk
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represents the product of any permutations of k numbers from Z0. Since |z| < 1
by assumption, xk ! 0 as k ! 1. Moreover, from the z-transform of (6.1), we
have y(z) = C(zI � A)�1zx0 + (C(zI � A)�1G + H)d(z). Thus, given x0, dk can
be uniquely obtained with inverse z-transform if H(z) := C(zI � A)�1G + H has

full rank for some z. Since rk


zI � A �G

C H

�
= rk


I 0

�C(zI � A)�1 I

� 
zI � A �G

C H

�
=

rk


zI � A �G

0 H(z)

�
= rk(zI � A) + rk(H(z)), by Condition (i), such z exist. ⇤

Note that in the above results, the Rosenbrock system matrix, also known as

the matrix pencil, RS(z) :=


zI � A �G

C H

�
of system (6.1) features prominently, and

specifically its invariant zeros defined as follows:

Definition 6.4.9 (Invariant Zeros) The invariant zeros z of the system matrix

RS(z) :=


zI � A �G

C H

�
are defined as the finite values of z for which the matrix

RS(z) drops rank, i.e.,

rk(RS(z)) < nrank(RS),

where nrank(RS) denotes the normal rank (maximum rank over z 2 C) of RS(z).

A useful characterization of invertibility, strong observability and strong detectabil-
ity for time-invariant systems based on the invariant zeros (see, e.g., [10, 84, 90, 91]
for proofs) are as follows:

Invertibility [90, 91]. The system (6.1) is invertible if and only if rk(RS(z)) = n+p
for at least one z 2 C.

Strong detectability [Theorem 6.4.8]. The system (6.1) is strongly detectable if
and only if rk(RS(z)) = n + p, 8z 2 C, |z| � 1.

Invertibility

Strong Det.

Strong Obsv.

Figure 6-2: Relationship between linear time-invariant system properties—
Invertibility, strong detectability and strong observability.
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Strong observability [84], [Corollary 6.4.7]. The system (6.1) is strongly ob-
servable if and only if rk(RS(z)) = n + p, 8z 2 C.

From the above characterization, we observe that for linear time-invariant discrete-
time systems strong observability implies both invertibility and strong detectability,
while strong detectability implies invertibility, i.e., strong observability ⇢ strong de-
tectability ⇢ invertibility (cf. Figure 6-2). For linear time-varying systems, strong
observability still implies strong detectability but it remains unclear if it also implies
invertibility. Similar properties also hold for linear continuous-time systems [68].

6.4.3 Uniform Complete Controllability & Observability

For the analysis of the stability of the continuous-time filter in Chapter 7, we define
the following useful system property,

Definition 6.4.10 (Uniform Complete Controllability & Observability [92,
93]) Let X(t) be bounded. The pair (X(t), Y (t)) is uniformly completely control-
lable, if 9✏ > 0 and µ1(✏) > 0, µ2(✏) > 0, such that for all t � t0, such that
µ1(✏) 

R t

t�✏
�X(t)(t, s)Y (s)Y (s)>�>

X(t)(t, s)ds  µ2(✏), where �X(t)(t, s) is the transi-
tion matrix of the system ẋ(t) = X(t)x(t) + Y (t)u(t) and y(t) = Z(t)x(t). Similarly,
the pair (X(t), Z(t)) is uniformly completely observable, if its dual pair (X>(t), Z>(t))
is uniformly completely controllable.

6.4.4 Computation of derivative of singular value decomposed
matrices of time-varying H(t)

Moreover, to perform the decoupling transformation in Section 6.4.1 for linear time-
varying continuous-time systems, the computation of the derivative of singular value
decomposed matrices of the time-varying H(t) may be needed, which we now derive.
With the assumption that the matrix H is analytic, [94] established the existence of a
singular value decomposition of H where the factors are also analytic functions, which
they termed analytic singular value decomposition (ASVD). This has the implication
that U1, U2, V1, V2 and ⌃ are differentiable. Next, we provide an approach motivated
by [94,95] for obtaining the signal derivatives, U̇1 and ⌃̇, which are required to com-
pute Ḣ1 := U̇1⌃ + U1⌃̇, as well as U̇2, ⌃̇, V̇1 and V̇2. For simplicity, we shall first
assume that the rank of matrix H is constant, and that all singular values remain
positive. The generalization to the case when the singular values can become zero
will be discussed in Remark 6.4.13.

Theorem 6.4.11 Let ⌃ = diag(�1, �2, . . . , �pH
) be such that �i > 0 for all i =

1, 2, . . . , pH . Then, the singular value decomposed matrices of the known derivative of
H in (6.3) given by Ḣ = U̇1⌃V >

1 + U1⌃̇V >
1 + U1⌃V̇ >

1 , can be found using

⌃̇ = diag(�̇1, �̇2, . . . , �̇pH
), U̇1 = U1E, U̇2 = 0,

V̇1 = V1F, V̇2 = 0,
(6.13)
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with initial conditions determined by H(t0) = U1(t0)⌃(t0)V
>
1 (t0) and whose compo-

nents for all i = 1, 2, . . . , pH can be computed as follows:

�̇i = (U>
1 ḢV1)ii, (6.14)

Eii = Fii = 0, Eij =
�j(U

>
1 ḢV1)ij+�i(U

>
1 ḢV1)ji

�2
j��2

i
,

Fij =
�j(U

>
1 ḢV1)ji+�i(U

>
1 ḢV1)ij

�2
j��2

i
,

(6.15)

if �2
i 6= �2

j . In the case that �2
i = �2

j , if we have �
(r)
i 6= �

(r)
j for some r, then the

solution for Eij and Fij is unique and can be found by differentiating (6.3) r times4.
If all derivatives are equal, e.g., when H is a constant matrix, then, with �i 6= 0,

Eij = �Fij =
(U>

1 ḢV1)ij

2�i
, if �i = �j,

Eij = Fij = � (U>
1 ḢV1)ij

2�i
, if �i = ��j.

(6.16)

Proof Differentiating both sides of H = U1⌃V >
1 , we have

Ḣ = U̇1⌃V >
1 + U1⌃̇V >

1 + U1⌃V̇ >
1

) U>
1 ḢV1 = U>

1 U̇1⌃+ ⌃̇+ ⌃V̇ >
1 V1.

Next, as is done in [95], we define the matrices E := U>
1 U̇1 and F := V >

1 V̇1 which are
both skew symmetric, as can be shown by differentiating U>

1 U1 = I and V >
1 V1 = I

on both sides. Hence, we can find the derivative of ⌃ with

⌃̇ = U>
1 ḢV1 � E⌃+ ⌃F. (6.17)

To obtain U̇1 from E := U>
1 U̇1, we first note that the linear system is in general,

underdetermined (except when H has full rank). Hence, U̇1 is not unique. We choose
the minimum Frobenius norm solution given by U̇1 = (U>

1 )†E, which is equivalent to
(6.13) because U1 is orthonormal. It remains an open question as to whether there
exists a better choice of U̇1, but we do not expect changes in this respect.

To obtain U̇2, we differentiate U>
1 U2 = 0 (obtained from the orthogonality of

columns of U):

U̇>
1 U2 + U>

1 U̇2 = E>U>
1 U2 + U>

1 U̇2 = U>
1 U̇2 = 0.

Similar to the case for U̇1, the above linear system is underdetermined and thus, U̇2

is not unique. Once again, we choose U̇2 as in (6.13) such that its Frobenius-norm is
minimized5. Likewise, V̇1 and V̇2 can be similarly obtained and are given in (6.13).

The diagonal terms of the skew-symmetric matrices Eii and Fii, for all i =
1, 2, . . . , pH are zero. Hence, the diagonal entries of E⌃ and ⌃F are also zero. Since
⌃ = diag(�1, �2, . . . , �pH

) is diagonal, its singular values can be computed from (6.17)
4The explicit equations for each case are lengthy and interested readers are referred to [95].
5 Note that this choice of U̇ =

⇥
U̇1 U̇2

⇤
is equivalent to the minimization of total variation (or

arc length) in [94].
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as given in (6.14). The off-diagonal terms can be computed from the algebraic con-
straints of (6.17) (i 6= j):

0 = (U>
1 ḢV1)ij � Eij�j + �iFij,

0 = (U>
1 ḢV1)ji � Eji�i + �jFji,

(6.18)

and if �2
i 6= �2

j , using the skewness of E and F , we get the expressions in (6.15). If
�2

i = �2
j , then a similar but longer argument shows that the differentiation of (6.17)

will provide equations for determining Eij and Fij if �̇i 6= �̇j. This process may
be repeated if equality holds and the solution is unique if �

(r)
i 6= �

(r)
j for some r.

The expressions for these cases are lengthy and the readers are referred to [95] for
the extended derivation and discussion. If all derivatives are equal, e.g., when H
is a constant matrix, this corresponds to the non-uniqueness of the solution to the
singular value decomposition [94, 95], in which case we can choose Eij and Fij such
that the Frobenius norms of E and F , and hence of U̇1 and U̇2, are minimized. This
can be solved by minimizing E2

ij +F 2
ij subject to equality constraint (6.18) with either

�i = �j or �i = ��j, for which the explicit solutions are given in (6.16). ⇤

A useful corollary to the above theorem is as follows:

Corollary 6.4.12 T2H1 = 0, T2Ḣ1 = 0 and T2Ḧ1 = 0, where H1 := HV1 = U1⌃.

Proof Using U̇1 from (6.13) and the definition of T2 in (6.8), we find

T2H1 = T2U1⌃ = 0,

T2Ḣ1 = T2U1E⌃+ T2U1⌃̇ = 0,

T2Ḧ1 = T2U1E
2⌃+ T2U1Ė⌃+ 2T2U1E⌃̇+ T2U1⌃̈ = 0.

⇤

Remark 6.4.13 To compute ASVD for the general case when some singular values
become zero, we first note that the factors of H = Ũ⌃̃Ṽ > do not have a nice structure

as in (6.3), i.e., there is no guarantee that for ⌃̃ =


diag(�̃1, �̃2, . . . , �̃p)

0(l�p)⇥p

�
, only the

first pH diagonal entries �̃1, �̃2, . . . , �̃pH
are non-zeros and the rest �̃pH+1, . . . , �̃p are

zeros. Furthermore, �̃i = 0, for any i = 1, . . . , p does not imply that ˙̃� = 0, as the
rank of H given by pH may increase. Without going into the details as this is more of
an implementation issue, we would like to note that slight modifications to Theorem
6.4.11 can be carried out to account for the case when any singular value becomes zero.
This relies on careful accounting of the cases when �̃i is zero or not, and partitions
Ũ and Ṽ into Ũ1 and Ũ2, as well as Ṽ1 and Ṽ2, respectively, where Ũ1 and Ṽ1 are
concatenations of all columns of Ũ and Ṽ , for which �̃i 6= 0, for all i = 1, . . . , p,
whereas Ũ2 and Ṽ2 are concatenations of the rest of the columns of Ũ and Ṽ . The
other necessary modification is the replacement of (6.13) with ˙̃�i = (Ũ>ḢṼ )ii for all
i = 1, . . . , p.
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6.4.5 Properties of Gaussian Distribution

For proofs of the following properties of Gaussian distributions, see e.g., [96, pp.85-93].

Lemma 6.4.14 (Joint density of Gaussian variables) Given Gaussian random
variables x and y described by x ⇠ N (x; µ, P ) and y|x ⇠ N (y; Fx + g, R), the joint
density of x and y is


x
y

�
⇠ N

✓
x
y

�
;


µ

Fµ + g

�
,


P PF>

FP FPF> + R

�◆
.

Lemma 6.4.15 (Conditional and marginal densities of partitioned Gaus-
sians) Given a joint Gaussian distribution with density


x
y

�
⇠ N

✓
x
y

�
;


a
b

�
,


A C
C> B

�◆
,

then, the conditional and marginal densities of x and y are:

x|y ⇠ N (p; a + CB�1(y � b), A � CB�1C>)

y|x ⇠ N (q; b + C>A�1(x � a), B � C>A�1C)

x ⇠ N (x; a, A), y ⇠ N (y; b, B).

6.4.6 Block Matrix Inversion

A well known analytical block matrix inversion formula is given in the following
lemma:

Lemma 6.4.16 (Block Matrix Inversion) Given a matrix M =


A B
C D

�
with

invertible A and D, its inverse M�1 :=


M̂11 M̂12

M̂21 M̂22

�
can be found with

M̂11 = (A � BD�1C)�1 = A�1 + A�1B(D � CA�1B)�1CA�1

M̂12 = �(A � BD�1C)�1BD�1 = �A�1B(D � CA�1B)�1

M̂21 = �D�1C(A � BD�1C)�1 = �(D � CA�1B)�1CA�1

M̂22 = D�1 + D�1C(A � BD�1C)�1BD�1 = (D � CA�1B)�1.
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Chapter 7

Simultaneous Input and State
Estimation

In this chapter, we consider the problem of simultaneous estimation of states and
unknown inputs from noisy observations for linear systems with only a single mode.
Specifically, this chapter will present filtering and smoothing algorithms for both
linear discrete-time and continuous-time stochastic systems with unknown inputs,
as well as an analysis of their nice properties, with an emphasis on necessary and
sufficient conditions for stability and optimality in the unbiased minimum-variance
sense.

The chapter is organized as follows. In Section 7.1, we formally formulate the
problem we will address in this chapter. Then, in Section 7.2, we present filtering
and smoothing algorithms for linear discrete-time stochastic systems with unknown
inputs as well as their properties, while in Section 7.3, we propose two approaches
(with different assumptions) for simultaneously estimating unknown inputs and states
of linear continuous-time stochastic systems with unknown inputs. A separation
principle for control and estimation is then provided in 7.4 along with a discussion
on disturbance rejection. Illustrative examples of a benchmark system, a helicopter
hover control problem as well as a nonlinear vehicle reentry problem are given in
Section 7.5 to demonstrate the usefulness of our approach, while the derivations of
our estimators and the proofs of their nice properties are given in Section 7.6.

7.1 Problem Formulation

In this chapter, we consider the linear time-varying discrete-time and continuous-time
stochastic systems with unknown inputs given by:

Discrete-time:

xk+1 = Akxk + Bkuk + Gkdk + wk

yk = Ckxk + Dkuk + Hkdk + vk
(7.1)
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Continuous-time1:

ẋ(t) = A(t)x(t) + B(t)u(t) + G(t)d(t) + w(t)
y(t) = C(t)x(t) + D(t)u(t) + H(t)d(t) + v(t)

(7.2)

where x 2 Rn is the state vector at time k or t (the explicit dependence on time
is omitted for simplicity), u 2 Rm is a known input vector, d 2 Rp is an unknown
input vector, and y 2 Rl is the measurement vector. The process noise w 2 Rn and
the measurement noise v 2 Rl are assumed to be mutually uncorrelated, zero-mean,
Gaussian white random signals with known covariance matrices, Q ⌫ 0 and R � 0,
respectively. We also assume that the unknown input d is completely unknown and
cannot be predicted from the past knowledge of d or noise signals, w and v, i.e.,
d is uncorrelated with the noise signals w and v, as well as with past history of
d. In addition, x and d are assumed to be jointly normally distributed with non-
informative priors, with means and covariances given by their unbiased estimates and
error covariance matrices.

The matrices A, B, C, D, G and H are known and bounded. Note that no
assumption is made on H to be either the zero matrix (no direct feedthrough), or to
have full column rank when there is direct feedthrough. Without loss of generality,
we assume that max(rk[G> H>]) = p, n � l � 1, l � p � 0, m � 0, the current
time variable r is strictly nonnegative, and the initial state estimate x0 (and x(0)) is
independent of v and w at all times, and is a Gaussian vector with a mean ⇡0 and

1The continuous-time model representation is sometimes referred to as a nonsuccessful construc-
tion [97, Section 3.4]. However, we intentionally choose this more common representation found in
the original Kalman-Bucy filter [92] and textbooks (e.g., [98–100]) over the more accurate stochastic
differential equations [97, Section 7.6]. Since the proofs in this paper, among others, use existing
results from the Kalman-Bucy filter, which are derived from the duality of the optimal control and
estimation problems [92, 97] that is directly applicable to the stochastic differential equation repre-
sentation, this choice of representation does not affect the results of this paper beyond the slight
abuse in model representation. Note, however, that ordinary differential equation (ODE) solvers are
not suitable for such problems.

xk�1

uk�1uk�2

· · · xk

uk

xk+1

uk+1

· · ·

uN�1

xN

uN

yk�1 yk yk+1 yN

dk�2 dk�1 dk dk+1d0 dN�1 d1,N

x0

u0

y0

Figure 7-1: Representation of the linear discrete-time system with unknown inputs as
a hidden Markov model (HMM) “parameterized” by uk and dk, with state transition
Ak and emission probability Ck. Shaded nodes are observed, while unshaded nodes
are hidden and to be estimated.

106



Figure 7-2: Illustration of prediction, filtering and smoothing.

covariance matrix Px
0 . Note that our fairly general time-varying system formulation

also facilitates linearization-based nonlinear filtering techniques, as is demonstrated
in the vehicle reentry example in Section 7.5.

It is also noteworthy that the linear discrete-time system can also been viewed as
a hidden Markov model (HMM) with an infinite number of states that is “parameter-
ized” by the known and unknown inputs, as depicted in Figure 7-1. Note that only
d1,N = V >

1,NdN , which is the projection of dN that is observable from yN , is included
at the end of the Markov chain (cf. Proposition 6.4.1 for its justification).

The problem we address is the simultaneous estimation of x and d at time k from
the observations from a time interval [0, N ] given by y0:N and u0:N (cf. Figure 7-
2), where we denote the set of consecutive signals {st0 , st0+1, . . . , stf } as st0:tf . The
estimation problem is commonly known as (i) filtering if k = N (real-time estimation),
(ii) smoothing if k < N (post-processing) and (iii) prediction if k > N (forecast).
While it may be possible to consider all three cases above when there are no unknown
inputs, it is clear that without any knowledge of the future unknown inputs d for the
time interval (k, N ], the prediction problem is not possible (except when l = p =
rank(H) at all times).

The estimator design problems (filtering and smoothing) for discrete-time systems
can thus be stated as follows:

Problem 7.1.1 (Discrete-Time Filtering) Given a linear discrete-time stochastic
system with unknown inputs (7.1), design a globally optimal and stable filter that
simultaneously estimates system states and unknown inputs in an unbiased minimum-
variance manner.

Problem 7.1.2 (Discrete-Time Smoothing) Given a linear discrete-time stochas-
tic system with unknown inputs (7.1), develop an optimal fixed-interval smoothing
algorithm for which the state and input estimates are unbiased and achieve minimum
mean squared error and maximum likelihood.

However, for continuous-time systems, it has been observed in [64] that, except
for some trivial cases (e.g., H has full rank), derivatives of outputs are needed when
the reconstruction of the unknown input is desired for deterministic systems. There-
fore, we expect stochastic systems to similarly require some form of additional signal
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information that is a counterpart of the output derivative in the deterministic case.
This is confirmed in Proposition 6.4.1 via a decoupling transformation of the system
that the unknown input is indeed not directly observable from the output signal and
thus, unlike its discrete-time counterpart, cannot be estimated in a meaningful way
without additional assumptions. Note that a preliminary version of this discussion is
presented in [101] where the special case of linear time-invariant systems is studied.

Thus, the slightly different filter design problem for continuous-time systems can
thus be stated as follows:

Problem 7.1.3 (Continuous-Time Filtering) Given a linear continuous-time sto-
chastic system with unknown inputs (7.2), design an optimal recursive filter algorithm
which simultaneously estimates the system state x(t) and the unknown input d(t) based
on an initial state estimate x̂0 with covariance Px

0 , and measured outputs up to time
t, y(⌧) for all 0  ⌧  t, under some appropriate assumptions (to be explored in
Section 7.3).

7.2 Estimation for Discrete-Time Systems

7.2.1 Filtering (ULISE)

To solve Problem 7.1.1, we introduce a unified (as opposed to a number of filters for
special cases of Hk found in the literature) filter for simultaneously estimating both
states and unknown inputs such that the estimates are unbiased and have minimum
variance with no restrictions on the direct feedthrough matrix of the linear discrete-
time stochastic system. As in [60, 62], we initially2 consider a recursive three-step
filter for the design of the Unified Linear Input & State Estimator (ULISE), composed
of an unknown input estimation step that uses the current measurement and state
estimate to estimate the unknown inputs in the best linear unbiased sense (i.e., the
minimum-variance-unbiased among the class of linear estimators), a time update step
that propagates the state estimate based on the system dynamics, and a measurement
update step that updates the state estimate using the current measurement.

Given measurements up to time k, the three-step recursive filter3 can be summa-
rized as follows:

Unknown Input Estimation:

d̂1,k = M1,k(z1,k � C1,kx̂k|k � D1,kuk) (7.3)

d̂2,k�1 = M2,k(z2,k � C2,kx̂k|k�1 � D2,kuk) (7.4)

d̂k�1 = V1,k�1d̂1,k�1 + V2,k�1d̂2,k�1 (7.5)

2Note that the restriction to a recursive filter will be relaxed and shown to not lead to subopti-
mality in Theorem 7.2.2.

3To initialize the filter, arbitrary initial values of x̂0|0, P x
0|0 and d̂1,0 can be used since we will

show that the filter is exponentially stable in Theorems 7.2.3 and 7.2.4. If y0 and u0 are available,
we can find the minimum variance unbiased initial estimates given in the initialization of Algorithm
1 using the linear minimum-variance-unbiased estimator [86].
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Time Update:

x̂k|k�1 =Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1 (7.6)

x̂?
k|k = x̂k|k�1 + G2,k�1d̂2,k�1 (7.7)

Measurement Update:
x̂k|k = x̂?

k|k + Lk(yk � Ckx̂
?
k|k � Dkuk)

= x̂?
k|k + L̃k(z2,k � C2,kx̂

?
k|k � D2,kuk)

= x̂?
k|k + L̃k�̃k(z2,k � C2,kx̂

?
k|k � D2,kuk)

(7.8)

where x̂k�1|k�1, d̂1,k�1, d̂2,k�1 and d̂k�1 denote the optimal estimates of xk�1, d1,k�1,
d2,k�1 and dk�1; Lk = Lk�k 2 Rn⇥l, L̃k := LkU2,k = L̃k�̃k 2 Rn⇥(l�pHk�1

), Lk 2
Rn⇥(l�p�pHk�1

), L̃k 2 Rn⇥(l�p), �k 2 R(l�p+pHk�1
⇥l), �̃k 2 R(l�p)⇥(l�pHk

), M1,k 2
RpHk�1

⇥pHk�1 and M2,k 2 R(p�pHk�1
)⇥(l�pHk�1

) are filter gain matrices that are chosen to
minimize the state and input error covariances. Note that we applied Lk = LkU2,kU

>
2,k

in (7.8), which we will justify in Lemma 7.6.1. Algorithm 1 (see also Figure 7-3) sum-
marizes the three steps of ULISE, in which the estimation of d2,k�1 is carried out
before the time update, followed by the measurement update and finally, the esti-
mation of d1,k. Note that Algorithm 1 is given with significant simplifications and
a particular choice of �̃k that will be further expounded in Section 7.6.1. A slightly
more complicated version (and derivation) of ULISE that uses the first expression in
(7.8) is given in [10, 102]. The simple version in Algorithm 1 has also been given in
the forward pass of [103, Algorithm 1] and [6, Algorithm 1].

Figure 7-3: Flow chart for the recursive three-step ULISE filter.
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Algorithm 1 ULISE algorithm
1: Initialize: P x

0|0 = Px
0 = (C>

2,0R
�1
2,0C2,0)

�1;
x̂0|0 = E[x0] = P x

0|0C
>
2,0R

�1
2,0(z2,0 � D2,0u0);

d̂1,0 = ⌃�1
0 (z1,0 � C1,0x̂0|0 � D1,0u0);

P d
1,0 = ⌃�1

0 (C1,0P
x
0|0C

>
1,0 + R1,0)⌃

�1
0 ;

2: for k = 1 to N do
. Estimation of d2,k�1 and dk�1

3: Âk�1 = Ak�1 � G1,k�1M1,k�1C1,k�1;
4: Q̂k�1 = G1,k�1M1,k�1R1,k�1M

>
1,k�1G

>
1,k�1 + Qk�1;

5: P̃k = Âk�1P
x
k�1|k�1Â

>
k�1 + Q̂k�1;

6: R̃2,k = C2,kP̃kC
>
2,k + R2,k;

7: P d
2,k�1 = (G>

2,k�1C
>
2,kR̃

�1
2,kC2,kG2,k�1)

�1;
8: M2,k = P d

2,k�1G
>
2,k�1C

>
2,kR̃

�1
2,k;

9: x̂k|k�1 = Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1;
10: d̂2,k�1 = M2,k(z2,k � C2,kx̂k|k�1 � D2,kuk);
11: d̂k�1 = V1,k�1d̂1,k�1 + V2,k�1d̂2,k�1;
12: P d

12,k�1 = M1,k�1C1,k�1P
x
k�1|k�1A

>
k�1C

>
2,kM

>
2,k � P d

1,k�1G
>
1,k�1C

>
2,kM

>
2,k;

13: P d
k�1 = Vk�1


P d

1,k�1 P d
12,k�1

P d>
12,k�1 P d

2,k�1

�
V >

k�1;

. Time update
14: x̂?

k|k = x̂k|k�1 + G2,k�1d̂2,k�1;
15: P ?x

k|k = G2,k�1M2,kR2,kM
>
2,kG

>
2,k + (I � G2,k�1M2,kC2,k)P̃k(I � G2,k�1M2,kC2,k)

>;
16: R̃?

2,k = C2,kP
?x
k|kC

>
2,k + R2,k � C2,kG2,k�1M2,kR2,k � R2,kM

>
2,kG

>
2,k�1C2,k;

. Measurement update
17: L̃k = (P ?x

k|kC
>
2,k � G2,k�1M2,kR2,k)R̃

?†
2,k;

18: x̂k|k = x̂?
k|k + L̃k(z2,k � C2,kx̂

?
k|k � D2,kuk);

19: P x
k|k = (I � L̃kC2,k)G2,k�1M2,kR2,kL̃

>
k + L̃kR2,kM

>
2,kG

>
2,k�1(I � L̃kC2,k)

>

+(I � L̃kC2,k)P
?x
k|k(I � L̃kC2,k)

> + L̃kR2,kL̃
>
k ;

. Estimation of d1,k

20: R̃1,k = C1,kP
x
k|kC

>
1,k + R1,k;

21: M1,k = ⌃�1
k ;

22: P d
1,k = M1,kR̃1,kM1,k;

23: d̂1,k = M1,k(z1,k � C1,kx̂k|k � D1,kuk);
24: end for
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The proposed unified filter simultaneously estimates the unknown inputs and
states for systems with an arbitrary direct feedthrough matrix; thus it relaxes as-
sumptions on the direct feedthrough matrix in [59, 60, 62]. By a suitable system
transformation given in (6.8), the unknown input is decomposed into two components,
d1,k and d2,k, and similarly, the output equation into two orthogonal projections, z1,k

and z2,k, one with no direct feedthrough and the other with a full-rank feedthrough
matrix. Hence, the d1,k component of the unknown input can be estimated in the
best linear unbiased sense by choosing M1,k as in [62] and the d2,k component by
choosing M2,k as in [59]. Moreover, the gain matrix Lk is chosen to minimize the
state estimate error covariance in an update similar to the Kalman filter. In fact, the
proposed filter can be shown to be a generalization of the Kalman filter to systems
with unknown inputs and other filters in existing literature, e.g., [46, 53, 59, 60, 62].
The proof is omitted for brevity (cf. [10]).

Moreover, ULISE possesses some nice properties, given by the following lemma and
theorems which will be proven in Section 7.6.1. To state these claims, we first define:
M̃2,k := (C2,kG2,k�1)

†, Q̂k = Qk + G1,k⌃
�1
k R1,k⌃

�1>
k G>

1,k, Âk = Ak � G1,kM1,kC1,k,
Ãk := (I�G2,k�1M̃2,kC2,k)Âk+G2,k�1M̃2,kC2,k and Q̃k = (I�G2,k�1M̃2,kC2,k)Q̂k�1(I�
G2,k�1M̃2,kC2,k)

>.

Lemma 7.2.1 Let the initial state estimate x̂0|0 be unbiased. If rk(C2,kG2,k�1) =
p� pHk�1

, then the ULISE algorithm given in Algorithm 1 provides the unbiased, best
linear estimate in the mean square sense of the unknown input and the minimum-
variance unbiased estimate of states.

Theorem 7.2.2 (Global Optimality) Let the initial state estimate x̂0|0 be unbiased
and rk(C2,kG2,k�1) = p� pHk�1

. Then, the ULISE algorithm is globally optimal (over
the class of all linear state and input estimators).

Theorem 7.2.3 (Stability) Let rk(C2,kG2,k�1) = p � pHk�1
. Then, that (Ãk, C2,k)

is uniformly detectable4 is sufficient for the boundedness of the error covariance of
the ULISE algorithm. Furthermore, if (Ãk, Q̃

1
2
k ) is uniformly stabilizable4, ULISE is

exponentially stable (i.e., its expected estimate errors decay exponentially).

Theorem 7.2.4 (Stability (linear time-invariant)) Let rk(C2G2) = p � pH .
Then, that (Ã, C2) is detectable is sufficient for the boundedness of the error co-
variance of the ULISE algorithm. Furthermore, if (Ã, Q̃

1
2 ) is stabilizable, ULISE is

exponentially stable (i.e., its expected estimate errors decay exponentially). In addi-
tion, with P x

0|0 � 0, the filter gains of ULISE converge to a unique stationary solution,
P x
1 � 0 (cf. Lines 3, 13, 19 of Algorithm 1 with P x

k|k = P x
k�1|k�1 = P x

1), if and only
if

(i) The linear time-invariant discrete-time system is strongly detectable, i.e., The-
orem 6.4.8 holds, and

4 For brevity, the readers are referred to [104, Section 2] for the definitions of uniform detectability
and stabilizability. A spectral test for these properties can be found in [105].
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(ii) rk

"
Â � ej!I G2 Q̂

1
2 0

ej!C2 0 0 R
1
2
2

#
=n + l � pH , 8! 2 [0, 2⇡].

Remark 7.2.5 Note the parallels of the convergence and stability conditions above
(i.e., strong detectability and a rank condition on the unit circle) to the conditions for
the Kalman filter (i.e., detectability and controllability on the unit circle). Conversely,
without strong detectability, it is not possible to obtain unbiased estimates of the states
and unknown inputs even for the case with no noise.

In Kalman filtering, the innovation sequence reflects the difference between the
measured output at time k and the optimal output forecast based on information
available prior to time k. Similarly, we can generalize this notion of innovation to
linear systems with unknown inputs by defining a generalized innovation given by:

⌫k := �̃k⌫k := �̃k(z2,k � C2,kx̂
?
k|k � D2,kuk) (7.9)

= �̃k(I � C2,kG2,k�1M2,k)(z2,k � C2,kx̂k|k�1 � D2,kuk)

which, similar to the conventional innovation, is weighted by L̃k and combined with
the predicted state estimate x̂?

k|k to obtain the updated state estimate x̂k|k as seen in
the third expression in (7.8). This definition differs from the conventional innovation
in that the generalized innovation uses a subset of the measured outputs, i.e., z2,k, and
the has a �̃k term. We will show in Section 7.6.4 that the matrix �̃k is any matrix
whose rows are independent of each other and are in the range space of E[⌫k⌫

>
k ]

that removes dependent components of ⌫k, which further lowers the dimension of the
generalized innovation. An intuition for this is that the information contained in the
‘unused’ subset is already exhausted for estimating the unknown inputs. Moreover,
the optimal output forecast that is implied in (7.9) is a function of x̂?

k|k which contains
information from the measurement at time k. Nonetheless, it is clear from (7.9) that
when there are no unknown inputs, z2,k = yk, C2,k = Ck, D2,k = Dk, G2,k�1 = Gk�1

and �̃k can be chosen to be the identity matrix, in which case the definitions of
generalized innovation and (conventional) innovation coincide.

In the following theorem, which we will prove in Section 7.6.4, we establish that
the generalized innovation, like the innovation, is a Gaussian white noise.

Theorem 7.2.6 The generalized innovation, ⌫k given in (7.9) is a Gaussian white
noise with zero mean and a variance of

Sk = �̃k(I � C2,kG2,k�1M2,k)R̃2,k(I � C2,kG2,k�1M2,k)
>�̃>

k .

Remark 7.2.7 That the generalized innovation is a Gaussian white noise sequence is
an indication/confirmation that ULISE is indeed optimal (since all useful information
has been extracted). In fact, the whiteness property of the generalized innovation
provides an alternative approach to derive the filter gain L̃k in (7.8) as can be seen
by setting E[⌫k⌫

>
j ] to zero for all j < k in (7.58).
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7.2.2 Smoothing (ULISS)

Next, we consider Problem 7.1.2, i.e., the problem of designing an optimal smoother
for linear discrete-time stochastic systems with unknown inputs in (6.1). We cast
the problem of optimal smoothing (more specifically, fixed-interval smoothing) as
a problem of directly or indirectly computing the joint distribution of the state xk

and (completely) unknown input dk, p(xk, dk|y0:N , u0:N), at time step k, assumed
to be jointly normally distributed, using measurements yk and known inputs uk up
to time N , where N > k. The result is a direct extension of the Rauch-Tung-
Striebel (RTS) smoother [44] to systems with unknown inputs. Note the contrast
to the joint distribution of the optimal filtering problem in Section 7.2.1 given by
p(xk, dk|y0:k, u0:k), which itself is an extension of the Kalman filter [43]. As with
the RTS smoother, our proposed optimal smoothing algorithm, ULISS (Updated
Linear Input & State Smoother) in Algorithm 2, consists of two passes—forward and
backward passes:

(i) Forward pass: This pass involves the filtering problem which can be solved with
the optimal filtering algorithm, ULISE, in Section 7.2.1, from which the current name
of the proposed smoother is derived. From a single pass of ULISE, we can obtain the
forward pass estimates x̂k|k and d̂k, as well as covariances P x

k|k, P dx
k = (P xd

k )> and P d
k

for all k = {1, 2, . . . , N � 1}, whereas for k = N , we only have x̂N |N and P x
N |N , which

we shall see are the only two quantities needed to start the backward recursion.
(ii) Backward pass: The backward pass5 essentially uses the output measurements

of the future to further improve the filtered state and input estimates. This can be seen
in the backward pass algorithm presented below, where the information obtained from
the difference between the smoothed and predicted future state is used to improve
the state and input estimates from the forward pass. The backward pass can be
computed with the following:

Jk :=


J1,k

J2,k

�
=


P x

k|kA
>
k + P xd

k G>
k

P dx
k A>

k + P d
k G>

k

�
(P ?x

k+1|k+1)
�1 :=


J�

1,k

J�
2,k

�
(P ?x

k+1|k+1)
�1


x̂k|N
d̂k|N

�
=


x̂k|k
d̂k

�
+ Jk(x̂k+1|N � x̂?

k+1|k+1)

P x

k|N P xd
k|N

P dx
k|N P d

k|N

�
= Jk(P

x
k+1|N �P ?x

k+1|k+1)J
>
k +


P x

k|k P xd
k

P dx
k P d

k

�
,

(7.10)

where x̂k|k, x̂?
k+1|k+1, d̂k, P x

k|k, P ?x
k|k , P dx

k = (P xd
k )> and P d

k are computed by the forward
pass with the ULISE algorithm [10], while x̂k|N and d̂k|N are the unbiased smoothed
state and input estimates, and P x

k|N , P dx
k|N = (P xd

k|N)> and P d
k|N are covariances of the

smoothed estimates. The backward in time recursion is started from the time step
N � 1 with x̂N |N and P x

N |N that are computed in the forward pass.
In the following theorem, we present some properties of the smoothed input and

5The backward pass is to be differentiated from the backward filter, as the former refers the
use of future observations for updating the filtered estimate from the forward pass, i.e., finding the
joint distribution, p(xk, dk|y0:N , u0:N ), whereas the latter refers to the application of forward filter
backward in time.
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Algorithm 2 ULISS Algorithm

1: Initialize: x̂0|0 = E[x0]; P x
0|0 = Px

0 ; Â0 = A0�G1,0⌃
�1
0 C1,0; Q̂0 = G1,0⌃

�1
0 R1,0⌃

�1
0 G>

1,0+

Q0; d̂1,0 = ⌃�1
0 (z1,0 � C1,0x̂0|0 � D1,0u0); P d

1,0 = ⌃�1
0 (C1,0P

x
0|0C

>
1,0 + R1,0)⌃

�1
0 ;

. Forward Pass
2: for k = 1 to N do

. Estimation of d2,k�1 and dk�1

3: Âk�1 = Ak�1 � G1,k�1M1,k�1C1,k�1;
4: Q̂k�1 = G1,k�1M1,k�1R1,k�1M

>
1,k�1G

>
1,k�1 + Qk�1;

5: P̃k = Âk�1P
x
k�1|k�1Â

>
k�1 + Q̂k�1;

6: R̃2,k = C2,kP̃kC
>
2,k + R2,k;

7: P d
2,k�1 = (G>

2,k�1C
>
2,kR̃

�1
2,kC2,kG2,k�1)

�1;
8: M2,k = P d

2,k�1G
>
2,k�1C

>
2,kR̃

�1
2,k;

9: x̂k|k�1 = Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1;
10: d̂2,k�1 = M2,k(z2,k � C2,kx̂k|k�1 � D2,kuk);
11: d̂k�1 = V1,k�1d̂1,k�1 + V2,k�1d̂2,k�1;
12: P d

12,k�1 = M1,k�1C1,k�1P
x
k�1|k�1A

>
k�1C

>
2,kM

>
2,k � P d

1,k�1G
>
1,k�1C

>
2,kM

>
2,k;

13: P d
k�1 = Vk�1


P d

1,k�1 P d
12,k�1

P d>
12,k�1 P d

2,k�1

�
V >

k�1;

14: P xd
1,k�1 = �P x

k�1|k�1C
>
1,k�1M

>
1,k�1;

15: P xd
2,k�1 = �P x

k�1|k�1A
>
k�1C

>
2,kM

>
2,k � P xd

1,k�1G
>
1.k�1C

>
2,kM

>
2,k;

16: P xd
k�1 = P xd

1,k�1V
>
1,k�1 + P xd

2,k�1V
>
2,k�1

. Time update
17: x̂?

k|k = x̂k|k�1 + G2,k�1d̂2,k�1;
18: P ?x

k|k = G2,k�1M2,kR2,kM
>
2,kG

>
2,k + (I � G2,k�1M2,kC2,k)P̃k(I � G2,k�1M2,kC2,k)

>;
19: R̃?

2,k = C2,kP
?x
k|kC

>
2,k + R2,k � C2,kG2,k�1M2,kR2,k � R2,kM

>
2,kG

>
2,k�1C2,k;

. Measurement update
20: L̃k = (P ?x

k|kC
>
2,k � G2,k�1M2,kR2,k)R̃

?†
2,k;

21: x̂k|k = x̂?
k|k + L̃k(z2,k � C2,kx̂

?
k|k � D2,kuk);

22: P x
k|k = (I � L̃kC2,k)G2,k�1M2,kR2,kL̃

>
k + L̃kR2,kM

>
2,kG

>
2,k�1(I � L̃kC2,k)

>

+(I � L̃kC2,k)P
?x
k|k(I � L̃kC2,k)

> + L̃kR2,kL̃
>
k ;

. Estimation of d1,k

23: R̃1,k = C1,kP
x
k|kC

>
1,k + R1,k; M1,k = ⌃�1

k ;
24: P d

1,k = M1,kR̃1,kM1,k;
25: d̂1,k = M1,k(z1,k � C1,kx̂k|k � D1,kuk);
26: end for

. Backward Pass
27: for k = N � 1 to 1 do

28: Jk =


P x

k|kA
>
k + P xd

k G>
k

P dx
k A>

k + P d
k G>

k

�
(P ?x

k+1|k+1)
�1;

29:

x̂k|N
d̂k|N

�
=


x̂k|k
d̂k

�
+ Jk(x̂k+1|N � x̂?

k+1|k+1);

30:

"
P x

k|N P xd
k|N

P dx
k|N P d

k|N

#
=


P x

k|k P xd
k

P dx
k P d

k

�
+ Jk(P

x
k+1|N � P ?x

k+1|k+1)J
>
k ;

31: end for
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state estimates:

Theorem 7.2.8 The discrete-time fixed interval smoother consisting of the forward
pass in Section 7.2.1 [10] and the backward pass given in (7.10) minimizes the mean
squared error and maximizes the posterior likelihood of xk and dk for all k < N given
all observations up to time N . Thus, the smoothed estimates are unbiased and achieve

minimum mean squared error (i.e.,

x̂k|N
d̂k|N

�
= E


xk

dk

�
|y0:N , u0:N

�
) and also maximum

likelihood (i.e.,

x̂k|N
d̂k|N

�
= arg max

xk,dk

p

✓
xk

dk

�
|y0:N , u0:N

◆
).

Proof. The recursive backward pass equations in (7.10) can be independently de-
rived using two methods—minimum mean squared error estimation and by maximum
likelihood estimation. Then, we will show that minimum mean squared error esti-
mates are unbiased, from which we conclude that the stated properties hold. Both
derivations will be presented in detail in Section 7.6.5. ⇤
Remark 7.2.9 From (7.10), we observe that if x̂k+1|N = x̂?

k+1|k+1, then the smoothed
estimates cannot be further improved from the filtered estimate. It can be shown by
induction that this is indeed the case when l = p = rank(Hk) for all k. In fact, this
is the (only) case when prediction is possible in real-time and the filtered estimate
is exactly the predicted estimate; and with (7.10), we now establish that the filtered
estimate is also the smoothed estimate in this case.

Remark 7.2.10 A stable smoother exists whenever the corresponding filter (forward
pass) is stable, for which necessary and sufficient conditions are given in Section 7.2.1.

The lag-one covariance smoother6 follows directly from the derivation of the op-
timal smoother ((7.60) in Section 7.6.5).

Corollary 7.2.11 (Lag-One Covariance Smoother) The lag-one covariance of
the optimal smoother is given by

P x
k+1,k|N := E[(x̂k+1|N � xk+1)(x̂k|N � xk)

>]

= P x
k+1|NJ>

1,k

P xd
k+1,k|N := E[(x̂k+1|N � xk+1)(d̂k|N � dk)

>]

= P x,s
k+1|k+1J

>
2,k,

(7.11)

where J�
1,k and J�

2,k are as defined in (7.10).

Remark 7.2.12 In the special case when there are no unknown inputs (as is the case
with the RTS smoother), the lag-one covariance smoother is given by

P x
k+1,k|N = P x

k+1|N(P x
k+1|k)

�1AkP
x
k|k,

which is a simpler expression when compared to the formulation in [106, pp. 334–335]
that involves recursions.

6This is a useful result that, e.g., enables the use of the EM-algorithm for parameter estimation
(similar to [106]). This is part of an ongoing work.
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7.3 Estimation for Continuous-Time Systems
Since we have shown in Proposition 6.4.1 that the unknown input is in general not
directly observable from the output signal unless an ‘output derivative’ signal is avail-
able, we now analyze two sets of assumptions under which the input can be estimated
that are inspired by deterministic observer designs (e.g., [64, 65]), and propose two
corresponding optimal estimator designs:

A. Exact Linear Input & State Estimator (ELISE), in which we assume that an
additional ‘output derivative’ measurement is available (inspired by the output
differentiation approach in [64]);

B. Approximate Linear Input & State Estimator (ALISE), in which output derivative
is not measured but the input signals are sufficiently smooth and have bounded
derivatives (inspired by the derivative free approach in [65], which only achieves
arbitrarily small error).

7.3.1 Exact Linear Input & State Estimator (ELISE)

For the first variant, we consider the following assumption:

Assumption 7.3.1 (A1) We assume that

(i) the noise signals, w(t) 2 Rq and v(t) 2 Rl, are mutually uncorrelated, zero-
mean, white random signals with known noise statistics: E[w(t)w(t0)>] = Q(t)�(t�
t0), E[v(t)v(t0)>] = R(t)�(t � t0) and E[w(t)v(t0)>] = 0, where �(·) is the Dirac
delta function, Q(t) ⌫ 0 and R(t) � 0 for all t.

(ii) an additional measurement is available, which contains information about the
state derivative ẋ(t) and thus, about an equivalent of the ‘output derivative’:

y(t) = C(t)ẋ(t) + C(t)x(t) + D(t)u̇(t) + D(t)u(t) + H(t)ḋ(t) + H(t)d(t) + v(t)

(7.12)

with the following noise statistics: E[v(t)] = 0, E[w(t)v(t0)>] = 0, E[v(t)v(t0)>] =
R̀(t)�(t� t0) and E[v(t)v(t0)>] = R(t)�(t� t0), and where R(t) � 0 and R̀(t) are
known. Note that d(t) need not be differentiable because we only make use of
z2 := T 2y in our filter design and T 2H = 0 (T 2 is as defined for (7.14) below).

Notice that the additional measurement y is different from the signal ẏ(t), which
is not well defined due to the derivative of noise. The assumption of an additional
measurement is at times reasonable, for e.g., accelerations of mechanical systems
are typically measured in addition to state (position and velocity). Such availability
of an additional measurement can be rare. This is actually the main motivation
for considering the second derivative-free variant in the next section. Alternatively,
filtered derivatives of the output may be used in place of the additional measurement,
as is demonstrated to be good enough in the simulation example in Section 7.5.3.
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Algorithm 3 ELISE algorithm
1: Initialize: x̂(t0) = x̂0; P x(t0) = Px

0 ;
2: while t < tf do

. Unknown input estimation
3: M1 = ⌃�1;
4: Q̂ = WQW> + G1M1R1M

>
1 G>

1 ;
5: Â = A � G1M1C1;
6: R̃2 = (C2Â+T 2C)P x(C2Â+T 2C)>+C2Q̂C

>
2 +R2� R̀>

12M
>
1 G>

1 C
>
2 �C2G1M1R̀12;

7: M2 = (G>
2 C

>
2 R̃�1

2 C2G2)
�1G>

2 C
>
2 R̃�1

2 ;
8: d̂1 = M1(z1 � C1x̂ � D1u);
9: d̂2 = M2(z2 � (C2A + T 2C)x̂ � C2Bu � C2G1d̂1 � D2u̇ � T 2Du);

10: d̂ = V1d̂1 + V2d̂2;
11: P d

1 = M1(C1P
xC>

1 + R1)M
>
1 ;

12: P d
2 = (G>

2 C
>
2 R̃�1

2 C2G2)
�1;

13: P d
12 = M1C1P

x(Â>C
>
2 + C

>
T
>
2 )M>

2 � M1R1M
>
1 G>

1 C
>
2 M>

2 + M1R̀12M
>
2 ;

14: P d = V1P
d
1 V >

1 + V1P
d
12V

>
2 + V2P

d>
12 V >

1 + V2P
d
2 V >

2 ;
. State estimation

15: A = (I � G2M2C2)Â � G2M2T 2C;
16: Q = (I � G2M2C2)Q̂(I � G2M2C2)

> + G2M2R2M
>
2 G>

2 ;
17: L = (P xC>

2 � G2M2R̀
>
2 )R�1

2 ;
18: ˙̂x = Ax̂ + Bu + G1d̂1 + G2d̂2 + L(z2 � C2x̂ � D2u);
19: Ṗ x = AP x + P xA

>
+ Q � LR2L

>;
20: end while

With Assumption (A1), we consider the following filter:

d̂1 = M1(z1 � C1x̂ � D1u) (7.13)

d̂2 = M2(z2 � (C2A + T 2C)x̂ � C2Bu � C2G1d̂1 � D2u̇ � T2Du) (7.14)

d̂ = V1d̂1 + V2d̂2 (7.15)
˙̂x = Ax̂ + Bu + G1d̂1 + G2d̂2 + L(z2 � C2x̂ � D2u) (7.16)

where T 2 = U
>
2 is obtained from the singular value decomposition of

H =
⇥
U1 U2

⇤ ⌃ 0
0 0

� "
V

>
1

V
>
2

#
,

while C2 := T 2C, D2 := T 2D and z2 := T 2y. We also assume that T 2H = 0, as is the
case when H = 0 or when y is the true ‘output derivative’ with H = H and H = Ḣ
(by Theorem 6.4.11 and Corollary 6.4.12). The matrices L 2 Rn⇥(l�pH), M1 2 RpH⇥pH

and M2 2 R(p�pH)⇥(l�pH) are filter gains that are chosen to minimize the state and
input error covariances.
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A summary of the first variant of optimal continuous-time filter is given in Algo-
rithm 3. The ELISE algorithm has some nice properties, which we will describe here
and prove in Section 7.6. First, assuming that the filter is uniformly asymptotically
stable7, the initial state and unknown input estimate biases are shown to converge
exponentially in the following lemmas. Note that the uniform asymptotic stability of
the proposed filter will be verified in Theorem 7.3.5.

Lemma 7.3.2 (Convergence of state estimate bias of ELISE) Let ELISE be
uniformly asymptotically stable. Then, its state estimate bias, E[x̃] := E[x�x̂], decays
exponentially, i.e.,

kE[x̃]k  �e��(t�t0), (7.17)

for all t � t0, for some constant � and �. If, in addition, Ă := A�LC2 is bounded8,
with an initial state estimate bias given by E[x̃(t0)], then � and �9 are given by

� =

s
E[x̃(t0)]>S(t0)E[x̃(t0)]

�min(S)
, � =

1

2�max(S)
, (7.18)

where �max(S) and �min(S) are the supremum and infimum over t � t0 of the largest

and smallest eigenvalue of S(t) = lim
T!1

Z T

t

�Ă(t)(t, s)�
>
Ă(t)

(t, s)ds � 0 with �Ă(t)(·)
denoting the transition matrix associated with state dynamics ẋ = Ăx.

Lemma 7.3.3 (Convergence of unknown input estimate bias of ELISE) Let
ELISE be uniformly asymptotically stable. Then, the input estimate bias of ELISE
decays exponentially, i.e., there exists ↵1 and � such that

kE[d � d̂]k := kE[d̃]k  ↵1e
��(t�t0), (7.19)

where � is given by (7.18) (assuming Ă is bounded as in Lemma 7.3.2) and ↵1 is a
positive constant

↵1 = � sup(kV1M1C1k + kV2M2(C2Â + T 2C)k). (7.20)

In addition, the following theorem proves that state and input estimates of ELISE
are unbiased and optimal.

7See [107] for the definition of uniform asymptotic stability.
8This holds in general, since the system matrices are bounded by assumption and the practical

usefulness of a stable filter with unbounded P x is rather limited.
9This convergence rate (with � = I) can be shown to be the largest when compared with all

bounded � such that the pair (Ă,�) is uniformly completely observable (see Definition 6.4.10) using
an approach similar to [37, pp. 91-93]. Note also that in general, the checking of uniform complete
controllability or observability is not straightforward. Some classes of systems for which uniform
complete controllability can be shown are given in [108, Section 5], where � = I is one such instance.
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Theorem 7.3.4 (Minimum-variance unbiased state and input estimation of
ELISE) Suppose (A1) holds. If rk(C2G2) = p � pH and (A, C2) is detectable, where
the matrix A is as defined in Algorithm 3, then the filter gains, L, M1 and M2, given
in Algorithm 3, and the differential Riccati equation given by:

Ṗ x = AP x + P xA
>

+ Q � LR2L
> (7.21)

provide the unbiased, best linear estimate (BLUE) of the unknown input and the
minimum-variance unbiased estimate of system states. Moreover, if the optimal filter
is uniformly asymptotically stable, the effect of initial state and input estimate bias
decays exponentially, as given in (7.17) and (7.19).

However, the optimality of the filter does not guarantee that the filter is stable.
Additional assumptions are needed for the uniform asymptotic stability of the filter,
similar to the stability requirements of the Kalman-Bucy filter [92, Theorem 4].

Theorem 7.3.5 (Stability of ELISE) Using Assumption (A1) and the proposed
filter, we obtain a ‘virtual’ equivalent system

ẋe = Aexe + ue + we, ye = C2xe + v2, (7.22)

with Ae := A�G2M2R̀
>
2 R�1

2 , A := (I�G2M2C2)Â�G2M2T 2C, ue =�G2M2R̀
>
2 R�1

2 ye,
we = G2M2R̀

>
2 R�1

2 v2 + w and w := (I � G2M2C2)Ww � (I � G2M2C2)G1M1v1 �
G2M2v2. Then, if the equivalent system (7.22) is

(A2) uniformly completely observable,

(A3) uniformly completely controllable,

(A4) kQek and kR2k are bounded below and above,

(A5) kAek is bounded above,

where the equivalent noise covariances are E[we(t)w
>
e (t0)] = Qe(t)�(t�t0), E[w(t)w>(t0)] =

Q(t)�(t � t0), Qe := Q � G2M2R̀
>
2 R�1

2 R̀2M
>
2 G>

2 and Q (as defined in Algorithm 3),
the optimal filter given in Algorithm 3 is uniformly asymptotically stable. Moreover,
every solution to the variance equation given by the differential Riccati equation, Ṗ x,
in Algorithm 3 starting at Px

0 � 0 converges to a unique P x as t ! 1.

Finally, for the time-invariant case, the conditions under which the algebraic Ric-
cati equation of the filter has a unique stationary solution is given by:

Theorem 7.3.6 (Convergence to steady-state of ELISE) Let rk(C2G2) = p �
pH . Then, in the time-invariant case with P x(t0) ⌫ 0, the filter in Algorithm 3
(exponentially) converges to a unique stationary solution if and only if (i) (Ae, C2) is
detectable, and (ii) (Ae, Q

1
2
e ) is stabilizable where matrices Ae and Qe are as defined

in Theorem 7.3.5.
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7.3.2 Approximate Linear Input & State Estimator (ALISE)

For this second variant, we do not assume the availability of an ‘output derivative’, but
that such a signal exists. Hence, the ALISE variant uses a special case of the ELISE
filter, and the existence of y for this special case can be seen as a pseudo-derivative
of the output measurement y.

Special Case 1 (Special Case of ELISE) There exists an ‘output derivative’ sig-
nal y in (7.12), such that C = C, C = Ċ, D = D, D = Ḋ, H = H and H = Ḣ;
hence, we have C2 = C2, D2 = D2 and T 2 = T2 = U>

2 .

Moreover, the existence of the ‘output derivative’ signal also implies that the
derivatives of the input signals u and d, as well as the noise signals w and v must
exist, which necessitates non-standard noise models and rather strong assumptions
on the disturbance signals:

Assumption 7.3.7 (A10) We assume that

(i) the noise signals, w(t) and v(t), are first- and second-order Gauss-Markov (GM)
processes, respectively (see, e.g., [109, pp. 42-47] for their properties):

ẇ(t) + Aww(t) = BwwG(t),
v̈(t) + Av̇v̇(t) + Avv(t) = BvvG(t),

(7.23)

where wG(t) and vG(t) are mutually uncorrelated, zero-mean, white noise signals
with time-invariant intensities QG ⌫ 0 and RG � 0, respectively. Furthermore,
the correlation times of the process and measurement noise are assumed to be
short compared to times of interest. The second equation in (7.23) is equivalently
rewritten as

d
dt

v(t) =


0 I

�Av �Av̇

�
v(t) +


0
Bv

�
vG(t) := Avv(t) + BvvG(t). (7.24)

Aw, Av and Av̇ are positive semidefinite diagonal matrices, while w(t0) and
v(t0) :=

⇥
v(t)> v̇(t)>

⇤> have known covariance matrices Pw
0 and Pv

0 . For sim-
plicity, we shall assume for the noise models that �Aw and Av are time-invariant
and stable, i.e., their eigenvalues are strictly negative, and that Bw, Bv, QG and
RG are also time-invariant and bounded.

(ii) the inputs u(t) and d(t) are twice and once differentiable, respectively, and that
u(t), u̇(t), ü(t), d(t) and ḋ(t) are bounded, as well as that the norm of the system
state vectors, matrices and matrix derivatives are bounded.

In a nutshell, the noise models in Assumption (A10), i.e., Gauss-Markov stochastic
noise models, are stochastic processes that satisfy the requirements for both Gaussian
processes and Markov processes, and can be viewed as continuous-time analogues of
the discrete-time AR(1) and AR(2) processes. The first-order Gauss-Markov process
is also known as the Ornstein-Uhlenbeck process, which has been considered in the
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models of financial mathematics and physical sciences. The noise models are specifi-
cally chosen such that the signal z̈2(t) is well defined for the purpose of analyzing the
proposed filter, as is required by Taylor’s theorem in (7.71) of Section 7.6.7, and the
assumption of short correlation times is such that the noise terms are not colored10.
The covariance matrices of the noise models can either be determined in experiments,
or simply chosen as tuning parameters, which is commonplace in practice.

The assumption of bounded derivatives of d is also rather strong, but is unfortu-
nately necessary for a meaningful analysis of the input and state filtering problem.
However, this assumption may actually not be needed in practice, as evidenced by
our example in Section 7.5 with a non-smooth disturbance.

For this case, we now propose the following filter:

d̂1 = M1(z1 � C1x̂ � D1u)

d̂2 = M2(
z2(t) � z2(t � dt)

dt
� (C2A + T2Ċ)x̂ � C2Bu � C2G1d̂1 � D2u̇ � T2Ḋu)

(7.25)

d̂ = V1d̂1 + V2d̂2

✓̇ = (A � LC2)(G2M2z2 � G2M2D2u + ✓)+(B�LD2)u + GM1z1 + Lz2��̇1y��̇2u

x̂ = G2M2z2 � G2M2D2u + ✓ (7.26)

where A, B, G, �̇1 and �̇2 are as defined in Algorithm 4, the matrices corresponding
to the Special Case 1 are used in (7.25) as well as in Algorithm 4 and the matrices
L 2 Rn⇥(l�pH), M1 2 RpH⇥pH and M2 2 R(p�pH)⇥(l�pH) are filter gains. Note that
the output derivatives ẏ is essentially obtained by finite difference approximation,
ẏ ⇡ y(t)�y(t�dt)

dt
, where dt can be chosen arbitrarily.

The ALISE variant is summarized in Algorithm 4 and has some nice properties
that is described here and proven in the Section 7.6. Similar to the ELISE variant,
assuming that the filter is uniformly asymptotically stable11 (verified later in Theorem
7.3.11), the initial state and unknown input estimate biases converge exponentially.

Lemma 7.3.8 (Convergence of state estimate bias of ALISE) Let ALISE be
uniformly asymptotically stable and Ă := A � LC2 be bounded. Then, the state
estimate bias, E[x̃] := E[x � x̂], decays exponentially, as in (7.17) and (7.18).

Lemma 7.3.9 (Convergence of unknown input estimate bias of ALISE) Let
ALISE be uniformly asymptotically stable. Then, the unknown input estimate con-
vergence properties for ALISE (with matrices as given in Special Case 1) are

kE[d � d̂]k := kE[d̃]k  ↵1e
��(t�t0) + ↵2dt, (7.27)

|tr(P d � P d)|  ↵3(dt)
2, (7.28)

10Note that we do not attempt to solve the estimation problem with colored noise, which is a
subject of future research, as this would require the development of state and unknown input filters
for systems with correlated noise terms and moreover, output derivatives would need to be computed,
as is pointed out in [110].

11See [107] for the definition of uniform asymptotic stability.
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Algorithm 4 ALISE algorithm
1: Initialize: P x(t0) = Px

0 ; Pw(t0) = Pw
0 ; P v(t0) = Pv

0 ; ✓(t0) = x̂0 � G2M2z2(t0) +
G2M2D2u(t0); etc.;

2: while t < tf do
. State estimation

3: x̂ = G2M2z2 � G2M2D2u + ✓;
. Unknown input estimation

4: Ṗw = �AwPw � PwA>
w + BwQGB>

w ; Ṗ v = AvP
v + P vA

>
v + BvRGB

>
G;

5: R1 =
⇥
T1 0

⇤
P v

⇥
T1 0

⇤>; R2 =
⇥
T2 0

⇤
P v

⇥
T2 0

⇤>; R2 =
⇥
0 T2

⇤
P v

⇥
0 T2

⇤>;
6: R̀2 =

⇥
T2 0

⇤
P v

⇥
0 T2

⇤>; R̀12 =
⇥
T1 0

⇤
P v

⇥
0 T2

⇤>;
7: M1 = ⌃�1; Â = A � G1M1C1; Q̂ = WPwW> + G1M1R1M

>
1 G>

1 ;
8: R̃2 = (C2Â+T2Ċ)P x(C2Â+T2Ċ)> +C2Q̂C>

2 +R2 � R̀>
12M

>
1 G>

1 C>
2 �C2G1M1R̀12;

9: M2 = (G>
2 C>

2 R̃�1
2 C2G2)

�1G>
2 C>

2 R̃�1
2 ;

10: d̂1 = M1(z1 � C1x̂ � D1u);
11: d2 = M2(

z2(t)�z2(t�dt)
dt � (C2A + T2Ċ)x̂ � C2Bu � C2G1d̂1 � D2u̇ � T2Ḋu);

12: d̂ = V1d̂1 + V2d2;
13: P d

1 = M1(C1P
xC>

1 + R1)M
>
1 ; P d

2 ⇡ (G>
2 C>

2 R̃�1
2 C2G2)

�1;
14: P d

12 ⇡ M1C1P
x(Â>C>

2 + Ċ>T>
2 )M>

2 � M1R1M
>
1 G>

1 C>
2 M>

2 + M1R̀12M
>
2 ;

15: P d ⇡ V1P
d
1 V >

1 + V1P
d
12V

>
2 + V2P

d>
12 V >

1 + V2P
d
2 V >

2 ;
. State estimation

16: A = (I � G2M2C2)Â � G2M2T2Ċ; B = (I � G2M2C2)(B � G1M1D1) � G2M2T2Ḋ;
17: G = (I � G2M2C2)G1; Q = (I � G2M2C2)Q̂(I � G2M2C2)

>;
18: L = (P xC>

2 � G2M2R̀
>
2 )R�1

2 ;
19: Ṗ x = AP x + P xA

>
+ Q � LR2L

>;
20: E, F and ⌃̇ according to Section 6.4.4, e.g., (6.15);
21: Ṫ1 = U>

1 RU2(U
>
2 RU2)

�1(U>
2 ṘU2)(U

>
2 RU2)

�1 + E>U>
1 � U>

1 ṘU2(U
>
2 RU2)

�1

�E>U>
1 RU2(U

>
2 RU2)

�1;
22: Ṁ1 = �⌃�1⌃̇⌃�1;
23: ˙̀

R12 =
⇥
Ṫ1 0

⇤
P v

⇥
0 T2

⇤>
+
⇥
T1 0

⇤
Ṗ v

⇥
0 T2

⇤>;

24: Ṙ1 =
⇥
Ṫ1 0

⇤
P v

⇥
T1 0

⇤>
+
⇥
T1 0

⇤
Ṗ v

⇥
T1 0

⇤>
+
⇥
T1 0

⇤
P v

⇥
Ṫ1 0

⇤>;

25: ˙̂
A = Ȧ � (ĠV1 + GV1F )M1C1 � G1Ṁ1C1 � G1M1(T1Ċ + Ṫ1C);

26: ˙̂
Q = (ĠV1+GV1F )M1R1M

>
1 G>

1 +G1Ṁ1R1M
>
1 G>

1 +W ˙PwW>+ẆPwW>+WPwẆ
+G1M1R1Ṁ

>
1 G>

1 + G1M1R1M
>
1 Ġ>

1 + G1M1Ṙ1M
>
1 G>

1 ;
27: ˙̃R2 = (T2ĊÂ + C2

˙̂
A + T2C̈)P x(C2Â + T2Ċ)> + (C2Â + T2Ċ)Ṗ x(C2Â + T2Ċ)>

+(C2Â + T2Ċ)P x(T2ĊÂ + C2
˙̂

A + T2C̈)> + C2
˙̂

QC>
2 + T2ĊQ̂C>

2

+C2Q̂Ċ>T>
2 +

⇥
0 T2

⇤
Ṗ v

⇥
0 T2

⇤> � ˙̀
R>

12M
>
1 G>

1 C>
2 � R̀>

12Ṁ
>
1 G>

1 C>
2

�R̀>
12M

>
1 (V >

1 Ġ> + F>V >
1 G>)C>

2 � R̀>
12M

>
1 G>

1 Ċ>T>
2

�C2G1M1
˙̀
R12 � C2G1Ṁ1R̀12 � C2(ĠV1 + GV1F )M1R̀12 � T2ĊG1M1R̀12;

28: Ṁ2 = P d
2 (�G>

2 C>
2 R̃�1

2
˙̃R2R̃

�1
2 + V >

2 Ġ>C>
2 R̃�1

2 + G>
2 Ċ>U2R̃

�1
2 )

�P d
2 (�G>

2 C>
2 R̃�1

2
˙̃R2R̃

�1
2 C2G2 + V >

2 ĠT C>
2 R̃�1

2 C2G2 + G>
2 Ċ>U2R̃

�1
2 C2G2

+G>
2 C>

2 R̃�1
2 U>

2 ĊG2 + G>
2 C>

2 R̃�1
2 C2ĠV2)M2;

29: �̇1 = ĠV2M2U
>
2 + G2Ṁ2U

>
2 ;

30: �̇2 = �ĠV2M2D
>
2 � G2Ṁ2D2 � G2M2U

>
2 Ḋ;

31: ✓̇ = (A�LC2)(G2M2z2�G2M2D2u+✓)+(B�LD2)u+GM1z1 +Lz2� �̇1y� �̇2u;
32: end while
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with ↵1 given in (7.20), as well as ↵2 and ↵3 given by

↵2 =
1

2
sup kV2M2E[z̈2]k, ↵3 = sup |⇣|, (7.29)

with E[z̈2] and ⇣ as follows:

E[z̈2] = T2[(2ĊA+CȦ+CA2 +C̈)x + (ĊB+CAB +CḂ+ĊB+D̈)u

+(CB+2Ḋ)u̇ + Dü + (2CĠ1 + CAG1 + CĠ2)d1 + CG2ḋ1

+(2ĊG2 + CAG2 + CĠ2)d2 + CG2ḋ2],

⇣ =
��1
4
tr(M2T2(CWBwQGB>

wW>C> +
⇥
�Av �Av̇

⇤
P v

⇥
�Av �Av̇

⇤>
+ BvRGB>

v

+(ĊW + CẆ � CWAw)Pw(ĊW + CẆ � CWAw)>)T>
2 M>

2 )
��,

assuming that x is bounded, whereas Pw and P v are bounded as a result of Assumption
(A10)12. P d is the error covariance matrix of ALISE, P d is the error covariance matrix
of the best linear unbiased input estimate assuming direct access to ẏ, and dt can be
chosen to be arbitrarily small.

The next theorem shows that state estimate of ALISE is unbiased and optimal,
but the input estimate of ALISE is only approximately unbiased to any precision.

Theorem 7.3.10 (Minimum-variance unbiased state estimation of ALISE)
Suppose (A10) holds. If rk(C2G2) = p � pH and (A, C2) is detectable, where the
matrix A is as defined in Algorithm 4, then the filter gains, L, M1 and M2, given in
Algorithm 4 along with the differential Riccati equation given in (7.21) provide the
unbiased minimum-variance unbiased estimate of system states.

Moreover, if the filter is uniformly asymptotically stable, ALISE satisfies the error
bounds for state estimate bias in (7.17), and its bound on the unknown input estimate
bias due to initial state estimate bias and approximation errors is given by (7.27) and
(7.28).

Once again, the optimality of the ALISE filter does not guarantee that the filter
is stable. Additional assumptions are needed for the uniform asymptotic stability of
the filter.

Theorem 7.3.11 (Stability of ALISE) Using Assumption (A10) and the proposed
filter, we obtain a ‘virtual’ equivalent system (7.22) with matrices as given in Special
Case 1. Then, if the equivalent system satisfies Assumptions (A2), (A3), (A4) and
(A5) in Theorem 7.3.5, the optimal filter given in Algorithm 4 is uniformly asymp-
totically stable. Moreover, every solution to the differential Riccati equation, Ṗ x, in
Algorithm 4 starting at Px

0 � 0 converges to a unique P x as t ! 1.

Finally, for the time-invariant case, the conditions under which the algebraic Ric-
cati equation of the filter has a unique stationary solution is given by:

12With the assumptions in Assumption (A10), Pw and P v are bounded and their bounds can be
found in [93,111].
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Theorem 7.3.12 (Convergence to steady-state of ALISE) Let rk(C2G2) =
p � pH . Then, in the time-invariant case with P x(t0) ⌫ 0, the filter in Algorithm 4
(exponentially) converges to a unique stationary solution if and only if (i) (Ae, C2) is
detectable, and (ii) (Ae, Q

1
2
e ) is stabilizable where matrices Ae and Qe are as defined

in Theorem 7.3.5.

Proposition 7.3.13 (Strong Observability and Filter Properties) For the Spe-
cial Case 1, a system property known as strong observability13 implies that the pair
(Ae, C2) is observable; and that C2 and G2 have full rank. A full-rank G2 is a necessary
condition for rank(C2G2) = p� pH , while C2 with full rank is also necessary if l = p.
Hence, strong observability is closely related to the fact that a minimum-variance un-
biased estimator exists and admits a steady-state solution. A similar condition also
holds for the optimal discrete-time filter in Section 7.2.1.

7.4 Disturbance Rejection and Separation Principle

Linear Continuous-Time Stochastic Systems

We first focus our discussion on disturbance rejection and separation principle of
estimation and control for linear continuous-time stochastic systems with unknown
inputs. For this exposition, we investigate the stability of the closed-loop system,
when the controller is a state feedback controller with disturbance rejection terms,
where the true state and unknown input are replaced by their filtered estimates:

u = �Kx̂ � J1d̂1 � J2d̂2. (7.30)

where K is the state feedback gain, while J1 and J2 are the disturbance rejection
gains, which are design matrices that we will further discuss later in this section.
At this juncture, we recall that with the ELISE variant in Section 7.3.1, we have
an asymptotically unbiased estimate of d2, while using the ALISE variant in Section
7.3.2, we asymptotically obtain a bias, denoted as b2, which we to be bounded by
kb2k  ↵2dt.

The following theorem shows that there also exists a separation principle for linear
continuous-time stochastic systems with unknown inputs, i.e., the designs of the state
and input feedback controller and estimator can be carried out independently.

Theorem 7.4.1 (Separation Principle (Continuous-Time)) The state feedback con-
troller gain K in (7.30) can be designed independently of the state and input estimator
gains L, M1 and M2 in ELISE and ALISE (cf. Algorithms 3 and 4).

Proof Substituting (7.30) into (6.2) and from (7.67), (7.66) and (7.75) (for ALISE,
with the matrices for Special Case 1), we have

13That is, the condition under which the initial condition x0 and the unknown input signal history,
d(⌧) for all 0  ⌧  t can be uniquely determined from the measured output history y(⌧) for all
0  ⌧  t (see, e.g., [68])

124




ẋ
˙̃x

�
=

"
A � BK B(K � J1M1C1 � J2M2(C2Â + T 2C))

0 A � LC2

# 
x
x̃

�
+


G1 � BJ1 G2 � BJ2

0 0

� 
d1

d2

�

+


(I � BJ2M2C2)W 0 BJ2M2C2G1M1 � BJ1M1 0 �BJ2M2

0 I 0 �L 0

�
w �


BJ2

0

�
b2,

where w :=
⇥
w> w> v>

1 v>
2 v>

2

⇤> has zero mean and b2 is the bounded bias of d2 when
using ALISE (equals zero for ELISE).

Since the state matrix has a block diagonal structure, their eigenvalues are deter-
mined by the following:

det(�I � A + BK) det(�I � A + LC2) = 0.

It can thus be seen that the eigenvalues of the controller and estimator are independent
of each other. ⇤

Hence, the state feedback gain, K, can be independently designed (e.g., with
Linear Quadratic Regulator (LQR) or pole placement) with no effect on the stability
of the estimator (ELISE or ALISE). Moreover, J1 and J2 can be chosen such that
the effect of disturbance input on the closed loop system is reduced. For instance, we
can minimize the induced 2-norms of G1 �BJ1 and G2 �BJ2, which are semidefinite
programs14 (i = 1, 2):

minimize �i

subject to


�iI Gi � BJi

(Gi � BJi)
> �iI

�
⌫ 0.

In addition, J1 and J2 must also be chosen so that u, d̂1 and d̂2 can be uniquely
determined. First, d̂1 and d̂2 become implicit equations; thus, the choices of J1 and

J2 must be such that J̃ :=


I � M1D1J1 �M1D1J2

M2(C2G1 � (C2B + T 2D)J1) I � M2(C2B + T 2D)J2

�

is invertible. The explicit expressions for d̂1 and d̂2 in ELISE (Algorithm 3) with

J̃�1 :=


J̃�

11 J̃�
12

J̃�
21 J̃�

22

�
are:

d̂1 = J̃�
11M1z1 + J̃�

12M2z2 � [J̃�
11(C1 � D1K) + J̃�

12(C2A

+T 2C � (C2B + T 2D)K)]x̂ � J̃�
12M2D2u̇,

d̂2 = J̃�
21M1z1 + J̃�

22M2z2 � [J̃�
21(C1 � D1K) + J̃�

22(C2A

+T 2C � (C2B + T 2D)K)]x̂ � J̃�
22M2D2u̇.

(7.31)

14Semidefinite programs are convex optimization problems for which software packages, e.g. CVX
[112,113], are available.
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Substituting (7.31) back into (7.30), we obtain

u = [(J1J̃
�
11 + J2J̃

�
21)(C1 � D1K) + (J1J̃

�
12 + J2J̃

�
22)(C2A + T 2C � (C2B + T 2D)K)

�K]x̂ � (J1J̃
�
11 + J2J̃

�
21)M1z1 � (J1J̃

�
12 + J2J̃

�
22)M2z2 + (J1J̃

�
12 + J2J̃

�
22)M2D2u̇,

(7.32)

which is an ordinary differential equation for u if (J1J̃
�
12 + J2J̃

�
22)M2D2 is invertible.

Notice that if D2 = 0, then u, d̂1 and d̂2 can be directly obtained. Otherwise, we
need

⇥
J1 J2

⇤
to have full column rank (hence at least as many control inputs as

disturbance inputs , i.e., m � p) such that d̂1 and d̂2 can be uniquely determined by
d̂1

d̂2

�
=
⇥
J2 J2

⇤†
(�u � Kx̂). To extend the above explicit equations for d̂1, d̂2 and u

in (7.31) and (7.32) to the ALISE algorithm, we use the matrices of the Special Case
1 and substitute z2 with z2(t)�z2(t�dt)

dt
, as well as x̂ with the estimator state ✓ given in

(7.26).
Finally, note that if the system in (6.2) fulfills a matching condition15, i.e. , 9J

such that u = Jd and BJd = Gd, the above minimization procedure will exactly
cancel out the disturbance input.

Linear Discrete-Time Stochastic Systems

We now turn our attention to linear discrete-time stochastic systems with unknown
inputs and investigate the stability of the closed-loop system, when the controller is
a state feedback controller with disturbance rejection terms, where the true state and
unknown input are replaced by their estimated values as follows:

uk = �Kc
kx̂k|k � J1,kd̂1,k � J2,kd̂2,k�1 (7.33)

where Kc
k is the state feedback gain, while J1,k and J2,k are the disturbance rejection

gains. Note that in the above control law, we have used a delayed estimate of d2,k�1

given in (7.4), which is the only estimate we can obtain using ULISE in light of Propo-
sition 6.4.1. Thus, as with the continuous-time filters, some assumptions may be in
order such that the disturbance input d2,k can be rejected. First, if E[d2,k] is bounded
for all k, i.e., kE[d2,k]k  dB

2 , then we can simply choose J2,k = 0. Alternatively, if we
assume that its expected rate of variation is bounded, i.e., kE[d2,k � d2,k�1]k  �dB

2

is bounded for all k, then J2,k may be chosen to be non-zero. In practice, one would
choose the assumption with the lower of the two bounds, dB

2 or �dB
2 .

Under either of the above assumptions, we show that there also exists a separation
principle for linear discrete-time stochastic systems with unknown inputs.

Theorem 7.4.2 (Separation Principle (Discrete-Time)) The state feedback controller
gain Kc

k in (7.33) can be designed independently of the state and input estimator gains
Lk, M1,k and M2,k in ULISE (cf. Algorithm 1).

15The matching condition assumption is common for disturbance rejection in the sliding mode
and adaptive control literature.
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Proof Substituting (7.33) into (6.1) and from (7.53), (7.44) and (7.5), we have


xk+1

x̃k+1|k+1

�
=

2
4Ak � BkK

c
k

Bk(K
c
k � J1,kM1,kC1,k

�J2,kM2,kC2,k+1(Ak + G1,kM1,kC1,k))

0 (I � L̃k+1C2,k)Ak

3
5


xk

x̃k|k

�

+


G1,k � BkJ1,k G2,k � BkJ2,k

0 0

� 
d1,k

d2,k

�
+


BkJ2,k

0

�
(d2,k � d̂2,k�1)

+

2
664

I � BkJ2,k

M2,k+1C2,k+1
0

�BkJ1,kM1,k

+BkJ2,kM2,k+1

C2,k+1G1,kM1,k

�BkJ2,kM2,k+1

0 I � L̃k+1C2,k+1 0 �L̃k+1

3
775wk,

where wk :=
⇥
w>

k w>
k v>

1,k v>
2,k+1

⇤> has zero mean and either J2,k = 0 or kE[d2,k �
d̂2,k�1]k = kE[d2,k � d2,k�1]k  �dB

2 .
Since the state matrix has a block diagonal structure, the eigenvalues of the con-

troller and estimator are again independent of each other. ⇤

Thus, once again, the state feedback gain, Kc
k, can be independently designed

(e.g., with Linear Quadratic Regulator (LQR)) with no effect on the stability of the
estimator (ULISE). On the other hand, the disturbance rejection gains J1,k and J2,k

are chosen as previously discussed at length for linear continuous-time systems.

7.5 Simulation Examples

7.5.1 Benchmark Problem

We first illustrate the effectiveness of our filtering and smoothing algorithms for linear
discrete-time stochastic systems with unknown inputs. In this example, we consider
the state estimation and fault identification problem when the system dynamics is
plagued by faults, dk, as well as zero-mean Gaussian white noise. Specifically, the
linear discrete-time problems we consider are based on the system given in [53] with six
different H matrices to illustrate the effect of parameter changes on filter performance:

A =

2
66664

0.5 2 0 0 0
0 0.2 1 0 1
0 0 0.3 0 1
0 0 0 0.7 1
0 0 0 0 0.1

3
77775

;
B = 05⇥1;
C = I5;
D = 05⇥1;

G =

2
66664

1 0 �0.3
1 0 0
0 0 0
0 0 0
0 0 0

3
77775

; Q = 10�4

2
66664

1 0 0 0 0
0 1 0.5 0 0
0 0.5 1 0 0
0 0 0 1 0
0 0 0 0 1

3
77775

;

R = 10�2

2
66664

1 0 0 0.5 0
0 1 0 0 0.3
0 0 1 0 0

0.5 0 0 1 0
0 0.3 0 0 1

3
77775

; H1 =

2
66664

0 0 1
0 0 0
0 1 0
0 0 0
0 0 0

3
77775

; H2 =

2
66664

0 0 1
0 0 0
0 1 0
0 0 0
1 0 0

3
77775

; H3 =

2
66664

0 0 0
0 0 0
0 1 0
0 0 0
1 0 0

3
77775

,
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H4 =

2
66664

0 0 0
1 0 0
0 1 0
0 0 0
0 0 0

3
77775

; H5 =

2
66664

0 0 0
0 0 0
0 1 0
0 0 1
0 0 0

3
77775

; H6 =

2
66664

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0

3
77775

.

With the above H matrices, the invariant zeros of the system (cf. Theorem 6.4.8)
are {0.3, 0.8}, {0.1, 0.3, 0.5, 0.7, 0.8}, ;, {0.3,�0.8}, ; and {0.1, 0.7, 0.3,�0.8, 0.35},
respectively. Thus, all six systems are strongly detectable. Moreover, H2 and H6 are
full rank.

The unknown inputs used in this example are (also see Figure 7-4):

dk,1 =

⇢
1, 500  k  700
0, otherwise

dk,2 =

⇢
1

700
(k � 100), 100  k  800

0, otherwise

dk,3 =

8
<
:

3, 500  k  549, 600  k  649, 700  k  749
�3, 550  k  599, 650  k  699, 750  k  799
0, otherwise.
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Figure 7-4: Actual states x1, x2, x3, x4, x5 and their estimates, as well as unknown
inputs d1, d2 and d3 and their estimates.
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Figure 7-5: Trace of estimate error covariance of states, trace(P x), and unknown
inputs, trace(P d).

The simulations were implemented in MATLAB on a 2.2 GHz Intel Core i7 CPU.
Figure 7-4 shows a comparison of the input and state estimates of the forward and
backward passes, i.e., of the filtered (ULISE) and smoothed (ULISS) estimates for
the last system with H6. As expected, the smoothed estimates are better than the
filtered estimates, given that the smoothing algorithm is designed to improve on
the filter estimates by considering the observations of the entire time interval. This
improvement is more apparent from Figure 7-5, when the traces of the estimate error
covariance of the forward and backward passes are compared.

Furthermore, to illustrate the optimal performance of the ULISE filter and the
ULISS smoother, measured by the steady-state (minimum) trace of the error covari-
ance matrices, we compare the performance of the following filters: (i) Cheng et al.
filter [53], augmented by implicit estimates the unknown input, i.e., using (7.14) (with
M̃2,k) and (7.4) (CYWZ), (ii) ULISE from Section 7.2.1, and the filters for systems
with full-rank H matrix: (iii) Gillijns and De Moor filter (GDM) [60], (iv) Fang et al.
filter (FSY) [61] and (v) Yong et al. filter (YZF) [62], as well the optimal smoother
(vi) ULISS from Section 7.2.2.

From Table 7.1, we see that ULISE is consistently the best filter (cf. Table 7.1),
which agrees with the claim in Section 7.6.2 of being globally optimal over the class
of all linear unbiased state and input estimates for systems with unknown inputs,
while CYWZ performs just as well, which shows that in this particular example,
the replacement of the generalized least squares estimate of d2,k with the ordinary
least squares estimate has little impact on the filter performance. When the direct
feedthrough matrix has full rank, as with H2 and H3, GDM and YZF performed just
as well as CYWZ and ULISE, which is consistent with the claim of global optimality
of GDM in [114].

In addition, as expected, the minimum estimate variance over the entire time
interval of the ULISS smoother (forward and backward passes) is lower than that of
the ULISE filter (forward pass only) in all six systems in Table 7.1, regardless of the
rank of the direct feedthrough matrix, H. Note that even in the fourth case with H4,
there is an improvement of the smoothed estimates over the filtered ones, although
it is not apparent due to the process of rounding to four decimal places. However,
it can also be observed that the amount of improvement of the smoothed estimates
over the filtered estimates does depend on the system at hand.
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Table 7.1: Steady-state performance of several filters (forward pass): CYWZ, ULISE,
GDM, FSY and YZF, as well as minimum estimate variance over the entire time
interval of an optimal smoother (forward and backward passes): ULISS.

P x
11 P x

22 P x
33 P x

44 P x
55 P d

11 P d
22 P d

33

H1

CYWZ 0.1843 0.0091 0.0002 0.0004 0.0001 0.0099 0.0102 0.1923
ULISE 0.1843 0.0091 0.0002 0.0004 0.0001 0.0099 0.0102 0.1923
GDM N/A N/A N/A N/A N/A N/A N/A N/A
FSY N/A N/A N/A N/A N/A N/A N/A N/A
YZF N/A N/A N/A N/A N/A N/A N/A N/A
ULISS 0.1843 0.0091 0.0002 0.0004 0.0001 0.0099 0.0102 0.1922

H2

CYWZ 0.1494 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.1574
ULISE 0.1494 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.1574
GDM 0.1494 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.1574
FSY 0.1724 0.0108 0.0002 0.0004 0.0001 0.0097 0.0102 0.1648
YZF 0.1494 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.1574
ULISS 0.1485 0.0048 0.0002 0.0004 0.0001 0.0047 0.0102 0.1565

H3

CYWZ 0.0076 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.3906
ULISE 0.0076 0.0052 0.0002 0.0004 0.0001 0.0097 0.0102 0.3906
GDM N/A N/A N/A N/A N/A N/A N/A N/A
FSY N/A N/A N/A N/A N/A N/A N/A N/A
YZF N/A N/A N/A N/A N/A N/A N/A N/A
ULISS 0.0076 0.0048 0.0002 0.0004 0.0001 0.0047 0.0102 0.3836

H4

CYWZ 0.0076 0.0257 0.0002 0.0004 0.0001 0.0348 0.0102 0.4925
ULISE 0.0076 0.0257 0.0002 0.0004 0.0001 0.0348 0.0102 0.4925
GDM N/A N/A N/A N/A N/A N/A N/A N/A
FSY N/A N/A N/A N/A N/A N/A N/A N/A
YZF N/A N/A N/A N/A N/A N/A N/A N/A
ULISS 0.0076 0.0257 0.0002 0.0004 0.0001 0.0348 0.0102 0.4925

H5

CYWZ 0.0079 0.0074 0.0002 0.0004 0.0001 0.0089 0.0102 0.0099
ULISE 0.0079 0.0074 0.0002 0.0004 0.0001 0.0089 0.0102 0.0099
GDM N/A N/A N/A N/A N/A N/A N/A N/A
FSY N/A N/A N/A N/A N/A N/A N/A N/A
YZF N/A N/A N/A N/A N/A N/A N/A N/A
ULISS 0.0070 0.0030 0.0002 0.0004 0.0001 0.0039 0.0102 0.0099

H6

CYWZ 0.0076 0.0218 0.0002 0.0004 0.0001 0.0309 0.0102 0.0097
ULISE 0.0076 0.0218 0.0002 0.0004 0.0001 0.0309 0.0102 0.0097
GDM 0.0076 0.0218 0.0002 0.0004 0.0001 0.0309 0.0102 0.0097
FSY 0.0315 0.0232 0.0002 0.0004 0.0001 0.0310 0.0102 0.0100
YZF 0.0076 0.0218 0.0002 0.0004 0.0001 0.0309 0.0102 0.0097
ULISS 0.0075 0.0054 0.0002 0.0004 0.0001 0.0074 0.0102 0.0096
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7.5.2 Hover Control of a Helicopter

To demonstrate the usefulness of our continuous-time filter algorithms, ELISE and
ALISE, we consider an example with a helicopter depicted in Figure 7-6 with the
following linearized longitudinal dynamics [2] 16:

✓̇ = q, q̇ = �0.415q � 0.011u + 6.27�c � 0.011wh,
ẏ = u, u̇ = 9.8✓ � 1.43q � 0.0198u + 9.8�c � 0.0198wh,

(7.34)

where the system states, x :=
⇥
✓ q u y

⇤>, are the fuselage pitch angle ✓, the pitch rate
q̇, the horizontal velocity of the center of gravity u and the horizontal distance from the
desired hover point y; while the only control input is the tilt angle of the rotor thrust
vector �c. The variable wh = wd + w represents a horizontal wind disturbance, which
consists of a deterministic time-varying component wd and a stochastic component
w. We have noisy measurements of y, u and q only, with a time-varying output

matrix given by C =

2
4

0 0 0 1
0 0 0.8 + 0.2 sin t 0
0 1 0 0

3
5 . Moreover, the measurement of u is plagued

by an additive time-varying bias, em. Thus, the measurement vector is given by
z =

⇥
y (0.8 + 0.2 sin t)u + em q

⇤>. In this example, wd and em are sawtooth and
sinusoidal signals, respectively.

Figure 7-6: A helicopter near hover [2].

For the two variants of the optimal state and input estimator proposed in this
paper, we assume:
(A1) ELISE : The process noise w and the measurement noise v are assumed to
be mutually uncorrelated, zero-mean, white random signals with known covariance
matrices, with noise statistics Q = 5⇥ 10�4 and R = diag(1⇥ 10�3, 1.6⇥ 10�3, 0.9⇥
10�3). An additional measurement of linear acceleration (e.g., from an accelerometer),
y = u̇, is available with R = 2 ⇥ 10�3.
(A10) ALISE : The process noise, w is a first-order Gauss-Markov process, and the
measurement noise, v, is a second-order Gauss-Markov process: ẇ+0.2w = 6wG, v̈+
v̇ + 0.25v = vG, where wG and vG are mutually uncorrelated, zero-mean, white noise
signals with intensities QG = 5⇥10�4 and RG = diag(1⇥10�3, 1.6⇥10�3, 0.9⇥10�3).

16Note that the variable y in this example is the y-coordinate as is given in [2] and should not be
confused with the measurement vector y (which we denote as z here).

131



✓
(r

a
d
)

Time, t(s)
0 10 20 30 40 50

�1

�0.5

0

0.5

1
Estimated Actual

✓̇(
r

a
d

s
)

Time, t(s)
0 10 20 30 40 50

�2

�1

0

1

2
Measured Estimated Actual

y
(m

)

Time, t(s)
0 10 20 30 40 50

�2

�1

0

1

2
Measured Estimated Actual

ẏ
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(a) With the ELISE variant
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(b) With the ALISE variant

Figure 7-7: Actual states ✓, q, y, u and its estimates; unknown inputs d1, d2, and its
estimates; as well as the trace of continuous estimate error covariance of states and
unknown inputs.
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Note that the system (7.34) in this example is open-loop unstable; thus, a stabi-
lizing controller is necessary. Since we have a separation principle for the controller
and estimator (Theorem 7.4.1), we can design them independently. The controller we
chose is the LQR, and the estimator is the filter proposed in this paper. For the LQR,
we have chosen the following cost matrices: QLQR = C>

LQRCLQR and RLQR = 5, where
CLQR :=

⇥
0 0 0 1

⇤
. For minimizing the effect of disturbance input on the closed loop

system, we solve the semidefinite programs described in Section 7.4 using an off-the-
shelf software package CVX [112,113] to obtain J1 = 0, J2 = �1.943⇥10�3. With the
ALISE variant, J2 is chosen to be zero, such that the error induced by finite difference
approximations is not amplified in (7.31), whereas dt is chosen as 0.05 s.

We implemented the LQR state feedback control law and both filter variants
described above in MATLAB/Simulink on a 2.2 GHz Intel Core i7 CPU. Figure 7-
7 shows the actual and estimated system states, as well as unknown inputs. Note
that the projections of the unknown input vector, i.e. d1 and d2, obtained with
the transformation (6.8), correspond to real unknown signals, in that d1 = em and
d2 = wd. Thus, we observe from the figures that the proposed filter successfully
estimates the system states and also the unknown inputs, wd and em, and the traces
of the continuous estimate error covariance matrices of both states and unknown
inputs converge in less than 0.1 s. However, the convergence rate of the trace of
estimate error covariance matrices of ELISE is slower than that of ALISE, while the
actual states of the system appear less noisy in ALISE. The reason behind these is
the difference in assumed noise models in both variants. For ALISE, the process
noise is a ‘filtered’ white noise, whereas for ELISE, the process noise is ‘unfiltered’
and there are two sources of measurement noises, through the output and output
derivatives. Moreover, ALISE performs reasonably well, despite the fact that ↵2 in
(7.29) is unbounded given an unbounded ḋ2 signal on a set of measure zero. This
suggests that the supremum in ↵2 can only be taken over the set with nonzero measure.
Besides, we observe from the simulations that the finite difference approximation in
the ALISE algorithm functions as a low-pass filter of sorts for the input estimate. If
dt is small, the input estimate appears noisy, whereas a large value of dt ‘smooths’
out the high frequencies in the unknown input estimate.

7.5.3 Vehicle Reentry Problem

To illustrate that our proposed continuous-time filter variants, ELISE and ALISE, can
also be applied to nonlinear systems with unknown inputs, we consider the following
vehicle reentry problem (cf. Figure 7-8). The nonlinear dynamics of the vehicle is
based on the model in [115]:

ẋ1(t) = x3(t)
ẋ2(t) = x4(t)
ẋ3(t) = D(t)x3(t) + G(t)x1(t) + u1(t) + w1(t)
ẋ4(t) = D(t)x4(t) + G(t)x2(t) + u2(t) + dw

1 (t) + w2(t)
ẋ5(t) = 0

(7.35)
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Figure 7-8: Illustration of vehicle reentry problem onto a sea landing platform.

where x1(t) and x3(t) are the vertical position and velocity of the body, x2(t) and
x4(t) are the horizontal position and velocity and x5(t) is an unknown aerodynamic
parameter of the vehicle. dw

1 (t) denotes horizontal disturbance crosswinds that we
assume is unknown, whereas w(t) := [w1(t), w2(t)]

> is the process noise. The drag-
related force term, D(t), and the gravity-related force term, G(t), are given by

D(t) = ��0e
x5(t)e

R0�
p

x1(t)2+x2(t)2

H0

p
x3(t)2 + x4(t)2

G(t) = � Gm0

(
p

x1(t)2 + x2(t)2)3
,

with �0 = �0.59783, H0 = 13.406, Gm0 = 3.986 ⇥ 105 and R0 = 6374. The motion
of the vehicle is measured by a radar that is located at (xr, yr). It is able to measure
range, bearing and range rate

y1(t) = h1(t) + de
2(t) + v1(t) =

p
(x1(t) � xr)2 + (x2(t) � yr)2 + de

2(t) + v1(t)

y2(t) = arctan

✓
x2(t) � yr

x1(t) � zr

◆
+ v2(t)

y3(t) = ḣ1(t) + v3(t)
(x1(t) � zr)x3(t) + (x2(t) � yr)x4(t)p

(x1(t) � xr)2 + (x2(t) � yr)2
+ v3(t),

where de
2(t) denotes an unknown measurement error, and v(t) := [v1(t), v2(t), v3(t)]

>

is the measurement noise. Since both the system dynamics and measurements are
nonlinear, we consider their linearization about a given reference trajectory to ob-
tain a time-varying linear system. In this example, the chosen reference trajec-
tory consists of polynomials x1(t) =

P3
i=0 ait

i, x2(t) =
P3

i=0 bit
i and x5(t) = c0,

where the coefficients are chosen to bring the vehicle from the initial reference state
xr(0) = [6500.4,�1.8093, 349.14,�6.7967, 0.7]> to the final reference state xr(tf ) =
[6400,�0.5, 150,�0.5, 0.7]> in tf = 200s.
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For the two variants of the optimal state and input estimator proposed in this
paper, we assume:
(A1) ELISE : The process noise w and the measurement noise v are assumed to be mu-
tually uncorrelated, zero-mean, Gaussian white random signals with known covariance
matrices, with noise statistics Q = diag(5⇥10�4, 10�4) and R = diag(10�5, 10�4, 10�5).
An additional measurement of range acceleration y(t) = ḣ1(t) + v(t), is available17

with R = 0.75 and R̀ = [0.0866, 0, 0.0274]>.
(A10) ALISE : The noise signals are Gauss-Markov processes: ẇ + 0.2I3w = wG, v̈ +
I3v̇ + 0.25I3v = vG, where wG and vG are mutually uncorrelated, zero-mean, white
noise signals with intensities QG = diag(5⇥ 10�4, 10�4, 2⇥ 10�4) and RG = diag(5⇥
10�3, 10�4, 10�5), respectively.

Since we have a separation principle for control and estimation (Theorem 7.4.1),
we can design them independently. The controller for this example is chosen as

u1 = u1,r � D̂x̂3 � Ĝx̂1 � kD(x̂3 � x3,r) � kP (x̂1 � x1,r)

u2 = u2,r � D̂x̂4 � Ĝx̂2 � kD(x̂4 � x4,r) � kP (x̂2 � x2,r)

17Although range acceleration measurement may be accessible with the use of an accelerometer,
we used the filtered derivative of y3, i.e., y(s) = s

0.05s+1y3(s) (s is the Laplace variable), as the
additional measurement to illustrate the possibility of using such an approach with ELISE.
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Figure 7-9: Actual states x1, · · · , x4 and its estimates x̂1, · · · , x̂4; unknown inputs
dw

1 , de
2, and its estimates d̂1, d̂2; Superscripts E and A denote ELISE and ALISE,

respectively (averaged over 100 simulations).
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Figure 7-10: Root mean squared errors (RMSE) of state x1 through x4 and unknown
input estimates dw

1 and de
2 computed from 100 simulations; E and A denote ELISE

and ALISE, respectively; Superscripts ‘est’ and ‘meas’ denote estimated (i.e., from
P x) and measured/actual RMSE values.

where u1,r and u2,r are the reference inputs corresponding to the reference trajectory,
D̂ and Ĝ are estimates of D and G, while kD = 1.8 and kP = 1 are controller gains
(chosen via pole placement at �0.9000 ± 0.4359i). Note that the system (7.35) in
this example becomes unstable when only the reference input is applied; thus, the
stabilizing controller above is necessary.

For disturbance rejection, we chose J1 = [0, 1]> and J2 = [0, 0]>, since we observe
that the matching condition (cf. Section 7.4) holds. For the ALISE variant, dt is
chosen as 0.05s. We implemented the above state feedback control law and both
filter variants described above in MATLAB/Simulink on a 2.2 GHz Intel Core i7
CPU, with initial states x(0) = [6500.4, 349.14, �1.8093,�6.7967, 0.6932]> and non-
periodic and non-smooth unknown inputs depicted in Figure 7-9 (e.g., dw

1 is composed
of sawtooth and chirp signals).

Figure 7-9 shows the actual and estimated system states x1 through x4, as well as
unknown inputs dw

1 and de
2, averaged over 100 Monte Carlo simulations. We observe

that both proposed filters, ELISE and ALISE, estimate these system states and un-
known inputs reasonably well. On the other hand, we see from Figure 7-10 that the
estimated root mean squared errors (RMSE) are, with the exceptions of x4 and de

2,
higher than the actual/measured RMSE values. The RMSE of ALISE also appears
higher than that of ELISE. These discrepancies may be due to approximations asso-
ciated with the use of linearized dynamics. Note that the state x5 (not depicted due
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to space constraints), which we recall to be the unknown aerodynamic parameter, is
not as well estimated with our filters. However, this is not a problem, as the main
objective of the vehicle reentry problem is the tracking of the reference trajectory,
which is demonstrated to be successful with our filters.

As before, ALISE performs reasonably well, despite the fact that ↵2 in (7.29) is
unbounded because of the unboundedness of ḋw

1 (due to its sawtooth component),
and this suggests that the supremum in ↵2 may be taken over the set with nonzero
measure only.

7.6 Proofs and Derivations

7.6.1 Description and Derivation of ULISE Filter

For the description and derivation of the proposed filter, let x̃k|k := xk � x̂k|k, x̃?
k|k :=

xk � x̂?
k|k, d̃k := dk � d̂k, P x

k|k := E[x̃k|kx̃>
k|k], P ?x

k|k := E[x̃?
k|kx̃

?>
k|k], P d

k := E[d̃kd̃
>
k ]

and P d
12,k = (P d

21,k)
> := E[d̃1,kd̃

>
2,k], as well as d̃i,k := di,k � d̂i,k, P d

i,k := E[d̃i,kd̃
>
i,k]

and P xd
i,k = (P dx

i,k )> := E[x̃k|kd̃>
i,k], for i = 1, 2. Note that the proof in this section

is provided based on the second expression in (7.8) after establishing that Lk =
LkU2,kU

>
2,k = L̃kU

>
2,k = L̃kT2,k, and is slightly different from the one given in [10,102],

which is derived based on the second expression in (7.8).
We first present a lemma that summarizes the unbiasedness of the state and input

estimates for all time steps that is one piece of the claim in Lemma 7.3.4.

Lemma 7.6.1 Let x̂0|0 = x̂?
0|0 be unbiased, then the input and state estimates, d̂k�1,

x̂?
k|k and x̂k|k, are unbiased for all k, if and only if M1,k⌃k = I, M2,kC2,kG2,k�1 = I

and LkU1,k = 0. Consequently, rk(C2,kG2,k�1) = p � pHk�1
and Lk = LkU2,kU

>
2,k.

Proof We observe from (6.9), (7.14) and (7.4) that

d̂1,k = M1,k(C1,kx̃k|k + ⌃kd1,k + v1,k) (7.36)

d̂2,k�1 = M2,k(C2,k(Ak�1x̃k�1|k�1 + G1,k�1d̃1,k�1 + wk�1) + v2,k + C2,kG2,k�1d2,k�1).
(7.37)

From (7.6) and (7.7), as well as (6.7) and (7.8), the propagated and updated state
estimate errors are

x̃?
k|k = Ak�1x̃k�1|k�1 + G1,k�1d̃1,k�1 + G2,k�1d̃2,k�1 + wk�1 (7.38)

x̃k|k = (I � LkCk)x̃
?
k|k � LkU1,k⌃kd1,k � Lkvk. (7.39)

We show by induction that the estimates d̂k, x̂k|k and x̂?
k|k are unbiased. For the

base case, since x̂0|0 and x̂?
0|0 are unbiased and the process and measurement noise are

assumed to have zero mean, E[w0] = 0, E[v0] = 0, from (7.36) and (7.37), E[d̂1,0] = d1,0

and E[d̂2,0] = d2,0, i.e., d̂1,0 and d̂2,0 are unbiased, if and only if M1,0⌃0 = I, and
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M2,1C2,1G2,0 = I. Hence, d̂0 is unbiased. In the inductive step, we assume that
E[x̃k�1|k�1] = E[x̃?

k�1|k�1] = 0. Then, the input estimates are unbiased, i.e., E[d̃k�1] =

E[d̃1,k�1] = E[d̃2,k�1] = 0, if and only if M1,k�1⌃k�1 = I, and M2,kC2,kG2,k�1 = I.
Since the process noise has zero mean, by (7.38), E[x̃?

k|k] = 0. Similarly, from (7.39)
with a zero-mean measurement noise, we impose the constraint LkU1,k = 0 such that
we obtain E[x̃k|k] = 0. Therefore, by induction, E[x̃?

k|k] = 0 and E[x̃k|k] = 0 for all
k. Since we require M2,kC2,kG2,k�1 = I for all k for the existence of an unbiased
input estimate, it follows that rk(C2,kG2,k�1) = p�pHk�1 is a necessary and sufficient
condition. Furthermore, Lk = LkUkU

>
k = LkU2,kU

>
2,k since LkU1,k = 0. ⇤

Next, we continue the proof of Lemma 7.3.4 in three subsections, one for each step
of the three-step recursive filter. Then, we present the proof of Theorems 7.2.2, 7.2.3
and 7.2.4.

Unknown Input Estimation

To obtain an optimal estimate of d̂k�1 using (7.5), we estimate both components of the
unknown input as the best linear unbiased estimates (BLUE). This means that the
expected input estimate is unbiased, i.e., E[d̂1,k] = d1,k, E[d̂2,k] = d2,k and E[d̂k] = dk,
as was shown in Lemma 7.6.1, and that the mean squared error of the estimate is the
lowest possible, shown next in Theorem 7.6.2.

Theorem 7.6.2 Let x̂0|0 = x̂?
0|0 be unbiased. Then (7.14) and (7.4) provide the best

linear input estimate (BLUE) with

M1,k = ⌃�1
k (7.40)

M2,k = (G>
2,k�1C

>
2,kR̃

�1
2,kC2,kG2,k�1)

�1G>
2,k�1C

>
2,kR̃

�1
2,k (7.41)

while the input error covariance matrices are

P d
1,k = ⌃�1

k R̃1,k⌃
�1
k

P d
2,k�1 = (G>

2,k�1C
>
2,kR̃

�1
2,kC2,kG2,k�1)

�1

where we defined P̃k := Âk�1P
x
k�1|k�1Â

>
k�1 + Q̂k�1, Âk := Ak � G1,kM1,kC1,k, Q̂k :=

Qk +G1,kM1,kR1,kM
>
1,kG

>
1,k, R̃1,k := C1,kP

x
k|kC

>
1,k +R1,k and R̃2,k := C2,kP̃kC

>
2,k +R2,k.

Proof Let z̃1,k := z1,k�C1,kx̂k|k�D1,kuk and z̃2,k := z2,k�C2,kx̂k|k�1�D2,kuk. Then,

z̃1,k = ⌃kd1,k + e1,k (7.42)
z̃2,k = C2,kG2,k�1d2,k�1 + e2,k (7.43)

where we defined e1,k := C1,kx̃k|k + v1,k and e2,k := C2,k(Ak�1x̃k�1|k�1 + G1,k�1d̃1,k�1 +
wk�1) + v2,k. From the unbiasedness of the state and input estimates (Lemma 7.6.1),
E[e1,k] = 0 and E[e2,k] = 0. It can be verified that their covariance matrices, R̃1,k :=
E[e1,ke

>
1,k] and R̃2,k := E[e2,ke

>
2,k], are as given in the theorem statement. Next, we

obtain the estimates for d̂1,k and d̂2,k given by (7.14), (7.4), (7.40) and (7.41) by
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applying the well known generalized least squares (GLS) estimate (see, e.g., [86,
Theorem 3.1.1]), which are linear minimum-variance unbiased estimates, a.k.a. as
best linear unbiased estimates (BLUE). Note that since ⌃k is invertible, there is one
unique unbiased estimate of d̂1,k. Since M1,k⌃k = I and M2,kC2,kG2,k�1 = I, the
input estimate errors, and their covariance matrices are

d̃1,k = �M1,ke1,k

d̃2,k�1 = �M2,ke2,k

P d
1,k = E[d̃1,kd̃

>
1,k] = M1,kE[e1,ke

>
1,k]M

>
1,k = ⌃�1

k R̃1,k⌃
�1
k

P d
2,k�1 = E[d̃2,k�1d̃

>
2,k�1] = M2,kE[e2,ke

>
2,k]M

>
2,k (7.44)

= (G>
2,k�1C

>
2,kR̃

�1
2,kC2,kG2,k�1)

�1.

In addition, we can compute the (cross-)covariances as

P xd
1,k = (P dx

1,k)
> = �P x

k|kC
>
1,kM

>
1,k

P xd
2,k�1 = (P dx

2,k�1)
> = �P x

k�1|k�1A
>
k�1C

>
2,kM

>
2,k � P xd

1,k�1G
>
1,k�1C

>
2,kM

>
2,k

P d
12,k�1 = (P d

21,k�1)
> = �P dx

1,k�1A
>
k�1C

>
2,kM

>
2,k � P d

1,k�1G
>
1,k�1C

>
2,kM

>
2,k

P d
k =

⇥
V1,k V2,k

⇤ P d
1,k P d

12,k

P d
21,k P d

2,k

� 
V >

1,k

V >
2,k

�
.

(7.45)

Next, we note the following equality:

tr(E[d̃kd̃
>
k ]) = tr(E[Vk


d̃1,k

d̃2,k

� ⇥
d̃1,k d̃2,k

⇤
V >

k ])

= tr(V >
k VkE[


d̃1,k

d̃2,k

� ⇥
d̃1,k d̃2,k

⇤
]) = tr(P d

1,k) + tr(P d
2,k).

(7.46)

Since the unbiased estimate of d̂1,k is unique (albeit at a different time step), we have
min tr(E[d̃kd̃

>
k ]) = tr(E[d̃1,kd̃

>
1,k]) + min tr(E[d̃2,kd̃

>
2,k]), from which it can be observed

that the unbiased estimate d̂k has minimum variance when d̂1,k and d̂2,k have minimum
variances. ⇤

Time Update

The time update is given by (7.6) and (7.7), and the propagated state estimate error
covariance matrix is

P ?x
k|k =

2
4

A>
k�1

G>
1,k�1

G>
2,k�1

3
5
> 2
64

P x
k�1|k�1 P xd

1,k�1 P xd
2,k�1

P xd >
1,k�1 P d

1,k�1 P d
12,k�1

P xd >
2,k�1 P d >

12,k�1 P d
2,k�1

3
75

2
4

A>
k�1

G>
1,k�1

G>
2,k�1

3
5

+ Qk�1 � G2,k�1M2,kC2,kQk�1 � Qk�1C
>
2,kM

>
2,kG

>
2,k�1.

139



Alternatively, using (7.44) (7.45), (7.40) and (7.41), the above expression reduces to

P ?x
k|k =(I � G2,k�1M2,kC2,k)P̃k(I � G2,k�1M2,kC2,k)

> + G2,k�1M2,kR2,kM
>
2,kG

>
2,k�1

(7.47)

where M2,k and P̃k are as defined in Theorem 7.6.2.

Measurement Update

In this step, the measurement yk is used to update the propagated estimate of x̂?
k|k

and P ?x
k|k. From (6.7) and (7.8), the updated state estimate error is given by (7.39)

where the constraint LkU1,k = 0 (Lemma 7.6.1) must be imposed for all k such that
the state estimate is unbiased (E[x̃k|k] = 0) for all possible d1,k, since ⌃k has full
rank. Note that the residual/innovation term in the measurement update step given
in (7.8) appears to not contain an Hkd̂k term as would be expected. This term is
actually present, but has been nullified by the unbiasedness constraint (Lemma 7.6.1),
since LkHk = LkU1,k⌃kV

>
1,k = 0. This is also in line with the practical reason that

the unknown input estimate is not yet available. With the above constraint and
Lk = LkU2,kU

>
2,k = L̃kU

>
2,k = L̃kT2,k in Lemma 7.6.1, (7.39) can be simplified to

x̃k|k = (I � L̃kC2,k)x̃
?
k|k � L̃kv2,k, (7.48)

since we have previously defined C2,k = T2,kCk and v2,k = T2,kvk. Next, the covariance
matrix of the state error is computed as

P x
k|k = (I � L̃kC2,k)P

?x
k|k(I � L̃kC2,k)

> + (I � L̃kC2,k)G2,k�1M2,kR2,kL̃
>
k

+L̃kR2,kM
>
2,kG

>
2,k�1(I � L̃kC2,k)

> + L̃kR2,kL̃
>
k

:= P ?x
k|k + L̃kR̃

?
2,kL̃

>
k � L̃kS̃

>
k � S̃kL̃

>
k

(7.49)

where E[x̃?
k|kv

>
2,k] = �G2,k�1M2,kR2,k, and we defined R̃?

2,k := C2,kP
?x
k|kC

>
2,k + R2,k �

C2,kG2,k�1M2,kR2,k�R2,kM
>
2,kG

>
2,k�1C

>
2,k and S̃k := �G2,k�1M2,kR2,k +P ?x

k|kC
>
2,k. Using

(7.47), we can rewrite the expression R̃?
2,k = N2,kR̃2,kN

>
2,k where R̃2,k := C2,kP̃kC

>
2,k +

R2,k and N2,k := I � C2,kG2,k�1M2,k.
To obtain an unbiased minimum variance estimator, we derive the optimal gain

matrix Lk, by minimizing the trace of (7.49), since the trace represents the sum of
the estimation error variances of the states, subject to the constraint LkU1,k = 0.
However, the next lemma shows that R̃?

2,k = NkR̃2,kN
>
k is singular because Nk is rank

deficient, except when p = pHk
, i.e., Hk has full rank.

Lemma 7.6.3 Consider M2,k that satisfies (7.41), then N2,k has rank pR̃ := l � p
and l � pHk�1

 pR̃  l.

Proof Since M2,k satisfies (7.41), N2,k is an idempotent matrix, i.e., N2,kN2,k = N2,k.
From [116, Fact 3.12.9 and Proposition 2.6.3] and rk(C2,kG2,k�1) = p � pHk�1

, we
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obtain pR̃ := rk(Il�pHk�1
�C2,kG2,k�1M2,k) = l�pHk�1

�rk(C2,kG2,k�1M2,k) = l�p  l.
Since rk(C2,kG2,k�1) � 0, we have l � pHk�1

 pR̃  l. ⇤

Hence, the optimal gain matrix L̃k is in general not unique. Similar to [59], we
propose a gain matrix L̃k of the form L̃k = L̃k�̃k where �̃k 2 RpR̃⇥(l�pHk�1

) is an
arbitrary matrix which has to be chosen such that �̃kR̃

?
2,k�̃

>
k has full rank. With this,

we compute the optimal gain L̃k and thus L̃k in the following theorem.

Theorem 7.6.4 Suppose x̂0|0 = x̂?
0|0 are unbiased, and let �̃k 2 RpR̃⇥l be chosen such

that �̃kR̃
?
2,k�̃

>
k has full rank, where pR̃ = l�p. Then, the minimum-variance unbiased

state estimator is obtained with

L̃k = (P ?x
k|kC

>
2,k � G2,k�1M2,kR2,k)�̃

>
k (�̃kR̃

?
2,k�̃

>
k )�1. (7.50)

Proof By Lemma 7.6.1, the state estimates are unbiased. Then, we can find L̃ by
differentiating (7.49) with respect to L̃k and setting it to zero. ⇤

One choice of �̃k (first proposed in [50] using the singular value decomposi-
tion of R̂

� 1
2

2,k C2,kG2,k�1 = Ũk⌃̃kṼ
>
k ) such that �̃kR̃

?
2,k�̃

>
k has full rank, is given by

�̃k =
⇥
0 IpR̃

⇤
Ũ>

k R̂
� 1

2
2,k , where R̂2,k and R̃?

2,k are defined in the text following (7.49), and
pR̃ = l�p. With this �̃k, we obtain �̃kR̃

?
2,k�̃

>
k = IpR̃

which is invertible. Following the

procedure in [50, Appendix], (7.50) reduces to L̃k = (P ?x
k|kC

>
2,k � G2,k�1M2,kR2,k)R̂

�1
2,k,

which is independent of Ũk and as such, the “expensive” singular value decomposition
step can be bypassed. Another choice would be to use the Moore-Penrose pseudoin-
verse (†) such that �̃>

k (�̃kR̃
?
2,k�̃

>
k )�1�̃k = (R̃?

2,k)
†. Combining this with (7.50), we

obtain
L̃k = L̃k�̃k = (P ?x

k|kC
>
2,k � G2,k�1M2,kR2,k)(R̃

?
2,k)

†.

Moreover, Lk = Lk

⇥
U1,k U2,k

⇤ U>
1,k

U>
2,k

�
= L̃kU

>
2,k = (P ?x

k|kC
>
2,k �G2,k�1M2,kR2,k)R̃

? †
2,kU

>
2,k.

7.6.2 Global Optimality of ULISE

In the following, we relax the recursivity assumption of ULISE for both the state
and input estimates and consider x̂k|k and d̂k to be the most general linear com-
bination of the unbiased initial state estimate x̂0|0, Z1,k =

⇥
z>1,0 z>1,1 . . . z>1,k

⇤> and
Z2,k =

⇥
z>2,0 z>2,1 . . . z>2,k

⇤>. We first prove that the state update of ULISE has the
same optimal form as the filter proposed in [53, Remark 3], through which the claim
of global optimality of the state estimate over the class of all linear estimators fol-
lows from [117]. Then, we prove the global optimality of the input estimate, which
completes the proof of Theorem 7.2.2.
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Proof of Theorem 7.2.2 To this end, we rearrange the latter form of (7.8) of state
estimation for ULISE with unknown inputs estimated with (7.14) and (7.4), to obtain

x̂k|k = Âk�1x̂k�1|k�1 +Bk�1uk�1 + G1,k�1M1,k�1z1,k�1

+ Kk(z2,k � C2,k(Âk�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1M1,k�1z1,k�1)) (7.51)

Kk = G2,k�1M2,k + L̃k(I � C2,kG2,k�1M2,k) (7.52)

where Âk�1 = Ak�1 � G1,k�1M1,k�1C1,k�1, as previously defined. Repeating the pro-
cedure in Section 7.6.1, we obtain the optimal gain and the updated state estimate
error covariance as

L̃k = (P̃kC
>
2,k � G2,k�1M2,kR̃2,k)N

>
k (NkR̃2,kN

>
k )�1�k

P x
k|k = (I � KkC2,k)P̃k(I � KkC2,k)

> + KkR2,kK
>
k

where Nk := �k(I � C2,kG2,k�1M2,k), R̃2,k := C2,kP̃kC
>
2,k + R2,k and �k is an ar-

bitrary matrix such that NkR̃2,kN
>
k has full rank. Thus, the ULISE’s state and

state covariance update is almost identical to [53], in which only state estimation is
considered. The only difference is in the choice of M2,k, where M2,k is replaced by
M̃2,k := (C2,kG2,k�1)

† in [53]. More importantly, the state update law is of the optimal
form [53, Remark 3] from which the global optimality of the state estimate over the
linear class of estimators follows from [117].

To show that the input estimate is also globally optimal, we consider the input
estimate d̂g

k�1 to be the most general linear combination of the unbiased initial state
estimate x̂0|0, as well as Z1,k =

⇥
z>1,0 z>1,1 . . . z>1,k

⇤> and Z2,k =
⇥
z>2,0 z>2,1 . . . z>2,k

⇤>.
Since z̃1,i and z̃2,i as defined for (7.42) and (7.43) are linear combinations of x̂0|0, Z1,i

and Z2,i, and of x̂0|0, Z1,i�1 and Z2,i, respectively,

d̂g
k�1 = �0(k)x̂0|0 +

Pk
i=1 �1,i(k)z̃1,i +

Pk
i=1 �2,i(k)z̃2,i.

Clearly, if �1,k�1(k) = V1,k�1M1,k�1 and �2,k(k) = V2,k�1M2,k where M1,k�1 and M2,k

are as in (7.40) and (7.41), and if �0(k), �1,k(k), {�1,i(k)}k�2
i=0 and {�2,i(k)}k�1

i=0 are
zero, then d̂g

k�1 is unbiased. To show the converse, we suppose that d̂g
k�1 is un-

biased, i.e., E[d̂g
k�1] = V1,k�1d1,k�1 + V2,k�1d2,k�1. Since dk can take on any arbi-

trary value and z1,k is a function of d1,k, �1,k(k) = 0 such that d̂g
k�1 remains unbi-

ased. Moreover, the first measurements containing d1,k�1 and d2,k�1 are z1,k�1 and
z2,k, then E[�1,k�1(k)z̃1,k�1] = V1,k�1d1,k�1 and E[�2,k(k)z̃2,k] = V2,k�1d2,k�1. Con-
sequently, �1,k�1(k) = V1,k�1M1,k�1 and �2,k(k) = V2,k�1M2,k. Moreover, for d̂g

k�1

to be unbiased, �0(k) = 0, {�1,i(k)}k�2
i=0 = 0 and {�2,i(k)C2,iG2,i�1}k�1

i=0 = 0 must
hold. Finally, we prove that the mean squared error E[kdk�1 � dg

k�1k2
2] is mini-

mized when {�2,i(k)}k�1
i=0 = 0. From the unbiasedness conditions of d̂g

k�1, we have
dk�1�dg

k�1 = d̃k�1�
Pk�1

i=0 �2,i(k)z̃2,i where d̃k is as defined above Lemma 7.6.1. Since
it is straightforward to verify (as in [117, Lemmas 1 and 2]) that E[d̃k(�2,i(k)z̃2,i)

>] = 0
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for all i  k, it follows that

E[kdk�1 � dg
k�1k2

2] = tr{E[(d̃k�1 �
Pk�1

i=0 �2,i(k)z̃2,i)(d̃k�1 �
Pk�1

i=0 �2,i(k)z̃2,i)
>]}

= tr{E[d̃k�1d̃
>
k�1]} + E[kPk�1

i=0 �2,i(k)z̃2,ik2
2]

where the first term is minimized by ULISE as is shown in (7.46) and Theorem 7.6.2,
while the latter term is minimized when

Pk�1
i=0 �2,i(k)z̃2,i = 0, which occurs when

{�2,i(k)}k�1
i=0 = 0, as desired. Thus, Theorem 7.2.2 holds. ⇤

Remark 7.6.5 ULISE provides a family of optimal state estimators parameterized
by �k or �̃k, while the filter in [53] provides a specific solution with Nk as the left
null matrix of C2,kG2,k, i.e., Nk = Null((C2,kG2,k)

>)>. More importantly, we have
shown that the decorrelation constraint assumed in [53], such that only z2,k can be
used in the state update to avoid obtaining a suboptimal estimator, is justified as a
direct consequence of the unbiasedness constraint in Lemma 7.6.1, i.e., LkU1,k = 0.

7.6.3 Stability of ULISE

In this section, we prove the stability of the ULISE filter by first reducing the linear
time-varying system with unknown inputs to an equivalent system without unknown
inputs. Then, we use existing results on the stability of the Kalman filter [104, Section
5] to obtain the sufficient conditions for the stability of the original system.

Proof of Theorem 7.2.3 We begin by reducing the system with unknown inputs
to one without unknown inputs. From (7.8) and (6.9), we obtain x̃k|k = x̃?

k|k �
L̃k(C2,kx̃

?
k|k + v2,k). Then, substituting (7.44) into (7.38) and the above equation, and

rearranging, we obtain

x̃k|k = Ak�1x̃k�1|k�1 + wk�1 � L̃k(C2,kAk�1x̃k�1|k�1 + C2,kwk�1 + v2,k), (7.53)

wihere we have defined

Ak�1 = (I � G2,k�1M2,kC2,k)Âk�1

wk�1 = �(I � G2,k�1M2,kC2,k)(G1,k�1M1,k�1v1,k�1 � wk�1) � G2,k�1M2,kv2,k.

As it turns out, the state estimate error dynamics above is the same for a Kalman
filter [43] for a linear system without unknown inputs:

xe
k+1 = Akx

e
k + wk; ye

k = C2,kx
e
k + v2,k.

Since the objective for both systems is the same, i.e., to obtain an unbiased minimum-
variance filter, they are equivalent systems from the perspective of optimal filtering.
However, the noise terms of this equivalent system are correlated, i.e., E[wkv

>
2,k] =

�G2,k�1M2,kR2,k. To transform the system further into one without correlated noise,
we employ a common trick of adding a zero term �G2,k�1M2,k(y

e
k � C2,kx

e
k � v2,k) to

obtain: xe
k+1 = ¯̄Akx

e
k + ¯̄uk + ¯̄wk; ye

k = C2,kx
e
k + v2,k, where ¯̄Ak = Ak + G2,k�1M2,kC2,k,
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¯̄uk = �G2,k�1M2,ky
e
k is a known input and ¯̄wk = wk + G2,k�1M2,kv2,k. The new

noise terms ¯̄wk and v2,k are uncorrelated with covariances ¯̄Qk := E[ ¯̄wk ¯̄w>
k ] = (I �

G2,k�1M2,kC2,k)Q̂k�1(I � G2,k�1M2,kC2,k)
>, R2,k and E[ ¯̄wkv

>
2,k] = 0, where Q̂k�1 and

M2,k are as defined in Theorem 7.6.2.
Ideally, if we can compute ¯̄A and ¯̄Q prior to applying the ULISE algorithm, then

the uniform detectability and stabilizability conditions of [104, Section 5] can be di-
rectly applied to obtain the desired stability property. However, this is not the case as
these matrices depend on P x

k�1|k�1, which is not available a priori. Thus, we substitute
M2,k in (7.4) with M̃2,k := (C2,kG2,k�1)

† to obtain Ãk := (I � G2,k�1M̃2,kC2,k)Âk�1 +

G2,k�1M̃2,kC2,k and Q̃k := (I � G2,k�1M̃2,kC2,k)Q̂k�1(I � G2,k�1M̃2,kC2,k)
>. This re-

moves the dependence on P x
k�1|k�1 from the uniform detectability and stabilizability

tests in Theorem 7.2.3.
From [104, Lemma 5.1 & Corollary 5.2], if (Ãk, C2,k) is uniformly detectable,

then the corresponding filter error covariance P x,sub
k|k is bounded. By the optimal-

ity of the ULISE algorithm, it follows that the ULISE error covariance P x
k|k and

the filter gain L̃k are bounded. Next, by [104, Theorems 4.3 & 5.3], the uniform
stability of (Ãk, Q̃

1
2
k ) and the boundedness of L̃k imply that the filter (with L̃k but

with M̃2,k in the input estimate) is exponentially stable. Finally, using the fact
that the ordinary and generalized least squares input estimates have the same ex-
pected value (see, e.g., [118, pp. 223-224]), it can be verified from (7.53) that
E[x̃k|k] = (I � L̃kC2,k)Ak�1E[x̃k�1|k�1] = (I � L̃kC2,k)Ãk�1E[x̃k�1|k�1], from which

it follows that the uniform stability of (Ãk, Q̃
1
2
k ) and the boundedness of L̃k also imply

that ULISE is exponentially stable. ⇤

Next, we consider the time-invariant case, for which uniform detectability and
uniform stabilizability reduce to standard definitions of detectability and stabilizabil-
ity [105]. Thus, the sufficient conditions of Theorem 7.2.4 follow directly. In addition,
noting the similarity of ULISE to the state estimator in [53] and that the conditions
given in [50] is independent of the choice of M2,k or M̃2,k, it can be shown that the
convergence and stability conditions are as given in Theorem 7.2.4.

7.6.4 Whiteness Property of Generalized Innovation of ULISE

In this section, we provide a proof for Theorem 7.2.6, which establishes that the
generalized innovation, like the innovation, is a Gaussian white noise. This whiteness
property is desirable as it serves as a confirmation that ULISE is indeed optimal
(as with the Kalman filter). Moreover, the whiteness property of the generalized
innovation can also be used to derive the filter gain L̃k in (7.8) as can be seen by
setting E[⌫k⌫

>
j ] to zero for all j < k in (7.58), providing an alternative derivation

approach to Section 7.6.1.
To prove this property, we begin by substituting z2,k from (6.9) into (7.9), yielding

⌫k = �̃k(C2,kx̃
?
k|k + v2,k). (7.54)
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Since E[x̃?
k|k] = 0 and E[v2,k] = 0 for all k (cf. Lemma 7.6.1), it follows that the

generalized innovation has zero mean, i.e., E[⌫k] = 0, with covariance

E[⌫k⌫
>
j ] = E[�̃k(C2,kx̃

?
k|k + v2,k)(C2,jx̃

?
j|j + v2,j)

>�̃>
j ].

We first show that the above covariance is zero when k 6= j. Without loss of gener-
ality, we assume that k > j. In this case, from the properties of the filter, we have
E[v2,kx̃

?>
j|j ] = E[v2,kv

>
2,j] = 0, thus the covariance reduces to

E[⌫k⌫
>
j ] = �̃kC2,k(E[x̃?

k|kx̃
?>
j|j ]C

>
2,k + E[x̃?

k|kv
>
2,j])�̃

>
j . (7.55)

Next, to evaluate E[x̃?
k|kx̃

?>
j|j ] and E[x̃?

k|kv
>
2,j], we first find the a priori estimation error:

x̃?
k+1|k+1 = xk+1 � x̂?

k+1|k+1

= Ak(I � L̃k�̃kC2,k)x̂
?
k|k + (I � G2,kM2,k+1C2,k+1)wk � G2,kM2,k+1v2,k+1

+ G2,kM2,k+1C2,k+1G1,kM1,kv1,k � AkL̃k�̃kv2,k

:= �kx̃
?
k|k + v0

k, (7.56)

where �k and v0
k are defined above while Ak := (I � G2,kM2,k+1C2,k+1)Âk and Âk :=

Ak � G1,kM1,kC1,k. With the state transition matrix of the error system given by

�k|j =

⇢
�k�1�k�1 . . .�j = �k|j+1�j, k > j
I, k = j,

the state estimate error is given by

x̃?
k|k = �k|jx̃?

j|j +
Pk�1

`=j �k|`+1v
0
`. (7.57)

Thus, from (7.56), we obtain E[v0
`x̃

?>
j|j ] = 0 and E[v0

`v
>
2,j] = 0 when ` > j (i.e., future

noise is uncorrelated with current estimate error and current noise) while when ` = j,
E[v0

jx̃
?>
j|j ] = AjL̃j�̃jR2,jM

>
2,jG

>
2,j�1 and E[v0

jv
>
2,j] = AjL̃j�̃jR2,j. With this and from

(7.55), we can evaluate E[x̃?
k|kx̃

?>
j|j ], E[x̃?

k|kv
>
2,j] and E[⌫k⌫

>
j ] as follows:

E[x̃?
k|kx̃

?>
j|j ]=�k|j+1(�jP

?x
j|j + AjL̃j�̃jR2,jM

>
2,jG

>
2,j�1)

E[x̃?
k|kv

>
2,j]=��k|j+1(�jG2,j�1M2,jR2,j +AjL̃j�̃jR2,j)

) E[⌫k⌫
>
j ]= �̃kC2,k�k|j+1(AjL̃j�̃jR2,jM

>
2,jG

>
2,j�1C

>
2,j + �jP

?x
j|jC

>
2,j

��jG2,j�1M2,jR2,j � AjL̃j�̃jR2,j)�̃
>
j

= �̃kC2,k�k|j+1Aj(P
?x
j|jC

>
2,j � G2,j�1M2,jR2,j � L̃j�̃jR̃

?
2,j)�̃

>
j

= 0,

(7.58)

where R̃?
2,j = C2,jP

?x
j|jC

>
2,j + R2,j �R2,jM

>
2,jG

>
2,j�1C

>
2,j �C2,jG

>
2,j�1M2,jR2,j and for the

final equality, we substituted the filter gain (7.50) from Theorem 7.6.4. Finally, for
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j = k, we can find Sk := E[⌫k⌫
>
k ] as

Sk = �̃k(C2,kP
?x
k|kC

>
2,k � C2,kG2,k�1M2,kR2,k � R2,kM

>
2,kG

>
2,k�1C

>
2,k + R2,k)�̃

>
k

= �̃k(I � C2,kG2,k�1M2,k)R̃2,k(I � C2,kG2,k�1M2,k)
>�̃>

k

= �̃kR̃
?
2,k�̃

>
k .

Furthermore, from (7.57) and (7.54), since we assumed that wk and vk for all k and
x0 are Gaussian, the generalized innovation ⌫k is a linear combination of Gaussian
random variables and is thus itself Gaussian. Therefore, we have shown that ⌫k is
a Gaussian white noise with zero mean and covariance Sk. Moreover, Sk is positive
definite since �̃k is chosen such that Sk is invertible (cf. Theorem 7.6.4).

7.6.5 Derivation and Analysis of ULISS Smoother

In this section, we derive the backward pass equations (7.10) using two different
methods—via minimum mean squared error estimation and maximum likelihood es-
timation. In the first proof via minimum mean squared error estimation (a.k.a.
Bayesian least squares), the optimal estimate is given by the expected value of

xk and dk given all observations, i.e.,

x̂MMSE

k

d̂MMSE
k

�
= E


xk

dk

�
|y0:N , u0:N

�
(see, e.g.

[119, Section 4.6]). To compute this, we seek the likelihood of the estimates of
xk and dk and evaluate the expected value of the likelihood function. In the sec-
ond proof via maximum likelihood estimation, as with the derivation of the RTS
smoother, we define a loss function for the problem and find a smoothing solution
that minimizes the posterior loss, which in turn guarantees that the estimates at-

tain maximum likelihood

x̂MLE

k

d̂MLE
k

�
= arg max

xk,dk

p

✓
xk

dk

�
|y0:N , u0:N

◆
. By inspection, it

can be seen that both derivation methods produce the same estimates as given in
(7.10). Moreover, by law of iterated expectations, the estimates are unbiased since

E


x̂MMSE
k

d̂MMSE
k

��
= E


E


xk

dk

�
|y0:N , u0:N

��
=


xk

dk

�
. Thus, Theorem 7.2.8 holds.

Proof 1: Minimum Mean-Squared Error Estimation

This proof relies extensively on the properties of Gaussian distributions given in
Section 6.4.5 (Lemmas 6.4.14 and 6.4.15). From the forward pass algorithm, ULISE,
we first find the joint probability of xk+1, xk and dk given y0:k0 and u0:k0 , where k0

is an intermediate step between k and k + 1 such that dk can be entirely estimated,
but before the estimate of xk+1 can be updated (right after the filtering step in Line
14 of Algorithm 3). Note that this corresponds to the propagation/prediction step,
which is before the update step in ULISE, as described in Section 7.2.1, in line with
the approach of the RTS smoother [44]. This joint probability is computed in the
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forward pass (filtering) and is given by (cf. Section 7.2.1):

p(xk, dk, xk+1|y0:k0 , u0:k0) = N

0
@
2
4

xk

dk

xk+1

3
5 ;

2
4

x̂k|k
d̂k

x̂?
k+1|k+1

3
5 ,

2
4

P x
k|k P xd

k J�
1,k

P dx
k P d

k J�
2,k

J� >
1,k J� >

2,k P ?x
k+1|k+1

3
5
1
A ,

(7.59)

where J�
1,k and J�

2,k are as defined in (7.10), and x̂k|k, x̂?
k+1|k+1, d̂k, P x

k|k, P ?x
k|k , P dx

k =

(P xd
k )> and P d

k are computed by the forward pass. From the Markov property of the
state transition in (6.1) and by Lemma 6.4.15, we obtain

p(xk, dk|xk+1, y0:k0 , u0:k0) = p(xk, dk|xk+1, y0:k, u0:k) = N
�
[x>

k d>
k ]>; µ0, P 0� ,

where µ0 =


x̂k|k
d̂k

�
+ Jk(xk+1 � x̂?

k+1|k+1) and P 0 =


P x

k|k P xd
k

P dx
k P d

k

�
� JkP

?x
k+1|k+1J

>
k with Jk

defined in (7.10).
Similarly, we obtain from the Markov property of the state transition in (6.1) the

following marginal distribution

p(xk, dk|xk+1, y0:N , u0:N) = p(xk, dk|xk+1, y0:k, u0:k) = N
�
[x>

k d>
k ]>; µ0, P 0� .

Next, assuming that p(xk+1|y0:N , u0:N) = N (xk+1; x̂k+1|N , P x
k+1|N) is given, then by

Lemma 6.4.14, we can find the joint distribution of xk, dk and xk+1 given all the data

p(xk, dk, xk+1|y0:N , u0:N) = p(xk, dk|xk+1, y0:N , u0:N)p(xk+1|y0:N , u0:N)
= N

�
[x>

k+1 x>
k d>

k ]>; µ00, P 00� ,

where by the property of joint density of Gaussian distributions given in Lemma 1,
we find µ00 and P 00 as follows

µ00 =

2
4

x̂k+1|N
x̂k|k
d̂k

�
+ Jk(x̂k+1|N � x̂?

k+1|k+1)

3
5

P 00 =


P x

k+1|N P x
k+1|NJ>

k

JkP
x
k+1|N JkP

x
k+1|NJ>

k + P 0

�
.

(7.60)

Finally, we find the joint marginal posterior distribution of xk and dk using the prop-
erty of marginal density of partitioned Gaussians (with x = xk+1, y = [x>

k d>
k ]> in

Lemma 6.4.15) as

p(xk, dk|y0:N , u0:N)=N
✓

xk

dk

�
;


x̂k|N
d̂k|N

�
,


P x

k|N P xd
k|N

P dx
k|N P d

k|N

�◆

with

x̂k|N
d̂k|N

�
and


P x

k|N P xd
k|N

P dx
k|N P d

k|N

�
given by (7.10). Then, we perform the backward recur-

sion starting from the last time step N � 1, where x̂N |N , x̂?
N |N P x

N |N and P ? x
N |N . This
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concludes the proof. ⇤

Proof 2: Maximum Likelihood Estimation

This proof is based on the maximization of the log-likelihood for all k < N (with
non-informative priors for xk, xk+1, dk):

L(xk, dk, xk+1, y0:N , u0:N) = log P (xk, dk, xk+1|y0:N , u0:N)
= log P (xk, dk, xk+1, yk0+1:N |y0:k0 , u0:N) � log P (yk0+1:N |y0:k0 , u0:N).

(7.61)

Then, using conditional probabilities, we observe that

P (xk, dk, xk+1, yk0+1:N |y0:k0 , u0:N)
= P (yk0+1:N |xk, dk, xk+1, y0:k0 , u0:N)P (xk, dk, xk+1|y0:k0 , u0:N)
= P (yk0+1:N |xk+1, uk+1:N)P (xk, dk, xk+1|y0:k0 , u0:k0),

(7.62)

where the final equality is the result of the Markov property of the system (cf. Figure
7-1) and P (xk, dk, xk+1|y0:k0 , u0:k0) can be found using (7.59), derived in Section 7.2.1.

Substituting (7.59) and (7.62) into (8.6), we have

L(xk, dk, xk+1, y0:N , u0:N)

= �

0
@
2
4

xk

dk

xk+1

3
5�

2
4

x̂k|k
d̂k

x̂?
k+1|k+1

3
5
1
A

> 2
4

P x
k|k P xd

k J�
1,k

P dx
k P d

k J�
2,k

J� >
1,k J� >

2,k P ?x
k+1|k+1

3
5
�10
@
2
4

xk

dk

xk+1

3
5�

2
4

x̂k|k
d̂k

x̂?
k+1|k+1

3
5
1
A

+ terms which do not involve xk and dk.
(7.63)

Next, our goal is to obtain a backward recursion to find the maximum likelihood
estimates of x̂k|N and d̂k|N given the estimate x̂k+1|N . It follows from (7.63) that x̂k|N
and d̂k|N are the solution that minimizes the following loss function:

J =

2
4

xk � x̂k|k
dk � d̂k

x̂k+1|N � x̂?
k+1|k+1

3
5
> 2
4

P x
k|k P xd

k J�
1,k

P dx
k P d

k J�
2,k

J� >
1,k J� >

2,k P ?x
k+1|k+1

3
5
�1 2
4

xk � x̂k|k
dk � d̂k

x̂k+1|N � x̂?
k+1|k+1

3
5

=

2
4


xk � x̂k|k
dk � d̂k

�

x̂k+1|N � x̂?
k+1|k+1

3
5
>

⇤

2
4


xk � x̂k|k
dk � d̂k

�

x̂k+1|N � x̂?
k+1|k+1

3
5

=


xk � x̂k|k
dk � d̂k

�>
⇤�1

11


xk � x̂k|k
dk � d̂k

�
+ (x̂k+1|N � x̂?

k+1|k+1)
>⇤�1

22 (x̂k+1|N � x̂?
k+1|k+1)

+


xk � x̂k|k
dk � d̂k

�>
⇤�1

12 (x̂k+1|N � x̂?
k+1|k+1) + (x̂k+1|N � x̂?

k+1|k+1)
>(⇤>

12)
�1


xk � x̂k|k
dk � d̂k

�
,

(7.64)

where ⇤ :=


⇤11 ⇤12

⇤>
12 ⇤22

�
can be obtained using the blockwise matrix inversion formula
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given in Section 6.4.6:

⇤11 =

 
P x

k|k P xd
k

P dx
k P d

k

�
�

J�

1,k

J�
2,k

�
P ?x

k+1|k+1


J�

1,k

J�
2,k

�>!�1

⇤12 = �⇤11


J�

1,k

J�
2,k

�
P ?x

k+1|k+1

⇤22 =

 
P ?x

k+1|k+1 �

J�

1,k

J�
2,k

�> 
P x

k|k P xd
k

P dx
k P d

k

� 
J�

1,k

J�
2,k

�!�1

.

Setting the gradient of J in (7.64) to zero, we obtain the estimates of x̂k|N and d̂k|N as

are given in (7.10). Next, subtracting

xk

dk

�
from both sides of (7.10) and rearranging,

we have

x̃k|N
d̃k|N

�
+ Jkx̂k+1|N =


x̃k|k
d̃k|k

�
+ Jkx̂

?
k+1|k+1 (7.65)

Using the following facts:

E[x̂k+1|N x̂>
k+1|N ] = E[xk+1x

>
k+1] � P x

k+1|N

E[x̂?
k+1|k+1x̂

?>
k+1|k+1] = E[xk+1x

>
k+1] � P ?x

k+1|k+1

E


x̃k|N
d̃k|N

�
x̂>

k+1|N

�
= E


x̃k|k
d̃k|k

�
x̂?>

k+1|k+1

�
= 0,

where the last fact is a result of the orthogonality principle of minimum mean square
error estimation (see, e.g., [120, Section 4.2]), we obtain the recursive equation for
the error covariance of the smoothed estimates given in (7.10). ⇤

7.6.6 State Estimate Bias of ELISE & ALISE Filters

In this section, we derive the convergence rate of the state estimate bias that was given
in Lemmas 7.3.2 and 7.3.8. We first provide a proof for the convergence rate of the
state estimate bias for ELISE. Then, we show that the same convergence rate is true
of ALISE, by showing that the state estimates of ELISE and ALISE are equivalent.

Error Bound on State Estimate Bias for ELISE

From (7.15) and choosing the matrices M1 and M2 such that M1⌃ = I and M2C2G2 =
I, which is possible because ⌃ and C2G2 have full rank by assumption, we obtain

d̃1 := d1 � d̂1 = �M1(C1x̃ + v1),

d̃2 := d2 � d̂2 = �M2(C2Â + T 2C)x̃ � M2v2 + M2C2G1M1v1 � M2C2Ww
(7.66)
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where Â := A�G1M1C1. Note that v2 = T2v̇ in the case when the signal ẏ is known,
as is assumed for ALISE. Next, substituting (7.66) into the system dynamics in (6.2),
and using (7.16), we obtain the state estimate error system

˙̃x = ẋ � ˙̂x = Ax̃ + w � L(C2x̃ + v2) (7.67)

where A and w are as defined in Theorem 7.3.5.
The state estimate bias system, ˙̆x = Ăx̆ (from (7.67)), is linear, where Ă :=

A � LC2 and x̆ := E[x̃]. Since we assume that the filter is uniformly asymptotically
stable and the state estimate bias system is linear, by [121, Theorem 3.3.8] and [107,
Theorem 3], the resulting state estimate bias of the system decays exponentially, i.e.,
there exist � and � such that the state estimate bias converges exponentially as is
given in (7.17).

If additionally, Ă is bounded, then by the result in [108, Theorem 5], the pair (Ă, I)
is uniformly completely observable (see Definition 6.4.10), where In⇥n is the identity
matrix. Next, since Ă is Hurwitz and (Ă, I) is uniformly completely observable,
with bounded I and Ă, we can apply the result of [111, Theorem (i)] and [122,
Theorem 5(i)] to obtain explicit expressions of the constants � and �. Besides, given
that (Ă, I) is uniformly completely observable, then there exists a unique positive
definite solution, S(t) = limT!1⇧(t, T ) � 0 for all t � t0, where ⇧(t, T ) is defined
by ⇧̇ + (A � LC2)

>⇧ + ⇧(A � LC2) = �I with boundary condition ⇧(T, T ) = 0.

In addition, S(t) = lim
T!1

Z T

t

�Ă(t)(t, s)�
>
Ă(t)

(t, s)ds, which has eigenvalues that are

bounded above and below [111, Eq. (20-21)] and V = x̆>Sx̆ is a Lyapunov function
with V̇ = �x̆>x̆ [111, Eq. (23)]. For the detailed proof of this, the reader is referred
to [111,122].

From the Lyapunov function above, we apply the approach in [37, pp. 91-93]
to analyze the convergence rate of the state estimate bias. Let �max(S) denote the
largest eigenvalue of S and � := 1/�max(S). Then, from

x̆>x̆ � 1

�max(S)
x̆>(�max(S)I)x̆ � �x̆>Sx̆ = �V,

we have V̇  ��V  �2�V , where � is the supremum of �/2 over the set of all � for
all t � t0. Then, applying the convergence lemma in [37, p. 91], we have

�min(S)kx̆k2  �min(S)kx̆k2  x̆>Sx̆  V (t0)e
�2�t.

Hence, we obtain kE[x̃]k = kx̆k  �e��(t�t0) where � and � are given in (7.18).

Error Bound on State Estimate Bias for ALISE

In the following, we provide an alternative to ELISE for estimating the state of the
system of interest, when an additional measurement y containing information that
is equivalent to the ‘output derivative’ is unavailable, which is a central feature of
ALISE. First, we note that the additional measurement would be superfluous if the
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output derivative is fortuitously available. Thus, the idea is to derive a state estimator
through indirect access of ẏ with only measurements of y. This same idea would also
apply for cases when u̇ is not easily computed. Therefore, to circumvent the need to
have direct access to ẏ and u̇ in ALISE, we propose an equivalent state estimation
algorithm given by (7.26) that produces the same state estimate as (7.16) with only
y and u, which are known. Using (7.13) and (7.14) with z2 = T2ẏ and the matrices
according to Special Case 1 as well as rearranging and combing terms, the state
estimation (7.16) can be rewritten as follows:

˙̂x = Ax̂ + Bu + G1M1(z1 � C1x̂ � D1u) + G2M2(T2ẏ � (C2A + T2Ċ)x̂

�C2G1M1(z1 � C1x̂ � D1u) � D2u̇ � (C2B + T2Ḋ)u) + L(z2 � C2x̂ � D2u)
= (A � LC2)x̂ + (B � LD2)u + GM1z1 + Lz2 + G2M2T2ẏ � G2M2D2u̇
:= g(x̂, u, z1, z2) + �1ẏ + �2u̇ (7.68)

where B := (I �G2M2C2)(B �G1M1D1), G = (I �G2M2C2)G1M1. Then, to derive
an equivalent without ẏ and u̇, we let

✓̇ = g(x̌, u, z1, z2) � �̇1y � �̇2u,
x̌ = �1y + �2u + ✓,

(7.69)

where �̇1 and �̇2 can be obtained by differentiating �1 and �2. The resulting equa-
tions are summarized in Algorithm 4. Taking the derivative of x̌, we have

˙̌x = �1ẏ + �̇1y + �̇2u + �2u̇ + ✓̇

= �1ẏ + �2u̇ + g(x̌, u, z1, z2),

So the output x̌ of (7.69) is identical to that of x̂ in (7.68). However, (7.69) does
not include ẏ and u̇, as desired. Nevertheless, because of the different assumed noise
models, the resulting filter gain L is different in (7.16) and (7.26). The filter gain
equation and Riccati differential equation remain the same, but are computed with
different noise covariance matrices of w, v and v := v̇:

Q = Pw, R =
⇥
I 0

⇤
P v

⇥
I 0

⇤>
,

R =
⇥
0 I

⇤
P v

⇥
0 I

⇤>
, R̀ =

⇥
I 0

⇤
P v

⇥
0 I

⇤>
,

where Pw and P v are propagated covariances that are solutions to the differential
Lyapunov equations given by Ṗw = �AwPw � PwA

>
w + BwQGB>

w and Ṗ v = AvP
v +

P vA
>
v +BvRGB

>
v , with Pw(t0) = Pw

0 and P v(t0) = Pv
0 , respectively, as given in [123].

Note that Pw and P v are bounded for all t � t0, and their bounds are given in [124].

7.6.7 Input Estimate Bias of ELISE & ALISE Filters

We now prove Lemmas 7.3.3 and 7.6.7, which give a bound on the input estimate
bias as a function of time, t, and time step of the finite difference approximation,
dt, which results from a biased initial state estimate, and is induced by the finite
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difference approximation in ALISE.

Error Bound on Input Estimate Bias for ELISE

Since we have shown in Section 7.6.6 that kE[x̃]k converges to zero with rate �, it
follows from (7.66) that

kE[d̃]k  kV1E[d̃1]k + kV2E[d̃2]k
 (kV1M1C1k + kV2M2(C2Â + T 2C)k)�e��(t�t0),

i.e., the convergence rate of input estimate bias is also �.

Error Bound on Input Estimate Bias for ALISE

Unlike the state estimate, the estimate of the unknown input can only be computed
to any degree of accuracy when compared to the MVU input estimate assuming that
the exact output derivative is known. This is not unexpected, as this is also the same
extent that observer designs (e.g., [65, 66]) are able to achieve. Thus, in this section,
we provide the expected error bound on the unknown input estimate given by (7.25),
which, asymptotically, is arbitrarily small.

As seen in (7.25), ALISE utilizes the backward finite approximation of the output
derivative. This induces an error in the estimate d̂2, when compared to the ideal case
in which ż2 = T2ẏ (Ṫ2 = U̇>

2 = 0 by Theorem 6.4.11) is accessible. The next lemma
characterizes the effect of the approximation error on the estimate, specifically, on
the bias and variance of the estimate, E[d2 � d̂2] and E[(d2 � d̂2)(d2 � d̂2)

>].

Lemma 7.6.6 The error induced in the estimate of d̂2 by replacing the exact ż2 = T2ẏ
with its finite difference approximation is given by

d2 � d̂2 = M2E

ż2 �

z2(t) � z2(t � dt)

dt

�
=

1

2
M2E[z̈2(c)]dt (7.70)

for some c 2 (t�dt, t), where the input estimate with perfect knowledge of ż2 is defined
as d2 := M2(T2ẏ � (C2A + T2Ċx̂ � C2Bu � C2G1d̂1 � D2u̇ � T2Ḋu)) and

z̈2 = T2[(2ĊA + CȦ + CA2 + C̈)x + (ĊB + CAB + CḂ + ĊB + D̈)u

+(CB + 2Ḋ)u̇ + Dü + (2CĠ1 + CAG1 + CĠ2)d1 + CG2ḋ1 + Ḣ1ḋ1 + Ḧ1d1

+H1d̈1 + Ḣ1ḋ1 + (2ĊG2 + CAG2 + CĠ2)d2 + CG2ḋ2

+(ĊW + CẆ � CWAw)w + CWBwwG + v̈]

= E[z̈2] + T2((ĊW + CẆ � CWAw)w + CWBwwG � Av̇v̇ � Avv + BvvG).

Proof To obtain the above result, we apply Taylor’s theorem (see for e.g., [125] for
proof of Taylor’s theorem) to obtain

z2(t � dt) = z2(t) � ż2((t))dt +
1

2
z̈2(c)(dt)

2 (7.71)
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for some c 2 (t � dt, t), since by Assumption (A10), ż2 is continuous on [t � dt, t] and
z̈2 exists for all t 2 [t � dt, t]. Rearranging the above equation, we have

ż2 �
z2(t) � z2(t � dt)

dt
=

1

2
z̈2(c)dt

Then, by differentiating z2 twice with respect to t and from (7.25), we find the error
induced by the finite difference approximation as given in (7.70). ⇤
Remark 7.6.7 Note that z̈2 and E[z̈2] are independent of Ḣ1, Ḧ1 and d̈2 by Corollary
6.4.12. Thus, for the boundedness of z̈2, the signal d̈ need not be bounded, similar to
the assumption for the observer in [65]. Furthermore, the derivatives of H need not
be bounded.

Armed with Lemma 7.6.6, we now derive the expected error bound in Lemma 7.3.3.
The total expected input estimate bias consists of the error given in (7.19) due to
initial state estimate bias, and the error induced by the finite difference approximation
ż2 given by Lemma 7.6.6, i.e.,

E[d � d̂] = (V1M1C1 + V2M2(C2Â + T2Ċ))E[x̃] +
1

2
V2M2E[z̈2(c)]dt,

) kE[d̃]k  k(V1M1C1 + V2M2(C2Â + T2Ċ))k�e��(t�t0) +
1

2
kV2M2E[z̈2(c)]kdt

 ↵1e
��(t�t0) + ↵2dt, (7.72)

where ↵1 and ↵2 are given in (7.20) and (7.29).
Next, we find the approximation error induced by the finite difference approxi-

mation on the input error covariance matrix. Furthermore, we have tr(E[d̃d̃>]) =
tr(P d

1 ) + tr(P d
2 ) (shown later in (7.81)). Since there is no approximation error in the

estimate of d̂1 because it is independent of ż2, the only source of approximation error
comes from the error covariance matrix P d

2 , which can be computed from

P d
2 �(0) = E[(d2 � d̂2)(t)(d2 � d̂2)

>(t)]

= E[(d2 � d2)(t)(d2 � d̂2)
>(t)] + E[(d2 � d̂2)(t)(d2 � d2)

>(t)]

+ E[(d2 � d̂2)(t)(d2 � d̂2)
>(t)] + E[(d2 � d2)(t)(d2 � d2)

>(t)]

=
1

2
E[d̃2z̈2(c)

>]M>
2 dt +

1

2
M2E[z̈2(c)d̃

>
2 ]dt +

1

4
M2E[z̈2(c)z̈2(c)

>]M>
2 (dt)2

+ M2R̃2M
>
2 (t)�(0)

=
1

2
E[d̃2z̈2(c)

>]M>
2 dt +

1

2
M2E[z̈2(c)d̃

>
2 ]dt +

1

4
M2E[z̈2(c)]E[z̈2(c)]

>M>
2 (dt)2

+
1

4
M2E[(z̈2(c) � z̈2(c)])(z̈2(c) � E[z̈2(c)]

>)M>
2 (dt)2 + M2R̃2M

>
2 (t)�(0)

= ((
1

4
M2T2(

⇥
�Av �Av̇

⇤
P v

⇥
�Av �Av̇

⇤>
+CWBwQGB>

wW>C> + BvRGB>
v

+ (ĊW + CẆ � CWAw)Pw(ĊW + CẆ � CWAw)>)T>
2 M>

2 )(c)(dt)2

+ M2R̃2M
>
2 (t))�(0) (7.73)
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where we applied Lemma 7.6.6, (7.66), and removed the negligible contributions of
E[d̃2z̈2(c)

>] and E[z̈2(c)]E[z̈2(c)
>] since c 6= t such that �(t � c) ⌧ �(0) , and both

E[d̃2] and E[z̈2] are finite. Thus, comparing the above error covariance matrix (7.73)
with the input estimate error covariance matrix with perfect knowledge of ż2 given
by P d

2 := M2R̃2M
>
2 , we can find the trace of the difference between the two error

covariance matrices:

|tr(P d � P d)| = |1
4
tr(M2T2(CWBwQGB>

wW>C> + [�Av � Av̇]P
v[�Av � Av̇]

>

+BvRGB>
v + (ĊW + CẆ � CWAw)Pw(ĊW + CẆ

�CWAw)>)T>
2 M>

2 )(c)|(dt)2

 ↵3(dt)
2, (7.74)

where ↵3 is as given in (7.29). Since ↵1, ↵2 and ↵3 in (7.72) and (7.74) are bounded
by Assumption (A10) and by choice of the noise models which results in finite noise
intensities (see bounds in [124]), and dt can be chosen to be arbitrarily small, the
expected value of the estimate d̂2 given by (7.25) asymptotically tends to the true
value of d2 with minimum-variance error covariance to any desired accuracy. Thus,
Lemma 7.3.3 holds.

7.6.8 Derivations of ELISE and Optimality

We first provide a proof of Theorem 7.3.4 by constructing a ‘virtual’ equivalent system
without unknown inputs, which allows us to derive analogous properties of our filter
to that of the Kalman-Bucy filter, including the optimality of ELISE in the minimum-
variance unbiased sense. Then, we provide an alternative derivation for the Special
Case 1 by means of limiting case approximations of the optimal discrete-time filter
from Section 7.2.1. In the process, we gain insight into the subtle difference between
the special case continuous-time filter and the discrete-time filter in Section 7.2.1.
In particular, we observed that the optimal discrete-time filter implicitly uses finite
difference to obtain an ‘output derivative’. In the case with a biased initial state
estimate, the associated state and unknown input bias decays exponentially as shown
in Lemmas 7.3.2 and 7.3.3.

Proof 1: By Equivalent System without Unknown Inputs

In this first proof of Theorem 7.3.4, we construct a ‘virtual’ equivalent system without
unknown inputs, for which analogous results of the Kalman-Bucy filter [92] can be
inferred. To this end, as was also observed in Section 7.2.1, we view the unknown
input as consisting of a known component given by the input estimate, and a zero-
mean random variable with known variance which can be dealt in the same manner
as with process and measurement noise signals:

d1 = d̂1 + (d1 � d̂1) := d̂1 + d̃1,

d2 = d̂2 + (d2 � d̂2) := d̂2 + d̃2.
(7.75)
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Since E[x̃] decays exponentially (Lemma 7.3.2), and the process and measurement
noises have zero mean, the expected values of both d̃1 and d̃2 exponentially tend
towards zero-mean random variables with the following (auto-)correlations:

E[d̃1(t)d̃1(t
0)>] := P d

1 (t)�(t � t0) = (M1R1M
>
1 + M1C1P

xC>
1 M>

1 )(t)�(t � t0) (7.76)

E[d̃1(t)d̃2(t
0)>] := P d

12(t)�(t � t0)

= (M1C1P
x(Â>C

>
2 + C

>
T

>
2 )M>

2 + M1R̀12M
>
2

�M1R1M
>
1 G>

1 C
>
2 M>

2 )(t)�(t � t0)

(7.77)

E[d̃2(t)d̃2(t
0)>] := P d

2 (t)�(t � t0) = (M2R̃2M
>
2 )(t)�(t � t0) (7.78)

E[d̃(t)d̃(t0)>] := P d(t)�(t � t0)
= (V1P

d
1 V >

1 + V1P
d
12V

>
2 + V2P

d>
12 V >

1 + V2P
d
2 V >

2 )(t)�(t � t0)
(7.79)

where we defined E[x̃(t)x̃>(t0)] := P x(t)�(t�t0), R̃2 := (C2Â+T 2C)P x(C2Â+T 2C)>+

C2Q̂C
>
2 + R2 � R̀>

12M
>
1 G>

1 C
>
2 �C2G1M1R̀12 and Q̂ := WQW> + G1M1R1M

>
1 G>

1 as
well as omitted E[x̃(t)v>

1 (t0)], E[x̃(t)v>
2 (t0)] and E[x̃(t)w>(t0)] due to their negligible

contributions to the above correlations.

To obtain the best linear unbiased estimate of both projections of the unknown
inputs, d̂1 and d̂2, as in its discrete-time counterpart (cf. Section 7.2.1), we choose
M1 and M2 such that the assumption in the Gauss-Markov Theorem is satisfied, as
outlined in [100, pp. 96-98]:

M1 = ⌃�1, M2 = (G>
2 C>

2 R̃�1
2 C2G2)

�1G>
2 C>

2 R̃�1
2 . (7.80)

Next, we note the following equality:

tr(E[d̃d̃>]) = tr(E[V


d̃1

d̃2

� ⇥
d̃>

1 d̃>
2

⇤
V >])

= tr(V >V E[


d̃1

d̃2

� ⇥
d̃>

1 d̃>
2

⇤
]) = tr(P d

1 ) + tr(P d
2 ).

(7.81)

Since the unbiased estimate of d̂1 is unique, the minimum of (7.81) is given by
min tr(E[d̃d̃>]) = tr(E[d̃1d̃

>
1 ])+min tr(E[d̃2d̃

>
2 ]), from which it can be observed that the

unbiased estimate d̂ has minimum variance when d̂1 and d̂2 have minimum variances.

Note that even during transients, where the d̃1 and d̃2 have non-zero means, the
terms contributing to these biases are functions of x̃ and are thus absorbed into the
A as seen in (7.67). More importantly, the state estimate error dynamics in (7.67)
is the same as that of a Kalman-Bucy filter [92] for a ‘virtual’ linear system without
unknown inputs given by

ẋe = Axe + w,
ye = C2xe + v2,

(7.82)

where A and w are as defined in Theorem 7.3.5 and the noise terms are correlated,
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i.e., E[w(t)v>
2 (t0)] = �G2M2R̀

>
2 (t)�(t � t0). Since the objectives of both systems are

the same, i.e. to obtain an unbiased minimum-variance filter, they are equivalent
systems from the perspective of optimal filtering. Hence, the optimal filter is as with
the Kalman-Bucy filter with correlated noise (see, e.g., [98,100]), i.e., when L is chosen
as

L = (P xC>
2 � G2M2R̀

>
2 )R�1

2 , (7.83)

and the state estimate error covariance, P x, is obtained from the Riccati differential
equation:

Ṗ x = AP x + P xA
>

+ Q � LR2L
>, (7.84)

where the noise intensity, Q, is given in Theorem 7.3.5.
In summary, the proposed filter provides the best linear unbiased estimate of

the unknown input and the minimum-variance unbiased estimate of the state; thus,
Theorem 7.3.4 holds.

Proof 2: By Limiting Case Approximations

An alternate derivation of the optimal filter can be obtained for Special Case 1 from
the optimal discrete-time filter in Section 7.2.1 using limiting case approximations.
Although this derivation lacks rigor due to various approximations, this is interesting
from a pedagogical point of view, since this is often used to derive the continuous-time
Kalman-Bucy filters in textbooks (e.g. [123]).

If the sampling period �t is small, we can use Euler’s approximation to write the
discretized version of (6.2) as

xk ⇡ (I + A�t)xk�1 + B�tuk�1 + G1�td1,k�1 + G2�td2,k�1 + Wwk�1

:= Ak�1xk�1 + Bk�1uk�1 + G1,k�1d1,k�1 + G2,k�1d2,k�1 + Wk�1wk�1

yk = Cxk + Duk + H1dk + vk

:= Ckxk + Dkuk + H1,kdk + vk

z1,k = C1xk + D1uk + ⌃d1,k + v1,k

:= C1,kxk + D1,kuk + ⌃kd1,k + v1,k

z2,k = C2xk + D2uk + v2,k

:= C2,kxk + D2,kuk + v2,k

(7.85)

where the process and measurement noises are wk ⇠ (0, Q�t) and vk ⇠ (0, R/�t), in
which Qk ⇡ Q�t as �t ! 0, and the discrete measurement noise is approximated as
the average value of the continuous noise [98].

Since the first component of the unknown input can be computed pointwise with-
out delay, we expect M1,k ! M1. Thus, we have the estimate d̂1 as in (7.15) directly
from the discrete-time version given by d̂D

1,k = M1,k(z1,k�C1,kx̂k|k�D1,kuk) (cf. Section
7.2.1). On the other hand, the limiting case approximation of the second component
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of the unknown input is given by:

d̂D
2,k�1 = M2,k(z2,k � C2,k(Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1) � D2,kuk)

⇡ M2,k�t(T2,k

yk � Ckx̂k�1|k�1 � Dkuk

�t
� C2,k(Ax̂k�1|k�1 + Buk�1 + G1d̂1,k�1))

= M2,k�t


T2,k(

yk � ŷk�1

�t
+

(Ck�1 � Ck)x̂k�1|k�1

�t
+

Dk�1uk�1 � Dkuk

�t

+
H1,k�1d1,k�1

�t
) �C2Ax̂k�1|k�1 � C2Buk�1 � C2G1d̂1,k�1)

i

= M2,k�t


z2,k � ẑ2,k�1

�t
+ T2,k

(Ck�1 � Ck)

�t
x̂k�1|k�1

� (Dk � Dk�1)uk�1 + Dk(uk � uk�1)

�t
+ T2,k

(H1,k + (H1,k�1 � H1,k))d1,k�1

�t

� C2Ax̂k�1|k�1 �C2Buk�1 � C2G1d̂1,k�1)
i

where the first equation is the discrete-time version in Section 7.2.1, and we sub-
stituted the approximate matrices Ak�1 ⇡ I + A�t, Bk�1 ⇡ B�t, C2,k ⇡ C2,
D2,k ⇡ D2�t and G1,k�1 ⇡ G1�t from (7.85). We also defined M2 := lim�t!0 M2,k�t,
ŷk�1 := Ck�1x̂k�1|k�1 + Dk�1uk�1 and ẑ2,k�1 := T2,kŷk�1. We can further simplify the
above equation by noticing that T2,kH1,k = 0. Taking the limit of �t ! 0, we obtain

d̂2 = M2(z2 � C2Ax̂ � C2Bu � C2G1d̂1 � T2Ċx̂ � T2Ḋu � D2u̇) (7.86)

where we replaced the term lim�t!0
z2,k�ẑ2,k�1

�t
= T2(lim�t!0

yk�yk�1

�t
+

Ck�1x̃k�1|k�1+vk�1

�t
)

with z2 = T2y = T2(lim�t!0
yk�yk�1

�t
+ vk�t�(vk�vk�1)

�t
), which we assume is obtained

from the noisy measurement of y according to (7.12), applied Corollary 6.4.12 and
defined x̃k�1|k�1 := xk�1 � x̂k�1|k�1. This indirectly implies that the optimal discrete-
time filter “differentiates” the second projection of the output, z2, using finite differ-
ence. Moreover, we can infer that the equivalent discrete-time estimation of d2,k�1

corresponding to (7.86) is

d̂2,k�1 = M2,k(z2,k � C2,k(Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1) � D2,kuk

�T2,kCk�1x̃k�1|k�1 + T2,kvk�t � v2,k)
(7.87)

which would be not implementable because the noise terms and the true state are
not available. Next, to obtain the best linear unbiased estimate of both projections
of the unknown inputs, d̂1,k = d̂D

1,k and d̂2,k�1, we choose M1,k and M2,k as in Section
7.2.1, such that M1,k⌃k = I, M2,kC2,kG2,k�1 = I and the Gauss-Markov Theorem is
satisfied [100, pp. 96-98]:

M1,k = ⌃�1
k ,

M2,k = (G>
2,k�1C

>
2,kR̃

�1
2,kC2,kG2,k�1)

�1G>
2,k�1C

>
2,kR̃

�1
2,k
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where we defined

R̃2,k := C2,kQ̂k�1C
>
2,k + [T2,k(Ck � Ck�1) + C2,k(Âk�1 � I)]P x

k�1|k�1[(Ck � Ck�1)
>T>

2,k

+ (Âk�1 � I)>C>
2,k] + T2,kRT>

2,k�t � C2,kG1,k�1M1,k�1T1,k�1R̀T>
2,k

� T2,kR̀
>T>

1,k�1M
>
1,k�1G

>
1,k�1C

>
2,k,

Âk := Ak � G1,kM1,kC1,k

Q̂k := WkQkW
>
k + G1,kM1,kR1,kM

>
1,kG

>
1,k

and we applied E[vkv
>
k ] := Rk ⇡ R

�t
and E[vk�1v

>
k ] := R̀k�1 ⇡ R̀

�t
. Then, substituting

the approximate matrices as before, and defining Ċ := lim�t!0
Ck�Ck�1

�t
and approx-

imating P x
k�1|k�1 ⇡ P x

�t
and R̃2,k ⇡ R̃2

�t
, followed by taking the limit of �t ! 0, we

obtain the filter gains M1 = lim�t!0 M1,k and M2 = lim�t!0 M2,k�t given by (7.80).

Moreover, with d̂1,k = d̂D
1,k and d̂2,k given by (7.87), the input estimate errors are:

d̃1,k := d1,k � d̂1,k = �M1,kC1,kx̃k|k � M1,kv1,k

d̃2,k�1 := d2,k�1 � d̂2,k�1

= �M2,kC2,k(Âk�1 � I)x̃k�1|k�1 + M2,kC2,kG1,k�1M1,k�1v1,k�1

�M2,kC2,kWk�1wk�1 � M2,kv2,k�t � M2,kT2,k(Ck � Ck�1)x̃k�1|k�1.

Hence, the error covariance matrices can be computed as

P d
1,k := E[d̃1,kd̃

>
1,k] = M1,k(C1,kP

x
k|kC

>
1,k + R1,k)M

>
1,k

P d
12,k�1 := E[d̃1,k�1d̃

>
2,k�1]

⇡ M1,k�1C1,k�1P
x
k�1|k�1[(Â

>
k�1 � I)C>

2,k + (C>
k � C>

k�1)T
>
2,k]M

>
2,k

�M1,k�1R1,k�1M
>
1,k�1G

>
1,k�1C

>
2,kM

>
2,k

P d
2,k�1 := E[d̃2,k�1d̃

>
2,k�1] = M2,kR̃2,kM

>
2,k.

As before, substituting the approximate matrices and taking the limit of �t ! 0,
we obtain the expressions for P d

1 := lim�t!0 P d
1,k�t, P d

12 := lim�t!0 P d
12,k�1�t and

P d
2 := lim�t!0 P d

2,k�1�t given by (7.76), (7.77) and (7.78). Next, we derive the
continuous-time state estimate and error covariance dynamics from the ULISE variant
of the discrete-time filter in Section 7.2.1 in a similar manner:

x̂?
k|k = Ak�1x̂k�1|k�1 + Bk�1uk�1 + G1,k�1d̂1,k�1 + G2,k�1d̂2,k�1

x̂k|k = x̂?
k|k + L̃k(z2,k � C2,kx̂

?
k|k � D2,kuk)

⇡ (I + A�t)x̂k�1|k�1 + B�tu + G1�td̂1 + G2�td̂2 + L̃k(z2

�C2(I + A�t)x̂k�1|k�1 � D2u � C2B�tu + G1�td̂1 + G2�td̂2)

) x̂k|k � x̂k�1|k�1

�t
⇡ L̃k

�t
(z2 � C2x̂k�1|k�1 � D2u) + Ax̂k�1|k�1 + Bu + G1d̂1 + G2d̂2

(7.88)

where we neglected higher order terms in the latter term of the final equation. Taking
the limit of �t ! 0, we obtain the continuous state estimate dynamics (7.16), if we
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define L := lim�t!0
L̃k

�t
, as is done for the Kalman-Bucy filter. From the state estimate

error covariance given by

P x
k|k := E[(xk � x̂k|k)(xk � x̂k|k)>] = P ?x

k|k � L̃k(C2,kP
?x
k|k � T2,kR̀T>

2,kM
>
2,kG

>
2,k�1)

�(P ?x
k|kC

>
2,k � G2,k�1M2,kT2,kR̀T>

2,k)L̃
>
k + L̃kŘkL̃

>
k (7.89)

where P ?x
k|k := E[(xk�x̂?

k|k)(xk�x̂?
k|k)

>], Řk := C2,kP
?x
k|kC

>
2,k +R2,k and we let E[vkvk] =

R̀k ⇡ R̀
�t

, we find the optimal L̃k by minimizing the trace of (7.89) to obtain

L̃k = (P ?x
k|kC

>
2,k � G2,k�1M2,kT2,kR̀T>

2,k)(C2,kP
?x
k|kC

>
2,k + R2,k)

�1

) L̃k

�t
= (P ?x

k|kC
>
2,k � G2,k�1M2,kT2,kR̀T>

2,k)(C2,kP
?x
k|kC

>
2,k�t + R2,k�t)�1.

As �t ! 0, if P ?x
k|k is finite, and we let P ?x

k|k ! P x, we obtain the filter gain L as given
in (7.83). Substituting the optimal L̃k (7.50) into (7.89), we obtain P x

k|k, and into
the discrete-time optimal state estimation dynamics (7.88) to derive the state error
covariance matrix, P ?x

k|k (similar to Section 7.2.1):

P x
k|k = P ?x

k|k � L̃kŘkL̃
>
k (7.90)

P ?x
k|k = (Âk�1 � G2,k�1M2,k(C2,k(Âk�1 � I) + T2,k(Ck � Ck�1)))P

x
k�1|k�1

(Âk�1 � G2,k�1M2,k(C2,k(Âk�1 � I) + T2,k(Ck � Ck�1)))
>

+(I � G2,k�1M2,kC2,k)Q̂k�1(I � G2,k�1M2,kC2,k)
>

+G2,k�1M2,kRD,2,kM
>
2,kG

>
2,k�1(�t)2

Applying the approximations defined in (7.85) and neglecting higher order terms,
we have

P ?x
k|k � P ?x

k�1|k�1

�t
⇡ AP ?x

k�1|k�1 + P ?x
k�1|k�1A

>
+ (I � G2M2C2)Q̂(I � G2M2C2)

>

+G2M2R2M
>
2 G>

2 � L̃k

�t
(C2P

?x
k�1|k�1C

>
2 �t + R2)

L̃>
k

�t
,

where A is as previously defined. Next, if P ?x
k|k is finite, as �t ! 0, we obtain the

Riccati differential equation governing P x given in (7.84), where we applied P x = P ?x,
which can be deduced from x̂k|k ⇡ x̂?

k|k + L�t(C2x̂
?
k|k + v2,k) by taking the limit of

�t ! 0.

From the perspective of limiting case approximations, the discrete-time filter in
Section 7.2.1 is globally optimal and converges to a steady-state solution for arbitrary
�t, and the Euler approximation converges to the continuous system. So, from the
optimality of the Kalman-Bucy filter, it can be inferred that the limiting case filter
is also optimal.
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7.6.9 Optimality of ALISE

Since we have shown the equivalence of the state estimation of ELISE and ALISE
in Section 7.6.6, the optimality of the state estimation of ALISE in the minimum-
variance unbiased sense given in Theorem 7.3.10 follows directly from Theorem 7.3.4.
If the initial state estimate is biased, Lemmas 7.3.2, 7.3.3, 7.3.8 and 7.6.7 show that
the associated state and unknown input biases decay exponentially.

7.6.10 Stability of ELISE & ALISE

In Section 7.6.8, we showed that the system with unknown inputs in (6.2) is equivalent
to the ‘virtual’ system without unknown input in (7.82). However, the noise terms of
this new form are correlated, i.e., E[w(t)v2>(t0)] = �G2M2R̀

>
2 6= 0. Hence, we further

transform the system into one with uncorrelated noise terms by employing a common
trick (cf., e.g., [98, p. 182]) of adding a zero term (ye � C2xe � v2 = 0) to obtain
yet another ‘virtual’ equivalent system in (7.22). Thus, we can analogously apply the
results of the Kalman-Bucy filter [92, Theorem 4] to obtain the necessary assumption
(A2-A5) given in Theorems 7.3.5 and 7.3.11, such that the optimal filter is uniformly
asymptotically stable, and that the variance equation converges to a unique behavior
for large t, independent of Px

0 .

7.6.11 Convergence to Steady-State of ELISE & ALISE

For linear time-invariant systems, the conditions for the convergence of the filter
gains to steady-state of the proposed filter are closely related to the existence and
uniqueness of stabilizing solutions of its continuous-time algebraic Riccati equation
(CARE), i.e. (7.84) with Ṗ x = 0. Since we have shown in Sections 7.6.8 and 7.6.11
that we can transform the estimation of a system with unknown inputs to a ‘virtual’
equivalent system with no unknown inputs, analogous convergence properties to the
steady-state Kalman-Bucy filter apply, as summarized in Theorem 7.3.6. For a proof
of the results of Kalman-Bucy convergence properties, the reader is referred to [100].

7.6.12 Strong Observability and Filter Properties of ELISE &
ALISE

We now show that filter properties are related to a system property known as strong
observability, as stated in Proposition 7.3.13. Essentially, the connection between
strong observability and the observability of (A, C2), as well as C2 and G2 being full
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rank (and hence the filter properties in Sections 7.3.1 and 7.3.2) follow directly from

n + p = rk


sI � A �G

C H

�
= rk

2
4

sI � A �G

C U


⌃ 0
0 0

�
V >

3
5

= rk


I 0
0 T

�2
4

sI � A �G

C U


⌃ 0
0 0

�
V >

3
5

I 0
0 V

�
= rk

2
4

sI � A �G1 �G2

C1 ⌃ 0
C2 0 0

3
5

=rk

2
4

I G1⌃
�1 0

0 I 0
0 0 I

3
5
2
4

sI � A �G1 �G2

C1 ⌃ 0
C2 0 0

3
5=rk

2
4

sI � Â 0 �G2

C1 ⌃ 0
C2 0 0

3
5

= rk


sI � Â �G2

C2 0

�
+pH =rk


sI � Â �G2

C2 0

�
I 0

�M2C2Â I

�
+pH

= rk


sI � A �G2

C2 0

�
+pH ,

where the first equality is the rank condition for strong observability given in [68], the
third from last equality holds because ⌃ is square and has full rank pH , and we have
assumed that n � l � 1 and l � p � 0.
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Chapter 8

Hidden Mode, Input and State
Estimation

In this chapter, we propose inference algorithms for simultaneously estimating the
mode, input and state of hidden mode switched linear stochastic systems with un-
known inputs based on route (2) in Figure 6-1. Using a multiple model approach with
a bank of linear input and state filters, we develop static and dynamic MM estimation
algorithms for when the hidden mode q is deterministic and stochastic, respectively.

The chapter is organized as follows. In Section 8.1, we state the hidden mode
estimation problem for switched linear stochastic systems with unknown inputs, as
well as describe the resilient estimation problem under various classes of attacks on
stochastic cyber-physical systems. We first utilize the whiteness property of the gen-
eralized innovation (cf. Theorem 7.2.6), which reflects the estimation quality to form
the likelihood function of the system model in Section 8.2.1. Next, when the hidden
mode is deterministic and the switching between modes is sufficiently slow, we propose
a static MM estimation algorithm in Section 8.2.2 and show that the mode estimates
are consistent (i.e., has asymptotic convergence in probability). When the hidden
mode is stochastic, we propose a dynamic variant of the MM estimation algorithm
in Section 8.2.3 that manages the exponentially growing number of hypotheses in an
effective manner. Then, in Section 8.3, we apply the static hidden mode inference
algorithm from Section 8.2.2 to the resilient estimation problem and provide some
insights into fundamental limitations of attack-resilient estimation. Finally, in Sec-
tion 8.4, we demonstrate the effectiveness of our estimation approaches to examples
of intention-aware vehicles (cf. Section 1.1.2) and resilient power systems (cf. Section
1.1.3).
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Figure 8-1: Illustration of two modes, q and q0, of a switched linear stochastic system.

8.1 Problem Formulation

In this chapter, we consider a discrete-time hidden mode switched linear stochastic
system with unknown inputs (see Figure 8-1):

(xk+1, qk) = (Aqk

k xk + Bqk

k uqk

k + Gqk

k dqk

k + wqk

k , qk), xk 2 Cqk

(xk, qk)
+ = (xk, �

qk(xk)), xk 2 Dqk

yk = Cqk

k xk + Dqk

k uqk

k + Hqk

k dqk

k + vqk

k ,
(8.1)

where xk 2 Rn is the continuous system state and qk 2 {1, 2, . . . , N} the hidden
discrete state or mode. For each mode qk, uqk

k 2 Uqk
⇢ Rm is the known input, dqk

k 2 Rp

the unknown input, y 2 Rl the output, �qk(·) the mode transition function, Cqk
and

Dqk
are flow and jump sets, while the process noise wqk

k 2 Rn and the measurement
noise vqk

k 2 Rl are assumed to be mutually uncorrelated, zero-mean, Gaussian white
random signals with known covariance matrices, Qqk

k = E[wqk

k wqk>
k ] ⌫ 0 and Rqk

k =

E[vqk

k vqk>
k ] � 0, respectively. The matrices Aqk

k , Bqk

k , Gqk

k , Cqk

k , Dqk

k and Hqk

k are
known. x0 is assumed to be independent of vqk

k and wqk

k for all k. No prior ‘useful’
knowledge of the dynamics of dqk

k is assumed (uncorrelated with {d
qj

j }, 8j 6= k, as
well as {w

qj

j } and {v
qj

j }, 8j) and dqk

k can be a signal of any type.
Moreover, the mode jump process is assumed to be left-continuous and hidden

mode systems refer to systems in which qk is not directly measured and the mode
transitions are autonomous/uncontrolled. We assume that in each mode, the system
has strong detectability, i.e., the initial condition x0 and the unknown input sequence
{d

qj

j }r�1
j=0 can be uniquely determined from the measured output sequence {yi}r

j=0 of
a sufficient number of observations, i.e., r � r0 for some r0 2 N (see Section 6.4.2 for
necessary and sufficient conditions for this property) and the required rank condition
for the existence of a stable filter in Theorem 7.2.3 is satisfied.

The general estimator design problem for discrete-time switched linear stochastic
systems systems with unknown inputs can thus be stated as follows:

Problem 8.1.1 (General Hidden Mode, Input and State Estimation) Given
a discrete-time switched linear stochastic system with unknown inputs (8.1), design
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an optimal recursive filter algorithm which simultaneously estimates the system state
xk, the unknown input dqk

k and the hidden mode qk based on the measurements up to
time k, {y0, y1, . . . , yk}.

8.1.1 Resilient Estimation

As it turns out, the multiple model approach for simultaneous mode, state and input
estimation that we will take for solving the general inference estimation problem in
Problem 8.1.1 is suitable for the purpose of asymptotically recovering unbiased state
estimates (i.e., resilient state estimates) for stochastic cyber-physical systems that are
under malicious attacks of various forms (cf. motivational example in Section 1.1.3).
Thus, we next describe the resilient estimation problem and specifically the classes
of attacks that can be coped with our multiple model approach and the different
assumptions on the system and attacker.

System Description and Attack Modeling

We consider two different classes of possibly time-varying (switching) attacks on
cyber-physical systems (CPS):

Mode Attack: Attacks on the switching mechanism that changes the system’s mode
of operation, or on the sensor data or interconnection network topology. Ex-
amples: Attack on circuit breakers [81], the power network topology [77] and
the sensor data network [83]; attack on the logic switch of a traffic infrastruc-
ture [82].

Signal Attack: Attacks on actuator and sensor signals of unknown magnitude and
location (i.e., subset of attacked actuators or sensors). Examples: Denial of
service, deceptive attacks via data injection [75,78].

Moreover, we allow the system to be perturbed by random process and measure-
ment noise signals. Thus, we can represent the above attacks on a noisy dynamic
system using a hidden mode, switched linear discrete-time stochastic system with
unknown inputs governed by (8.1), where xk 2 Rn is the continuous system state and
qk 2 {1, 2, . . . , N} the hidden discrete state or mode, which a malicious attacker has
access to. The hidden modes include the modes of operation that attacked switching
mechanisms (e.g., circuit breakers, relays) operate via access of the jump set Dqk

and
the mode transition function �qk(·), or the possible interconnection network topologies
that dictate the system matrices, Aqk

k and Bqk

k , and the sensor data network topolo-
gies, Cqk

k and Dqk

k , that an attacker can choose (mode attack), as well as the different
hypotheses about which actuators and sensors are attacked that determine the true
G⇤

k and H⇤
k (signal location attack).

For each mode qk, uqk

k 2 Uqk
⇢ Rm is the known input, dqk

k 2 Rp the unknown
input or attack signal and y 2 Rl the output, where the corresponding process noise
wqk

k 2 Rn and measurement noise vqk

k 2 Rl are mutually uncorrelated, zero-mean
Gaussian white random signals with known covariance matrices, Qqk

k = E[wqk

k wqk>
k ] ⌫

0 and Rqk

k = E[vqk

k vqk>
k ] � 0, respectively. x0 is independent of vqk

k and wqk

k for all k.
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System Assumptions

The matrices Aqk

k , Bqk

k , Gqk

k , Cqk

k , Dqk

k and Hqk

k are known and bounded. Moreover,
Gqk

k := GqkIqk

G and Hqk

k := HqkIqk

H for some matrices Gqk and Hqk of appropriate
dimensions, where Iqk

G and Iqk

H are such that da,qk

k := Iqk

G dk and ds,qk

k := Iqk

H dk repre-
sent the subvectors of dk representing signal magnitude attacks on the actuators and
sensors, respectively, according to each hypothesis about the signal attack location,
while Gqk and Hqk provide a means of incorporating information about the way the
attacks affect the system (Gqk and Hqk are identity matrices if no such prior knowl-
edge is available). For simplicity and without loss of generality, we assume that the

actuator and sensor signal attacks are distinct and hence,

Gqk

k

Hqk

k

�
:=


Gqk Ĩqk

G 0

0 Hqk Ĩqk

H

�

with Gqk 2 Rn⇥ta , Ĩqk

G 2 Rta⇥p
qk
a , Hqk 2 R`⇥ts , Ĩqk

H 2 Rts⇥p
qk
s and pqk

s + pqk
a = p for each

model q 2 Q, when there are ta actuators and ts sensors under signal attacks, and
the maximum total number of attacks is p  p⇤, where p⇤ is the maximum number
of asymptotically correctable signal attacks (cf. Theorem 8.3.3 for its characteriza-
tion). We also require that the system is strongly detectable1 in each mode. In fact,
strong detectability is necessary for each mode in order to asymptotically correct the
unknown attack signals (also necessary for deterministic systems [126, Theorem 6]).
Note also that strongly detectable systems need not be stable (cf. example in the
proof of Theorem 8.3.3), but rather that the strongly undetectable modes of such
systems are stable.

Attacker Assumptions

We do not constrain the malicious attack signals dk to be a signal of any type (random
or strategic) nor to follow any model, thus no prior ‘useful’ knowledge of the dynamics
of dk is available (uncorrelated with {d`} for all k 6= `, {w`} and {v`} for all `). The
only assumptions concerning the malicious attacker will be about the knowledge of
(i) the upper bound on the number of actuators/sensors that can be attacked and (ii)
the switching mechanisms/topologies that may be compromised (hence, the number
of possible modes of operation when under mode attack), as well as (iii) that the
strategy switching frequency for both mode and signal attacks is limited. Note that
the final assumption is reasonable and realistic if the time a malicious agent takes to
regain access/control is large compared to the time scale for the convergence of the
inference algorithm and/or when the intention of the malicious agent is to confuse or
avoid detection through intermittent attacks.

Alternatively, the above assumptions on the system and attackers can be viewed as
recommendations or guidelines for system designers/operators to secure their systems.
For instance, the requirement of strong detectability allows designers to determine
which actuators or sensors need to be safeguarded to guarantee resilient estimation,
whereas the bounded switching frequency assumption suggests that mechanisms to

1A linear system is strongly detectable if yk = 0 8k � 0 implies xk ! 0 as k ! 1 for all initial
states x0 and input sequences {di}i2N; see Section 6.4.2 for necessary and sufficient conditions for
this property).
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prevent fast/frequent switchings may need to be designed.
Therefore, with the above characterization, the resilient state estimation problem

is identical to the mode, state and input estimation problem in Problem 8.1.1, where
the unknown inputs represent the unknown attacks and each mode/model represent
an attack mode (resulting from the unknown mode attacks and unknown signal attack
locations). The objective of this paper is thus:

Problem 8.1.2 Given a stochastic cyber-physical system described by (8.1),

• develop a resilient state estimator, i.e., a state filter that asymptotically recovers
unbiased state estimates of the system irrespective of the location or magnitude
of attacks on its actuators and sensors as well as switching mechanism/topology
(mode) attacks, and

• characterize the fundamental limitations associated to the inference algorithm
we developed, specifically the maximum number of asymptotically correctable
signal attacks, the maximum number of required models with our multiple model
approach and the attacks that are not detectable with our approach.

8.2 Multiple Model Framework

Figure 8-2: Multiple model framework for hidden mode, input and state estimation.

The multiple model (MM) approach we take is inspired by the multiple model
filtering algorithms for hidden mode hybrid systems with known inputs (e.g., [69,
70] and references therein), that have been widely applied for target tracking. Our
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multiple model framework consists of the parallel implementation of a bank of input
and state filters (ULISE) described in Section 7.2.1, with each model corresponding to
a system mode (see Figure 8-2). The objective of the MM approach is then to decide
which model/mode is the best representation of the current system mode as well as
to estimate the state of the system based on this decision. The best mode/model can
be chosen using the frequentist or Bayesian approaches below:

Frequentist Approach

In the frequentist approach, the true system mode qk = j is assumed to be a fixed
parameter for some j 2 {1, . . . , N} for all k. Thus, we construct the aggregate
likelihood function by computing the product of the likelihood functions for all past
measurements Zk = {z1,i, z2,i}k

i=0,

L(qk = j|Zk) =
kY

i=0

L(qi = j|z2,i) (8.2)

where the likelihood function of each measurement is simply the probability for each
measurement given the true qi = j, L(qi = j|z2,i) := P (z2,i|Zi�1; qi = j), which
we will derive in Section 8.2.1. Note that we neglected the measurements {z1,i}k

i=0

since they are influenced by the completely unknown and arbitrary d1,i and thus
provides no ‘useful’ information (cf. the expression of z1,k in (6.9)). Implicitly, by
simply multiplying the individual likelihood functions for each measurement, we have
assumed that they are independent, a fact that we will justify when forming the
likelihood functions in Section 8.2.1. The frequentist maximum likelihood estimate is
then chosen as the mode qk that maximizes the aggregate likelihood function in (8.2).

Bayesian Approach

In a nutshell, the Bayesian approach computes the mode probabilities µk := P (qk|Zk)
given all measurements up to time k and the mode/model estimate is chosen as the
maximum a posteriori (MAP) estimate. To find the MAP estimate, we first use
Bayes’ rule to recursively find the posterior mode probability µj

k := P (qk = j|Zk) at
step k for each mode j, given Zk = {z1,i, z2,i}k

i=0 and the prior mode probabilities
P (qk = j0|Zk�1), 8j0 2 {1, . . . , N}, as

µj
k = P (qk = j|z1,k, z2,k, Z

k�1) = P (qk = j|z2,k, Z
k�1)

=
P (z2,k|qk = j, Zk�1)P (qk = j|Zk�1)PN
`=1 P (z2,k|qk = `, Zk�1)P (qk = `|Zk�1)

(8.3)

where we assumed that the probability of qk = j is independent of the measurement
z1,k. The rationale, as in the frequentist approach, is that since we have no knowledge
about d1,k and the d1,k signal can be of any type, the measurement z1,k provides
no ‘useful’ information about the likelihood of the system mode (cf. (6.9)). The
likelihood function is similarly defined as L(qk = j|z2,k) := P (z2,k|qk = j, Zk�1) and
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will be described in Section 8.2.1. The MAP mode estimate is then the most probable
mode qk at each time k that maximizes (8.3).

In contrast to the frequentist approach, the Bayesian approach need not assume
that the hidden mode is fixed for all k. Moreover, the Bayesian approach provides
a means to encode what we know about the prior mode probabilities at time k = 0
given by

P (q0 = j|Z0) = µj
0, 8 1, 2, . . . , N, (8.4)

where Z0 is the prior information at time k = 0 and
PN

j=1 µj
0 = 1. In fact, if we

assume that the hidden mode is fixed for all k and set µj
0 = 1

N
(noninformative prior),

we find that µj
k / L(qk = j|Zk

2 ) as in (8.2), and both approaches are hence equivalent.
Thus, the Bayesian approach is a more general formulation.

In the rest of the chapter, we shall only consider the Bayesian framework given
by (8.3) and (8.4), which, as described above, allows for greater flexibility and is
applicable for the development of both variants of the multiple model estimators
we are proposing—static and dynamic. The static MM estimator assumes that the
system mode remains constant/static, with a heuristic modification to keep the mode
probabilities non-zero, while the dynamic MM estimator captures the mode-switching
phenomenon by assuming that a Markov process can describe the stochastic mode
jump process. In other words, the two estimator variants differ in the treatment of
P (qk = j|Zk�1) in (8.3). Both multiple model estimator variants have a fixed number
of models. For better performance, modifications of the algorithms in this chapter
can be carried out to allow for a variable structure (cf. [127] for a discussion on model
selection and implementation details).

8.2.1 Likelihood Function

In filtering algorithms with known inputs, it is well known that the innovation reflects
the estimation quality and specifically, the optimal Kalman filter has a Gaussian white
innovation sequence. Similarly, we have shown in Theorem 7.2.6 that generalized
innovation sequence ⌫k defined in (7.9) of a linear stochastic system with unknown
inputs is also a Gaussian white sequence. Thus, the generalized innovation can also
be used as a performance measure, which determines the likelihood of each mode.

Since the generalized innovation ⌫k is a Gaussian white noise with zero mean
and covariance Sk (Theorem 7.2.6), the conditional probability density function of ⌫k

given all measurements prior to time k, Zk�1, is given by

f⌫k|Zk�1(⌫k|Zk�1) =
exp(�⌫>

k S�1
k ⌫k/2)

(2⇡)pR̃/2|Sk|1/2
=

exp(�⌫>
k �̃

>
k (�̃kR̃

?
2,k�̃

>
k )�1�̃k⌫k/2)

(2⇡)pR̃/2|Sk|1/2
(8.5)

where pR̃ := rank(R̃?
2,k), ⌫̃k := z2,k �C2,kx̂k|k�1 �D2,kuk, ⌫k = (I �C2,kG2,k�1M2,k)⌫̃k,

and we have applied the identity R̃?
2,k := E[⌫k⌫

>
k ] = (I � C2,kG2,k�1M2,k)R̃

?
2,k(I �

C2,kG2,k�1M2,k)
> which results from the idempotence of (I � C2,kG2,k�1M2,k) (cf.
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Lemma 7.6.3). Furthermore, we know from Lemma 7.6.3 that pR̃ := rank(R̃?
2,k) =

l � p  l � pHk
with equality only when p = pHk

, i.e., Hk has full rank. Next, we
note that if �̃k is chosen as a matrix with orthonormal rows, �̃>

k (�̃kR̃
?
2,k�̃

>
k )�1�̃k is

the generalized inverse and |Sk| the pseudo-determinant of R̃?
2,k [128, pp. 527-528].

From the above reference, for the case pR̃ = l � p < l � pHk
, we also see that (8.5)

represents the Gaussian distribution of ⌫k 2 Rl�pHk whose base measure is restricted
to the pR̃-dimensional affine subspace where the Gaussian distribution is supported.
When Hk has full rank, the Gaussian distribution is fully supported in Rl�p and no
restriction is necessary.

Therefore, with the above base measure, we obtain the conditional probability
density function of z2,k conditioned on the system mode, qk, and all prior measure-
ments, Zk�1, which we define as the likelihood function at time k:

L(qk|z2,k) := P (z2,k|Zk�1, qk) := fz2,k|Zk�1,qk
(z2,k|Zk�1, qk)

= f⌫k|Zk�1,qk
(⌫k|Zk�1, qk) = N (⌫qk

k ; 0, Sqk

k ).
(8.6)

As proposed in Section 7.6.1, we can choose �̃k =
⇥
0 IpR̃

⇤
Ũ>

k R̂
� 1

2
2,k where Ũk matrix is

obtained from the singular value decomposition of R̂
� 1

2
2,k C2,kG2,k�1. A second choice

bypasses the explicit expression of �̃k with the use of Moore-Penrose pseudoinverse
(†) and pseudodeterminant (| · |+), i.e., �̃>

k (�̃kR̃
?
2,k�̃

>
k )�1�̃k = R̃?†

2,k and |Sk| = |R̃?
2,k|+.

8.2.2 MM Estimation: Static Variant

The static MM estimator is developed for hidden mode systems for which the true
system mode is deterministic and fixed in the time scale of interest (i.e., mode switch-
ing is infrequent/slow). With this assumption, the posterior mode probabilities in the

Figure 8-3: Illustration of static MM estimator with two hidden modes, where each
independent filter is the ULISE filter described in Section 7.2.1.
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Bayesian framework can be computed with (8.3), where P (qk = j|Zk�1) = P (qk�1 =
j|Zk�1) = µj

k�1 for each filter matched to mode j, resulting in

µj
k / µj

0

kY

i=1

L(qi = j|z2,i) = µj
0

kY

i=1

P (z2,i|qi = j, Z i�1
2 ), 8 1, 2, . . . , N. (8.7)

Then, these posterior mode probabilities are used to determine the most probable
(MAP) mode at each time k and the associated state and input estimates and covari-
ances as:

q̂k = j⇤ = arg max µj
k,

x̂k|k = x̂j⇤

k|k, d̂k = d̂j⇤

k , P x
k|k = P x,j⇤

k|k , P d
k = P d,j⇤

k .
(8.8)

Moreover, since the true system mode is fixed, the state estimates of other po-
tentially mismatched models will not be beneficial and thus, the bank of N mode-
conditioned simultaneous input and state filters (described in Section 7.2.1) is run
independently from each other (cf. Figure 8-3). However, in order to apply the static
MM estimator to the switched linear systems, some heuristic modifications of the
static MM estimator are necessary. Firstly, to keep all modes ‘alive’ such that they
can be activated when appropriate, an artificial lower bound needs to be imposed on
the mode probabilities. Moreover, to deal with unacceptable growth of estimate errors
of mismatched filters, reinitialization of the filters may be needed, oftentimes with
estimates from the most probable mode. The static MM estimator is summarized in
Algorithm 5 and is coupled with Lines 3–23 of the ULISE algorithm in Algorithm 1.

Remark 8.2.1 Alternatively, instead of (8.8), the output of the filter can be com-
puted via combination of the mode-conditioned estimates:

x̂k|k =
NX

j=1

µj
kx̂

j
k|k, d̂k =

NX

j=1

µj
kd̂

j
k,

P x
k|k =

NX

j=1

µj
k[(x̂

j
k|k � x̂k|k)(x̂

j
k|k � x̂k|k)

> + P x,j
k|k ]

P d
k =

PN
j=1 µj

k[(d̂
j
k � d̂k)(d̂

j
k � d̂k)

> + P d,j
k ]

However, in this case, the estimate d̂k was observed (in simulation) to deviate signif-
icantly from the true value. This is consistent with the fact that with a mismatched
model, the estimate of d̂j

k can be arbitrarily large. Hence, this choice of filter output
for d̂k is not recommended.

Consistency and Mode Identification

We now furnish the static MM algorithm summarized in Algorithm 5 with an asymp-
totic analysis and thus its model identification property, which consists of either model
consistency or model convergence, i.e., the convergence of the mode probability of the
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Algorithm 5 Static-MM-Estimator ( )

1: Initialize for all j 2 {1, 2, . . . , N}: x̂j
0|0; µj

0;
d̂j

1,0 = ⌃j �1
0 (zj

1,0 � Cj
1,0x̂

j
0|0 � Dj

1,0u0);
P d,j

1,0 = ⌃j �1
0 (Cj

1,0P
x,j
0|0 Cj>

1,0 + Rj
1,0)⌃

j �1
0 ;

2: for k = 1 to K do
3: for j = 1 to N do

. Mode-Matched Filtering (cf. Lines 3–23 of Algorithm 1)
4: Run ULISE(j,x̂j

k�1|k�1, d̂j
1,k�1, P x,j

k�1|k�1, P
d,j
1,k�1);

5: ⌫j
k := zj

2,k � Cj
2,kx̂

?,j
k|k � Dj

2,kuk;

6: L(j|zj
2,k)=

1

(2⇡)
(p

j

R̃
)/2|R̃j,?

2,k|1/2

+

exp

✓
�⌫j>

k R̃j,?†
2,k ⌫j

k

2

◆
;

7: end for
8: for j = 1 to N do

. Mode Probability Update (small ✏ > 0)
9: µj

k = max{L(j|zj
2,k)µ

j
k�1, ✏};

10: end for
11: for j = 1 to N do

. Mode Probability Update (normalization)
12: µj

k =
µj

kPN
`=1 µ`

k

;

. Output
13: Compute (8.8);
14: end for
15: end for

true model (if the true model is in the model set Q) or of the ‘closest’ model (if the true
model is not in the model set, with closeness defined in some information-theoretic
sense), respectively, to 1.

We first find the ratio of model probabilities from (8.6) and (8.7):

µj
k

µi
k

:=
P (qk = j|Zk)

P (qk = i|Zk)
=

µj
0

µi
0

kY

`=1

L(q` = j|z2,`)

L(q` = i|z2,`)
=

µj
0

µi
0

kY

`=1

N (⌫j
` ; 0, S

j
` )

N (⌫i
`; 0, S

i
`)

=
µj

0

µi
0

exp
kX

`=1

ln
N (⌫j

` ; 0, S
j
` )

N (⌫i
`; 0, S

i
`)

=
µj

0

µi
0

exp
kX

`=1

ln
f j
`

f i
`

, (8.9)

where µj
0

µi
0

is the ratio of priors and we have used f j
` as a shorthand for fz2,`|q`,Z`�1(z2,`|q` =

j, Z`�1). From the above ratio, we observe that the exponential rate at which the

models are distinguishable depends on the sequence
n

ln
fj
`

f i
`

ok

`=1
. Thus, in the fol-

lowing, we examine the behavior of this sequence. First, we consider the average
behavior of this sequence (averaged over all possible states) and show that the pos-
terior model mean probabilities converge to their true values if the true model is in
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the set of models. Otherwise, we show that the multiple model approach converges
to the model that is ‘closest’ to the true model in an information-theoretic sense (i.e.,
with the minimum Kullback-Leibler (KL) divergence [129]) from within the model
set. Then, we investigate the case when the sequence is ergodic and what this entails,
as well as provide some verifiable sufficient conditions for ergodicity.

Average Model Probability Behavior: To analyze the average model probabil-
ity behavior (studied in part by [130]), we note that the mean of ln

fj
k

f i
k

is given by

Ef⇤
k

h
ln

fj
k

f i
k

i
= Ef⇤

k

h
ln

f⇤
k

f i
k

i
� Ef⇤

k

h
ln

f⇤
k

fj
k

i
, where f ⇤

k is the distribution associated with

the true model while Ef⇤
k

h
ln

f⇤
k

fq
k

i
for q 2 {i, j} coincides with the definition of the

Kullback-Leibler (KL) divergence (denoted D(f ⇤
kkf q

k )) that is widely recognized as
an important measure of ‘distance’ between two probability distributions f ⇤

k and f q
k

in information theory [129]. With this, the ratio of the geometric means of model
probabilities (8.9) can be computed and expressed as:

µj
k

µi
k

:=
µj

0

µi
0

exp
kX

`=1

Ef⇤
`

"
ln

f j
`

f i
`

#
=

µj
0

µi
0

exp
kX

`=1

�
D(f ⇤

` kf i
`) � D(f ⇤

` kf j
` )
�
. (8.10)

The KL divergence for each model q 2 Q of the multiple model approach in this
paper can be computed as:

D(f ⇤
` kf q

` ) := Ef⇤
`


ln

f ⇤
`

f q
`

�

=
1

2
(pR̃q

`
� pR̃⇤

`
) ln 2⇡ +

1

2
ln |R̃q,?

2,` |+ � 1

2
ln |R̃⇤,?

2,` |+ +
1

2
Ef⇤

`
[tr(⌫q

`⌫
q>
` (R̃q,?

2,`)
†)]

� 1

2
Ef⇤

`
[tr(⌫⇤

`⌫
⇤>
` (R̃⇤,?

2,` )
†)]

=
1

2
(pR̃q

`
� pR̃⇤

`
) ln 2⇡ +

1

2
ln |R̃q,?

2,` |+ � 1

2
ln |R̃⇤,?

2,` |+ +
1

2
tr(R̃

q|⇤,?
2,` (R̃q,?

2,`)
†)

� 1

2
tr(R̃⇤,?

2,` (R̃
⇤,?
2,` )

†), (8.11)

where R̃
q|⇤,?
2,` := Ef⇤

`
[⌫q

`⌫
q>
` ] and we have used the fact that (I � Cq

2,`G
q
2,`�1M

q
2,`) is

idempotent such that (I � Cq
2,`G

q
2,`�1M

q
2,`)

>(R̃q,?
2,`)

†(I � Cq
2,`G

q
2,`�1M

q
2,`) = (R̃q,?

2,`)
† to

simplify the above expression. Note that the unknown inputs of each model need not
have the same dimension; thus pq

R̃`
:= rank(R̃q,?

2,`) can be different for all q 2 {Q[ ⇤}.

Inspired by the sufficient conditions for systems without unknown inputs [131,132],
we consider two conditions:

Condition (i) The true model ⇤ is in the set of models, i.e., ⇤ 2 Q and there exists
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a time step T 2 N such that f ⇤
` 6= f q

` , or equivalently,

1

2
pR̃q

`
ln 2⇡ +

1

2
ln |R̃q,?

2,` |+ +
1

2
tr(R̃

q|⇤,?
2,` (R̃q,?

2,`)
†)

6= 1

2
pR̃⇤

`
ln 2⇡ +

1

2
ln |R̃⇤,?

2,` |+ +
1

2
tr(R̃⇤,?

2,` (R̃
⇤,?
2,` )

†),

for all q0 2 Q, q 6= ⇤ for all ` � T ,

Condition (ii) The true model ⇤ is not in the model set of models, i.e., ⇤ /2 Q,
but there exist a time step T 2 N and a model q 2 Q such that D(f ⇤

` kf q
` ) <

D(f ⇤
` kf q0

` ), or equivalently,

1

2
pR̃q

`
ln 2⇡ +

1

2
ln |R̃q,?

2,` |+ +
1

2
tr(R̃

q|⇤,?
2,` (R̃q,?

2,`)
†)

<
1

2
p

R̃q0
`

ln 2⇡ +
1

2
ln |R̃q0,?

2,` |+ +
1

2
tr(R̃

q0|⇤,?
2,` (R̃q0,?

2,` )†),

for all q0 2 Q, q0 6= q for all ` � T .

Condition (i) implies that the likelihood functions for all other models q 6= ⇤ are not
identical to the likelihood function for the true model q = ⇤ for all ` � T . In contrast,
when the true model is not in the set of models, Condition (ii) implies that there
exists a unique model q 2 Q for all ` � T with a likelihood function that is closest
to the true model and the other models are strictly less similar to the true model,
measured in terms of their KL divergences.

Theorem 8.2.2 (Mean Consistency) Suppose Condition (i) holds; then, the mul-
tiple model approach is, on average, consistent, i.e., the model (geometric) mean
probability of the true model converges to 1 (cf. (8.10)).

Proof Since D(f ⇤
` kf q

` ) � 0 with equality if and only if f ⇤
` = f q

` ( [129, Lemma 3.1]),
then with i = ⇤ 2 Q as the true model and j 2 Q, j 6= ⇤, the summand in the exponent
of (8.10) is always strictly negative, i.e., D(f ⇤

` kf ⇤
` )�D(f ⇤

` kf j
` ) = �D(f ⇤

` kf j
` ) < 0 for

all ` � T since f ⇤
` 6= f j

` by assumption. This means that, the ratios of model mean
probabilities of all other models (j 2 Q, j 6= ⇤) to the true model mean probability
converge exponentially to zero, i.e., the mean probability of the true model converges
to 1. ⇤

Note that even if for some q 2 Q, f q
` = f ⇤

` for all ` 2 N (i.e., Condition (i) fails
to hold), the posterior model mean probabilities will be no worse than their prior
probabilities.

Theorem 8.2.3 (Mean Convergence) Suppose Condition (ii) holds, i.e., the true
model in not the set of models Q, but there exists a unique model q 2 Q with minimum
KL divergence; then, with the multiple model approach, the identified model converges
on average to the closest model in the set of models, i.e., to the model q 2 Q.
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Proof Since Condition (ii) holds by assumption, then with j = q0 and i = q, the
summand in the exponent of (8.10) is always strictly negative, which result in the
exponential convergence to zero of the ratios of model mean probabilities of all other
models (q0 2 Q, q0 6= q) to model q. ⇤

Ergodic Model Probability Behavior: We now present results, which are both
stronger and weaker than the previous results on average mode probability. It is
stronger in that it characterizes the behavior of the model probability itself instead of
its average behavior, but weaker in that it only applies when the sequence

�
ln

fj
`

f i
`

 k

`=1

is ergodic, i.e.,

limk!1
1
k

Pk
l=1 ln

fj
`

f i
`

= Ef⇤
⇥
ln fj

f i

⇤
= D(f ⇤kf i) � D(f ⇤kf j),

where we dropped the subscript k to indicate that the distributions are stationary.
By the weak law of large numbers, the ratio of model probabilities in (8.9) becomes

limk!1
µj
`

µi
k

= limk!1
µj

0

µi
0
ek[D(f⇤kf i)�D(f⇤kfj)].

Similar to the previous section, we present results for two sufficient conditions,
where the absence of the subscript ` indicates steady-state values:

Condition (iii) The true model ⇤ is in the set of models, i.e., ⇤ 2 Q and f ⇤ 6= f q,
or equivalently,

1
2
pR̃q ln 2⇡ + 1

2
ln |R̃q,?

2 |+ + 1
2
tr(R̃

q|⇤,?
2 (R̃q,?

2 )†)
6= 1

2
pR̃⇤ ln 2⇡ + 1

2
ln |R̃⇤,?

2 |+ + 1
2
tr(R̃⇤,?

2 (R̃⇤,?
2 )†),

for all q 2 Q, q 6= ⇤ (cf. [132, Theorem 3.1]);

Condition (iv) The true model ⇤ is not in the set of models, i.e., ⇤ /2 Q, but there
exists a model q 2 Q such that D(f ⇤kf q) < D(f ⇤kf q0), or equivalently,

1
2
pR̃q ln 2⇡ + 1

2
ln |R̃q,?

2 |+ + 1
2
tr(R̃

q|⇤,?
2 (R̃q,?

2 )†)

< 1
2
pR̃q0 ln 2⇡ + 1

2
ln |R̃q0,?

2 |+ + 1
2
tr(R̃

q0|⇤,?
2 (R̃q0,?

2 )†),

for all q0 2 Q, q0 6= q (cf. [131, Theorem 3.1]).

The intuition for Condition (iii) is identical to that of Condition (i), and Condition
(iv) to that of Condition (ii). The following results can be proven as in Theorems
8.2.2 and 8.2.3; thus, the proofs are omitted for brevity’s sake.

Theorem 8.2.4 (Consistency) If Condition (iii) holds and the sequence
�

ln
fj
`

f i
`

 k

`=1

is ergodic, then, the multiple model approach is consistent, i.e., the model probability
of the true model converges almost surely to 1.
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Theorem 8.2.5 (Convergence) If Condition (iv) holds and the sequence
�

ln
fj
`

f i
`

 k

`=1

is ergodic, i.e., the true model is not in the set of models Q, but there exists a unique
model q 2 Q with minimum KL divergence, then, with the multiple model approach,
the identified model converges almost surely to that closest model in the set of models.

A sufficient condition for ergodicity is the stationarity of the matched and mis-
matched generalized innovation (i.e., when the model is correctly and incorrectly
assumed), as is also shown for multiple model algorithms for linear systems without
unknown input [131, 132]. The existence of a steady-state behavior of closed loop
system that is implied by stationarity suggests that the known and unknown inputs
should become constant after a finite time. However, since we are interested in verifi-
able sufficient conditions and we do not assume that we know the eventually constant
unknown inputs, we shall assume that dk becomes zero after a finite time and without
loss of generality, that uk = 0 for all k.

Theorem 8.2.6 (Ergodicity) The sequence ln
fj

k

f i
k

is ergodic if for each model q 2
Q, q 6= ⇤, the system is strongly detectable and stabilizable, the known and unknown
inputs becomes zero after a finite time T and the mismatched system matrix (i.e., the
state transition matrix of [xk x̂q

k]
> for q 6= ⇤):

A⇤,q :=

2
4

A⇤ 0

Âq(L̃q(I � Cq
2G

q
2M

q
2 )

+Gq
2M

q
2 )T q

2 C⇤+Gq
1M

q
1T q

1 C⇤
Âq(I � L̃qCq

2)
(I � Gq

2M
q
2Cq

2)

3
5 , (8.12)

is stable 2 (i.e., all its eigenvalues are inside the unit circle), where L̃q and M q
2 are

steady-state matrices of the input and state filter corresponding to model q. Moreover,
we can compute R̃

q|⇤,?
2 (cf. (8.11),Condition (iv)) as:

R̃
q|⇤,?
2 := E[⌫q

k⌫
q >
k ] = (I � Cq

2G
q
2M

q
2 )(C⇤,q qC⇤,q>+ R2)(I � Cq

2G
q
2M

q
2 )>,

where C⇤,q :=
⇥
T q

2 C⇤ �Cq
2

⇤
.  q = limk!1 

q
k is the limiting solution of the Lyapunov

function

 q
k+1 = A⇤,q q

kA
⇤,q > + W ⇤,qQ̆W ⇤,q >, (8.13)

with W ⇤,q=


I 0

0 (L̃q+Gq
2M

q
2 )T q

2 + Gq
1M

q
1T q

1

�
and Q̆:=


Q 0
0 R

�
.

Proof The claim is proven by showing that the sufficient conditions for ergodicity
when there are no unknown inputs in [131, Lemma 3.1] also hold for the input and
state filter in our case, namely that (i) the A⇤,q matrix in (8.12) of the dynamic

2This implies that the true model (q = ⇤) must be stable and (Âq, C2) is detectable (satisfied by
strong detectability (cf. Corollary 6.4.7). This sufficient but not necessary condition suggests that the
state estimates for model q converge to steady-state even when the model is erroneous/mismatched.
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equation generating simultaneously the true state xk and the estimate x̂q
k for k � T

with zero inputs:

xk+1

x̂q
k+1

�
= A⇤,q


xk

x̂q
k

�
+ W ⇤,q


wk

vk

�
, (8.14)

is stable, and (ii) the limit  q = limk!1 
q
k exists and is finite, where  q

k :=

E


xk

x̂q
k

� ⇥
x>

k x̂q >
k

⇤�
is generated by (8.13). As in [131], the former holds by assump-

tion. To prove the latter, we note that the assumption of strong detectability and
stabilizability of each model implies that steady-state L̃q and M q

2 matrices exist by
Theorem 7.2.4. Since A⇤,q and hence, the state dynamics of  q

k in (8.14) is stable,
the limit  q exists and is finite, which completes the sufficient conditions needed
in [131, Lemma 3.1], from which it follows that the sequence

�
ln

fj
`

f i
`

 k

`=1
is ergodic. ⇤

Optimality of State and Input Estimates

For the discussion on the optimality of the state and input estimates using the multiple
model approach, we assume that the true model is in the model set, i.e., ⇤ 2 Q.
Otherwise, the state and input estimates corresponding to the most probable model
may be biased. The following corollary characterizes the optimality of the state and
input estimates when using the multiple model approach with ⇤ 2 Q.

Corollary 8.2.7 If Condition (i) (or Condition (iii)) holds, then the state and input
estimates in (8.8) converge on average (or almost surely) to optimal state and input
estimates in the minimum variance unbiased sense.

Proof By Theorem 7.3.4, the state and input estimates of the filter corresponding to
the true model are optimal in the minimum variance unbiased sense. If Condition (i)
(or Condition (iii)) holds, by Theorem 8.2.2 (or Theorem 8.2.4), the state and input
estimates given by (8.8) also converge on average (or almost surely) to the state and
input estimates of the true model, which are optimal. ⇤

8.2.3 MM Estimation: Dynamic Variant

In contrast with the static MM estimator, the dynamic variant (cf. Figure 8-4 and
Algorithm 6) assumes that the hidden mode is stochastic, i.e., the true mode switches
in a Markovian manner with known, time-invariant and possibly state dependent
transition probabilities

P (qk = j|qk�1 = i, xk�1) = pij(xk�1), 8 i, j 2 1, . . . , N.

For conciseness and without loss of generality, we shall assume that the mode tran-
sition probabilities are state independent, i.e., pij(xk�1) = pij. In other words, mode
transition is a homogeneous Markov chain. The incorporation of the state depen-
dency for stochastic guard conditions is rather straightforward, albeit lengthy and
interested readers are referred to [133] for details and examples.
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Figure 8-4: Illustration of dynamic MM estimator with two hidden modes, with
mixing of the initial conditions of the ULISE filter described in Section 7.2.1.

In fact, the mode transition probabilities can serve as estimator design parameters
(cf. [69]). Therefore, the dynamic MM estimator design is more flexible and have
the ability to integrate prior information of the mode switching process into the
estimator. Moreover, the heuristic modifications of the static MM estimator are no
longer needed. However, with the Markovian setting, the mode can change at each
time step. As a result, the number of hypotheses (mode history) grows exponential
with time. Therefore, an optimal multiple model filter is computationally intractable.
We thus resort to suboptimal filters that manage the hypotheses in an efficient way.
The simplest technique is hypothesis pruning in which a finite number of most likely
hypotheses are kept, whereas the hypothesis merging approach keeps only last few of
the mode histories, and combine hypotheses that differ in earlier steps (cf. [69] for
approaches designed for switched linear systems with known inputs).

In the following, we propose a recursive algorithm (cf. Figure 8-4 and Algorithm
6) based on hypothesis merging, which is similar to the interacting multiple model
(IMM) algorithm [69] that maintains N number of estimates and N number of filters
at each time k. Each cycle of the algorithm consists of three major components—
initial condition mixing, mode-matched filtering and mode probability update.

In the initial condition mixing step, for each input and state filter matched to
mode j at time k, we compute the probability that the system was in mode i at time
k � 1 conditioned on Zk�1:

µ
i|j
k := P (qk�1 = i|qk = j, Zk�1)

=
P (qk = j|qk�1 = i, Zk�1)P (qk�1 = i|Zk�1)PN
`=1 P (qk = j|qk�1 = `, Zk�1)P (qk�1 = `|Zk�1)

=
pijµ

i
k�1

P (qk = j|Zk�1)
=

pijµ
i
k�1PN

`=1 p`jµ`
k�1

.

(8.15)
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Then, with this mixing probabilities µ
i|j
k for all i = {1, . . . , N}, we mix the initial

conditions for the filter matched to qk = j for all j = {1, . . . , N} according to

x̂0,j
k�1|k�1 =

NX

i=1

µ
i|j
k x̂i

k�1|k�1, d̂0,j
1,k�1 =

NX

i=1

µ
i|j
k d̂i

1,k�1 (8.16)

P x,0,j
k�1|k�1 =

NX

i=1

µ
i|j
k [(x̂i

k�1|k�1 � x̂0,j
k�1|k�1)(x̂

i
k�1|k�1 � x̂0,j

k�1|k�1)
> + P x,i

k�1|k�1]

P d,0,j
1,k�1 =

NX

i=1

µ
i|j
k [(d̂i

1,k�1 � d̂0,j
1,k�1)(d̂

i
1,k�1 � d̂0,j

1,k�1)
> + P d,i

1,k�1]

(8.17)

Note that there is no mixing of the d̂2,k and its corresponding covariances because
they are computed for a previous step and are not initial conditions for the bank of
filters.

Next, in the mode-matched filtering step, a bank of N simultaneous input and

Algorithm 6 Dynamic-MM-Estimator ( )

1: Initialize for all j 2 {1, 2, . . . , N}: x̂j
0|0; µj

0;
d̂j

1,0 = ⌃j �1
0 (zj

1,0 � Cj
1,0x̂

j
0|0 � Dj

1,0u0);
P d,j

1,0 = ⌃j �1
0 (Cj

1,0P
x,j
0|0 Cj>

1,0 + Rj
1,0)⌃

j �1
0 ;

2: for k = 1 to K do
3: for j = 1 to N do

. Initial Condition Mixing
4: pj

k =
PN

`=1 p`jµ
`
k�1;

5: for i = 1 to N do
6: µ

i|j
k =

pijµi
k�1

pj
k

;

7: end for
8: Compute (8.16) and (8.17);

. Mode-Matched Filtering (cf. Lines 3–23 of Algorithm 1)
9: Run ULISE(j,x̂0,j

k�1|k�1, d̂0,j
1,k�1, P x,0,j

k�1|k�1, P
d,0,j
1,k�1);

10: ⌫j
k := zj

2,k � Cj
2,kx̂

?,j
k|k � Dj

2,kuk;

11: L(j|zj
2,k)=

1

(2⇡)
p
j

R̃
/2|R̃j,?

2,k|1/2
+

exp

✓
�⌫j>

k R̃j,?†
2,k ⌫j

k

2

◆
;

12: end for
13: for j = 1 to N do

. Mode Probability Update

14: µj
k =

L(j|zj
2,k)pj

kPN
`=1 L(j|z`2,k)p`k

;

. Output
15: Compute (8.8);
16: end for
17: end for
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state filters (specifically ULISE, as described in Section 7.2.1) is run in parallel using
the mixed initial conditions computed in (8.16) and (8.17). In addition, the likelihood
function L(qk = j|z2,k) corresponding to each filter matched to mode j is obtained by
(8.6). Finally, in the mode probability update step, the posterior probability of mode
j given measurements up to time k can be found by substituting P (qk = j|Zk�1) /PN

i=1 pijµ
i
k�1 from (8.15) into (8.3) to obtain

µj
k =

P (z2,k|qk = j, Zk�1)
PN

i=1 pijµ
i
k�1PN

`=1[P (z2,k|qk = `, Zk�1)
PN

i=1 pi`µi
k�1]

. (8.18)

For output purposes only (not a major step in the algorithm), the combined estimates
and covariances can be computed as given in (8.8) (or with the equations in Remark
8.2.1).

Consistency and Optimality

As mentioned above, the number of hypotheses (mode history) grows exponential
with time and hence, an optimal multiple model filter is computationally intractable.
In fact, it can be shown that the assumption of a Markovian mode leads to a cyclic
corresponding graphical model, for which exact inference algorithms are not known.
A common inference algorithm that is employed for such graphs is the “loopy” be-
lief propagation (sum-product) algorithm whose convergence is still not well under-
stood [134]. Similarly, the dynamic MM filter we proposed using hypothesis merging
techniques to manage the growing number of hypotheses may also lead to subopti-
mality. Moreover, the mixing between modes/models which enables this hypothesis
management, unfortunately makes the properties of the filter, e.g., consistency, non-
trivial to analyze and this remains an open problem. Nonetheless, it does appear to
work well in simulation with suitable choices of mode transition matrices.

8.3 Resilient State Estimation

In this section, we seek to solve the resilient estimation problem in Problem 8.1.2. As
described in Section 8.1.1, the stochastic CPS system under attack is representable by
a hidden mode switched linear stochastic system unknown inputs in (8.1). Since we
do not know the true model (i.e., the attack strategy corresponding to the true mode
attack and signal location attack), combinations of possible attack strategies need to
be considered, and as such, the multiple model estimation approach is a natural choice
for solving this problem. Thus, we propose the use of the multiple model algorithm we
presented in the previous section to tackle the problem of asymptotically recovering
unbiased state estimates (i.e., resilient state estimates) for stochastic cyber-physical
systems that are under malicious attacks of various forms. Specifically, since we
do not have any prior knowledge about the switching strategy of the attack, we will
consider only the static variant (cf. Section 8.2.2 and Algorithm 5) for attack-resilient
estimation.
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8.3.1 Fundamental Limitations of Attack-Resilient Estimation

Next, we characterize some fundamental limitations of the attack-resilient estima-
tion problem and of our multiple mode filtering approach. Specifically, we will upper
bound the number of asymptotically correctable signal attacks/errors (i.e., signal at-
tacks whose effects can be asymptotically negated or cancelled such that unbiased
state estimates are still available). Then, we provide the maximum number of models
that is required by this approach and finally, we study the consequence of the asymp-
totic properties of the resilient state algorithm (static MM filter) on the detectability
of attacks.

Maximum Number of Asymptotically Correctable Signal Attacks

More formally, we introduce the following definition:

Definition 8.3.1 (Asymptotically/exponentially correctable signal attacks)
We say that p actuators and sensors signal attacks can be asymptotically/exponentially
correctable if for any initial state x0 2 Rn and signal attack sequence {d⇤

j}j2N in Rp,
we have an estimator such that the estimate bias asymptotically/exponentially tends
to zero, i.e., E[x̂k � xk] ! 0 (and E[d̂k�1 � dk�1] ! 0) as k ! 1.

Remark 8.3.2 Note the distinction in the definitions of asymptotically/exponentially
correctable signal attacks in Definition 8.3.1 and of correctable signal attacks in [79,
Definition 1]. Their definition implies finite-time estimation and is related to strong
observability [79, below Definition 1]. Due to the new challenges of further taking
into account stochastic noises and mode switching, we adopt the weaker notion of
asymptotic/exponential estimation, which only requires a ‘weaker’ condition of strong
detectability (implied by strong observability as described in Section 6.4.2). This is
mainly for the sake of theoretical analysis. Simulation results demonstrate that our
algorithm is fast enough.

To derive an estimation-theoretic upper bound on the maximum number of sig-
nal attacks that can be asymptotically tolerated/corrected, we assume that the true
model or mode (qk = ⇤) representing the correct hypothesis for switching attack strat-
egy is known and the dynamics in the true mode is time-invariant. Then, the resilient
state estimation problem is identical to the state and input estimation problem for
linear time-invariant stochastic systems in Section 7.2.1, where the unknown inputs
represent the attacks on the actuator and sensor signals. It has been shown that
unbiased states (and also unknown inputs) can be obtained asymptotically (exponen-
tially) if the system is strongly detectable (cf. Theorem 7.2.4), which is also known
to be necessary in deterministic systems. With this in mind, the upper bound on
the maximum number of signal attacks that can be asymptotically (exponentially)
corrected is:

Theorem 8.3.3 The maximum number of asymptotically (exponentially fast) cor-
rectable actuators and sensors signal attacks, p⇤, for system (8.1) is equal to the
number of sensors, l, i.e., p⇤  l and the upper bound is achievable.
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Proof A necessary and sufficient condition for strong detectability (with the true
model qk = ⇤) is given in Theorem 6.4.8 as

rk


zI � A⇤ �G⇤

C⇤ H⇤

�
= n + p⇤, 8z 2 C, |z| � 1. (8.19)

Since the above system matrix has only n + l rows, it follows that its rank is at most
n+l. Thus, from the necessary condition for (8.19), we obtain n+p⇤  n+l ) p⇤  l.
We show that the upper bound is achievable using the discrete-time equivalent model
(with time step �t = 0.1s) of the smart grid case study in [81], where in both circuit

breaker modes, A =


0.9520 0.0936

�0.9358 0.8584

�
and G =


0
0

�
. If the first state is measured

but compromised (e.g., C =
⇥
1 0

⇤
and H = 1 ) p⇤ = l), it can be verified that

the system is strongly detectable, i.e., with two invariant zeros at {0.9945 ± 0.0311j}
that are strictly in the unit circle in the complex plane. Similarly, it can be verified

that the unstable system with matrices A =


1.5 1
0 0.1

�
, G =


1 0
0 0

�
, C =


1 0
0 1

�
and

H =


0 0
0 1

�
(i.e., with p⇤ = l) has an invariant zero at {0.1} and is hence strongly

detectable. Thus, in both cases, the recursive optimal filter in Section 7.2.1 can be
applied, which means that unbiased state estimates can be asymptotically achieved
when p⇤ = l. ⇤

Remark 8.3.4 Given the difference in definitions (cf. Remark 8.3.2), note the re-
sulting contrast of Theorem 8.3.3 to the claim in [79, Proposition 3] that only dl/2 � 1e
signal attacks are correctable for all almost all pairs (A, C).

Moreover, the necessity of strong detectability can serve as a system designer’s tool
to determine which actuators or sensors need to be safeguarded at all cost to guarantee
resilient estimation. Since strong detectability is a system property that is indepen-
dent of the filter design, the necessity of this property can be viewed as a fundamental
limitation for resilient estimation, i.e., the ability to asymptotically/exponentially ob-
tain unbiased estimates.

Maximum Number of Required Models for Estimation Resilience

Then, in a similar spirit as the attack set identification approach of [77,78] in which a
bank of deterministic residuals are computed to determine the true attack set (but not
the magnitude of the attacks), we consider a bank of filters to find the most probable
model/mode. We now characterize the maximum number of models N⇤ that need to
be considered with the multiple model approach:

Theorem 8.3.5 Suppose there are ta actuators and ts sensors, and at most p  l
of these signals are attacked. Suppose also that there are tm possible attack modes
(mode attack). Then, the combinatorial number of all possible models, and hence
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the maximum number of models that need to be considered with the multiple model
approach, is

N⇤ = tm

✓
ta + ts

p

◆
= tm

✓
ta + ts

ta + ts � p

◆
.

Proof The maximum number of required models is the number of combinations of
p attacks among ta + ts sensors and actuators for each of the tm attack modes of
operation/topologies. Note that this number is the maximum because resilience may
be achievable with less models: For instance, when tm = 1, ta = 0 and ts = 2 = l,

p = 1, A =


0.1 1
0 0.2

�
and C = I2, we have N⇤ = 2, but it can be verified that with

G = 02⇥2 and H = I2 (only one model, i.e., 1 = N < N⇤), the system is strongly
detectable. ⇤

Remark 8.3.6 If N > 1, the multiple model approach requires that the number of
attacks is strictly less than the number of sensor measurements, i.e., p < l. Otherwise,
the generalized innovation (7.9) is empty and we have no means of selecting the ‘best’
model, i.e., of computing mode probabilities.

If more information about the attacks is known, then one may expect that less
models need to be considered. For instance, if there are at most na  ta and ns  ts
attacks on the actuators and sensors, respectively, with a total of p attacks (where
p  l and p  na + ns), then the maximum required number of models is

N⇤ = tm

min{na,p}X

i=0

✓
ta
i

◆✓
ts

min{p � i, ns}

◆
.

However, it turns out that more information may also increase the number of models.
Nonetheless, with more information, the problem with more attacks that was previ-
ously not solvable because the (fewer) models are not strongly detectable, may now
become solvable because although the number of models is increased, each of these

models is strongly detectable. An example of this is with tm = 1, A =


0.1 1
0 1.2

�

and C = I. If we assume that na = 0 and ns = p = 2, then with G = 0 and
H = I (only one model is required), the system is not strongly detectable with zeros
at {0.1, 1.2}. However, if na = 0 and ns = p = 1 < l = 2, we have 2 models with

G =


0
0

�
, H1 =


1
0

�
and H2 =


0
1

�
, where both models can be verified to be strongly

detectable.

8.3.2 Attack Detection

It is also noteworthy that the model consistency property described in Section 8.2.2
(i.e., the probability of the true model converges to 1), while is quintessential for
establishing the soundness of the multiple model approach, may not be necessary for
resilience. For instance, in the trivial case that there are no attacks dk = 0 for all
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k, the state estimates of all models would perform equally well. In other words, the
attacks need not be detected for obtaining resilient estimates.

On the other hand, if the static MM estimator in Section 8.2.2 is not (mean)
consistent and the true mode is in the set of considered models, then by Theorems
8.2.2 and 8.2.4, there exist some models with generalized innovations that have iden-
tical probability distributions as the generalized innovation of the true model (and
their KL-divergences are identically zero). Hence, the generalized innovations of these
modes/models are Gaussian white sequences (cf. Theorem 7.2.6), and by extension,
the input and state filters for these modes are ‘optimal’ filters and these attack modes
would be undetectable. Since these attack modes are ‘optimal’, it is unlikely that the
convergence to the true model is achievable in this case; thus, we regard the static
MM filter we proposed to be as optimal as can be. This is hardly surprising as it
has also been independently observed that the attack stealthiness for SISO stochastic
systems is directly related to the KL-divergence [135].

8.4 Simulation Examples

8.4.1 Intention-Aware Vehicles

Figure 8-5: Two vehicles crossing an intersection.

Motivated by the intention-aware vehicle application described in Section 1.1.2,
we consider the scenario of vehicles crossing a 4-way intersection where each vehicle
does not have any information about the intention of the other vehicles. To simplify
the problem, we consider the case with two vehicles: Vehicle A is human driven
(uncontrolled) and Vehicle B is autonomous (controlled), with dynamics described
by:

ẍA = �0.1ẋA + dc
1, ẍB = �0.1ẋB + u,
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where x and ẋ are vehicle positions and velocities. We assume3 that Vehicle A ap-
proaches the intersection with a default intention, i.e., without considering the pres-
ence of Vehicle B. Then, at the intersection, the driver of Vehicle A can choose between
three intentions:

• to continue while ignoring the other vehicle with an unknown input dc
1 (Inattentive

Driver, default mode),

• to attempt to cause a collision (Malicious Driver), or

• to stop (Cautious Driver).

Then, once either vehicle completes the crossing of the intersection, Vehicle A returns
to the default intention.

Thus, if we assume the presence of noise, this intersection-crossing scenario is
an instance of a hidden mode switched linear stochastic system with an unknown
input. The intention of driver A is a hidden mode and the actual input of vehicle
A is an unknown input (which is not restricted to a finite set). The objective is to
simultaneously estimate the intention (mode), input and state of the vehicles for safe
navigation through the intersection.

Using the hidden mode switched linear stochastic system model with state x =⇥
xA, ẋA, xB, ẋB

⇤
, each intention corresponds to a mode q 2 {I , M, C} with the fol-

lowing set of parameters and inputs:
• Inattentive Driver (q = I), with an unknown time-varying dc

1 (uncorrelated with
xB and ẋB, otherwise unrestricted):

AI
c =

2
664

0 1 0 0
0 �0.1 0 0
0 0 0 1
0 0 0 �0.1

3
775 , BI

c =

2
664

0
0
0
1

3
775 , GI

c =

2
664

0 0
1 0
0 0
0 0

3
775 ,

CI
c =

2
664

1 0 0 0
0 1 0 �1
0 0 1 0
0 0 0 1

3
775 , DI

c =

2
664

0
0
0
0

3
775 , HI

c =

2
664

0 0
0 0
0 0.1
0 1

3
775 .

• Malicious Driver (q = M), i.e., with dc
1 = Kp(xB � xA) + Kd(ẋB � ẋA) where

Kp = 2 and Kd = 4:

AM
c =

2
664

0 1 0 0
�Kp �0.1 � Kd Kp Kd

0 0 0 1
0 0 0 �0.1

3
775 , HI

c =

2
664

0 0
0 0
0 0
0 �1

3
775

BM
c = BI

c , G
M
c = GI

c , C
M
c = CI

c , DM
c = DI

c .

3The assumed permutation of intentions is for illustrative purposes only and was not a result of
any limitations on the proposed algorithms.
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• Cautious Driver (q = C), i.e., with dc
1 = �KpxA � KdẋA where Kp = 2 and

Kd = 4:

AM
c =

2
664

0 1 0 0
�Kp �0.1 � Kd 0 0

0 0 0 1
0 0 0 �0.1

3
775 , HI

c =

2
664

0 0
0 �1
0 0
0 1

3
775

BM
c = BI

c , G
M
c = GI

c , C
M
c = CI

c , DM
c = DI

c .

Furthermore, the velocity measurement of the vehicle is corrupted by an unknown
time-varying bias dc

2. Thus, the switched linear system is described by

ẋ = Aq
cx + Bq

cu + Gq
cd + wq,

y = Cq
c x + Dq

cu + Hq
c d + vq,

where d =
⇥
dc

1 dc
2

⇤>, the intensities of the zero mean, white Gaussian noises, w =⇥
0 w1 0 w2

⇤> and v, are:

Qc = 10�4

2
664

0 0 0 0
0 1.6 0 0
0 0 0 0
0 0 0 0.9

3
775 ; Rc = 10�4

2
664

1 0 0 0
0 0.16 0 0
0 0 0.9 0
0 0 0 2.5

3
775 .
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Figure 8-6: Vehicle remain in ‘I’ mode. Mode probabilities for each mode obtained
with the static (top) and dynamic (bottom) MM estimators.
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(b) Vehicle switches intentions ‘I!C!I’.

Figure 8-7: Mode probabilities for each mode obtained with the static (top) and
dynamic (bottom) MM estimators.
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ẋm
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(a) With the static MM estimator.
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(b) With the dynamic MM estimator.

Figure 8-8: Measured (superscript ‘m’, unfiltered), actual and estimated states and
unknown inputs for the ‘I!M!I’ case.

188



Since the proposed filter is for discrete-time systems, we employ a common con-
version algorithm to convert the continuous dynamics to a discrete equivalent model
with sample time 4t = 0.01s, assuming zero-order hold for the known and unknown
inputs, u and d.

We observe that both the static and dynamic MM estimators were successful at
inferring the hidden modes of the system in the cases when the vehicle remains in
the ‘Inattentive’ mode (cf. Figure 8-6), or switches modes according to I!M!I or
I!C!I (cf. Figure 8-7). The performance of the static MM estimator is slightly
worse than the dynamic variant, as can be seen in Figure 8-7(c). On the other hand,
the changes in the mode probability estimate of the dynamic MM estimator are
quicker which could be interpreted as having a higher ‘sensitivity’ to mode changes.

Taking a closer look at the ‘I!M!I’ scenario (the others are omitted due to space
limitations) depicted in Figures 8-8(a) and 8-8(b), we observe that both variants of
the MM estimators performed satisfactorily in the estimation of states and unknown
inputs. Similar to the observation of the mode probabilities, we note that the esti-
mates of the static MM estimator (Figure 8-8(a)) are slightly inferior to that of the
dynamic variant (Figure 8-8(b)). As aforementioned, this is because the dynamic
MM estimator allows for mode transitions through a Markovian jump process where
the transition matrix can be used as a design tool or incorporate prior knowledge
about the mode switching process. In this example, the transition matrix is chosen

as PT =

2
4

0.7 0.15 0.15
0.399 0.6 0.001
0.399 0.001 0.6

3
5.

8.4.2 3-Area Power System (Mode & Signal Magnitude At-
tacks)

Control Area 1

Control Area 2

Control Area 3

Circuit Breaker 1 Circuit Breaker 3

Circuit Breaker 2

Figure 8-9: Example of a three-area power station in a radial topology (corresponding
to node/bus attack).

To illustrate the effectiveness of the static MM filter for resilient state estimation
of stochastic cyber-physical systems under switching attacks (described in Section
1.1.3), we consider a power system [7] with multiple control areas, each consisting
of generators and loads, with tie-lines providing interconnections between areas (see
example of a 3-area system in Figure 8-9). A simplified model of the control areas
and the tie-lines is given by (see also parameter definitions in [7, Chap. 10]):
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Control area i: (i 2 {1, 2, . . . , Nca})

d�!i

dt
+

Di�!i

Mi

� �Pmechi

Mi

+

P
j 6=i�P ij

tie

Mi

= ��PLi

Mi

,

d�Pmechi

dt
+
�Pmechi

TCHi

� �Pvi

TCHi

= 0,

d�Pvi

dt
+
�Pvi

TGi

+
�!i

Rf
i TGi

=
�Prefi

TGi

;

Tie-line power flow, P ij
tie, between areas i and j (no attack):

d�P ij
tie

dt
= Tij(�!i ��!j),

�P ji
tie = ��P ij

tie;

where �!i, �Pmechi
and �Pvi represent deviations of the angular frequency, mechan-

ical power and steam-valve position from their nominal operating values.
A malicious agent is assumed to have access to circuit breakers that control the

tie-lines, and is thus able to sever the connection between control areas. Depending
on the topology of the tie-line interconnection graph, such attacks may correspond
to a node/vertex/bus attack (disconnection of a control area from all others) or a
link/edge/line attack (disabling of a specific tie-line between two control areas), i.e.,
the power flow across the tie lines is altered:

Attack on circuit breaker i (node/bus attack):

�P ij
tie = ��P ji

tie = 0, 8j 6= i; (8.20)

Attack on circuit breaker (i, j) (link/line attack):

�P ij
tie = ��P ji

tie = 0. (8.21)

In addition, we assume that the system dynamics and measurements are subject
to random noise and attacks via additive data injection in the actuator and sensor
signals. The goal of resilient state estimation is thus to obtain unbiased state es-
timates despite switching attacks, i.e., attacks on switches/circuit breakers and the
switching/time-varying nature of the attack strategy on switches, actuators and sen-
sors.

Specifically, we consider specifically the discrete-time equivalent (with a time step
�t = 0.1s) of a 3-area system in a radial topology corresponding to a node at-
tack (as depicted in Figure 8-9), , with D1 = 3, Rf

1 = 0.03, Ma
1 = 4, TCH1 = 5,

TG1 = 4, D2 = 0.275, Rf
2 = 0.07, Ma

2 = 40, TCH2 = 10, TG2 = 25, D3 = 2,
Rf

3 = 0.04, Ma
3 = 35, TCH3 = 20, TG3 = 15, T12 = 2.54, T23 = 1.5 and T31 = 2.5.

We assume that all inputs �PLi
and �Prefi

are identically zero and that all states
are measured (i.e., Cqk

k = I) where only measurements of �!i are corrupted by
additive errors di for i = 1, 2, 3 (ta = 0, ts = 3, p = 3) and the system is af-
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Figure 8-10: Mode probabilities for Example 8.4.2.
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Figure 8-11: State and attack magnitude estimates in Example 8.4.2.
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fected by additive zero mean Gaussian white process and measurement noises with
known covariances Q = 10�2 ⇥ diag(1, 1.6, 2, 1.2, 2.5, 1.4, 0.3, 2.11, 3, 0.2, 0.9, 1.8) and
R = 10�2 ⇥ diag(2.1, 0.6, 2.2, 0.2, 1.9, 1.4, 1.3, 1.1, 2.3, 1.2, 0.3, 1.8). For this tie-line
interconnection topology, the circuit breaker attacks result in N = N⇤ = tm = 5
possible modes of operation: all switches are safe/“on” (q = 1), only circuit breaker
i is attacked/“off” (q = i + 1, i = 1, 2, 3) and two or more circuit breakers are at-
tacked/“off” (q = 5).

For conciseness, we only show the results for the case when the attacker is assumed
to switch from q = 2 to q = 5 at t = 500s, although our approach can also be
successfully employed for all possible switching sequences. We observe from Figure 8-
10 that the resilient state estimation algorithm is able to estimate the hidden mode,
i.e., the true switching mode. Furthermore, we observe from Figure 8-11 that the
system states (including those from unattacked measurements; not depicted) and
unknown attack magnitudes are successful estimated, i.e., the signal attacks di that
can be observed to affect the raw measurements of �!i for i = 1, 2, 3 have been
corrected/removed.

8.4.3 Benchmark System (Signal Magnitude & Location At-
tacks)

In this example, we consider the resilient state estimation problem for a system (mod-
ified from Section 7.5.1) that has been used as a benchmark for many state and input
filters, with only one mode of operation (tm = 1) and with possible attacks on the
actuator and 4 of the 5 sensors (ta = 1, ts = 4):

A=

2
66664

0.5 2 0 0 0
0 0.2 1 0 1
0 0 0.3 0 1
0 0 0 0.7 1
0 0 0 0 0.1

3
77775
; B =G=

2
66664

1
0.1
0.1
1
0

3
77775
; C =

2
66664

1 0 0 0 0
0 1 �0.1 0 0
0 0 1 �0.5 0.2
0 0 0 1 0
0 0.25 0 0 1

3
77775
;

H =

2
66664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

3
77775
; Q=10�4

2
66664

1 0 0 0 0
0 1 0.5 0 0
0 0.5 1 0 0
0 0 0 1 0
0 0 0 0 1

3
77775
; R =10�4

2
66664

1 0 0 0.5 0
0 1 0 0 0.3
0 0 1 0 0

0.5 0 0 1 0
0 0.3 0 0 1

3
77775
.

The known input uk is 2 for 100  k  300, �2 for 500  k  700 and 0 otherwise,
whereas the unknown inputs are as given in Figure 8-13. We also assume that there
are at most p = 4 attacks with no constraints on na and ns; as a result, we will
consider N = N⇤ = 1 ·

�
5
4

�
= 5 models.

Due to space limitation, we only provide simulation results for the case when the
signal attack locations are switched from q = 3 (attack on actuator and sensors 1,3,4)
to q = 2 (attack on actuator and sensors 1,2,4) at time t = 500s. From Figure 8-12,
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Figure 8-12: Mode probabilities for Example 8.4.3.
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Figure 8-13: State and attack magnitude estimates in Example 8.4.3.
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we observe that the mode probabilities converge to their true values. Figure 8-13
shows the estimates of states as well as the unknown attack signal magnitudes. The
state estimates, which are our main concern, are seen to be good even before the
mode probabilities converge, while the unknown attack signals are also reasonably
well estimated, with the exception of little jumps in its estimates during the switch
in attack locations at t = 500s. Similar results (not shown) are obtained for all other
attack modes, q = 1 (attack on actuator and sensors 1,2,3), q = 4 (attack on actuator
and sensors 2,3,4) and q = 5 (attack on sensors 1,2,3,4).
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Chapter 9

Conclusions

Hybrid systems are a rich modeling framework that allows for the combined consid-
eration of continuous and discrete state dynamics. Moreover, hidden mode hybrid
systems are the special case when the mode is unknown or hidden and mode transi-
tions are not controlled. In addition, by allowing unknown inputs in this framework,
both deterministic and stochastic disturbance inputs and noise can also be consid-
ered. The large number of applications such as autonomous systems with contact,
intention-aware vehicles and attack-resilient estimation of power systems that can be
well described by such a model motivate the work in this thesis, since the literature
on feedback control and estimation approaches for such systems is rather sparse.

Therefore, in this thesis, we developed some of its fundamental theory and pro-
posed computationally efficient algorithms for two complementary subjects of interest
to the system control and estimation community, namely feedback control and esti-
mation of hidden mode hybrid systems. In the following, we will first summarize the
algorithms and results developed in this thesis, and subsequently present some exten-
sions to the work we presented in this thesis that were omitted to preserve the focus
of this thesis on hidden mode hybrid systems, as well as some possible directions for
future research.

9.1 Summary

The main contribution of this thesis is the development various novel feedback control
and estimator designs for hidden mode hybrid systems with unknown inputs, as well
as the rigorous analysis of their properties.

In the first part of the thesis, we considered the feedback control problem of hid-
den mode hybrid systems with input amplitude and rate constraints. We proposed a
single hidden mode control law that applies to all modes, as opposed to existing con-
trol designs in which a controller is designed for each mode and the switching between
controllers are based on mode estimates. Specifically, we designed tracking controllers
for hidden mode hybrid systems subject to input amplitude and rate constraints us-
ing adaptive and robust control techniques, under various appropriate assumptions.
Intuitively, the adaptive approaches treats the hidden mode as uncertainties in sys-
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Adaptive Approach Robust Approach

• Hidden mode as parameter uncertainty • Hidden mode as disturbance
• Adapts to uncertain parameters • Rejects “disturbance”
• Requires dwell-time/slow switching • No dwell-time required

Table 9.1: Intuition for our adaptive and robust approaches to hidden mode tracking
control.

tem parameters; thus, “dummy” system parameters can be defined to represent these
unknown parameters for all modes (can also be viewed as a relaxation of the “in-
tegrality” of system parameters) and conventional adaptive control techniques can
be applied under the assumption of slow switching. On the other hand, the robust
approach treats differences due to hidden mode as external disturbances, which is
rejected using robust control techniques. Table 9.1 summarizes the intuition for these
approaches. Furthermore, to deal with input constraints, the approach of reference
trajectory modification using CHARM or iCHARM is studied with the goal of track-
ing the “natural” behavior of the hybrid control system at hand. These techniques
were applied to control autonomous systems with contact such as the autonomous
dynamic landing of a helicopter and robot walking without ground contact sensors,
as well as to the control of a car with automatic transmission.

In the second part of the thesis, we discussed the development of the first inference
algorithms for simultaneously estimating states, unknown inputs and hidden modes
of stochastic switched linear systems, along with an analysis of their properties. Since

Hk = 0 Hk full rank Hk rank deficient
Kitanidis, 1987 [46] 373

Darouach & Zasadzinski,1997 [50] 373

Darouach & Zasadzinski, 2003 [52] 373

Palanthandalam-M. & Bernstein, 2007 [57] 337 337

Gillijns & De Moor, 2007 [59] 333

Gillijns & De Moor, 2007b [60] 333

Hsieh, 2009 [63] 333 337

Cheng et al., 2009 [53] 373* 373* 373*
Fang et al., 2011 [61] 337

Yong et al. 2013 [62] 333

ULISE [Section 7.2.1] 333* 333* 333*

3- - : State estimation
- 3- : Input estimation
- - 3 : Optimal in minimum-variance unbiased (MVU) sense
- - 3* : Globally optimal in MVU sense over class of linear estimators

Table 9.2: A comparison of the ULISE filter with other discrete-time simultaneous
input and state filters in the literature.
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Kalman filter (state only) [43] ULISE filter (input and state) [Section 7.2.1]

• Minimum-variance, unbiased • Minimum-variance, unbiased [Lem. 7.3.4]
• Best linear estimator • Best linear estimator [Thm. 7.2.2]
• Stability: Bias ! 0 • Stability: Bias ! 0 [Thm. 7.2.3]
• Steady-state gain • Steady-state gain [Thm. 7.2.4]

⇤ (A, C) detectable ⇤ system is strongly detectable
⇤ (A, Q

1
2 ) stabilizable ⇤ system is “stabilizable”

• Optimal smoothing possible • Optimal smoothing possible [Sec. 7.2.2]
• Discrete & continuous time vers. • Discrete & continuous time vers. [Sec. 7.3]
• Innovation sequence: • Generalized innovation sequence:

Gaussian, white Gaussian, white [Thm. 7.2.6]
• Separation principle • Separation principle [Sec. 7.4]

⇤ LQG ⇤ LQG + fault/attack “rejection”

Table 9.3: A comparison of properties of Kalman and ULISE filters.

Switched linear systems without unknown inputs with unknown inputs

Static & Dynamic Variants:
1. Mode matched filtering • Kalman filter [43] • ULISE filter [Section 7.2.1]
2. Mode probability comp. • Uses whiteness of • Uses whiteness of

innovation [71] to form generalized innovation
likelihood function to form likelihood
(e.g., [69]) function [Section 8.2.1]

Static Variant Only:
3. Filter consistency • Assumes sufficiently • Assumes sufficiently

different likelihood different likelihood
ratios [131,132] functions (nonzero

KL-divergences)
[Section 8.2.2]

Dynamic Variant Only:
4. Hypothesis management • Various schemes : • Retains IMM structure:

[70,73] [Section 8.2.3]
GPB1, GPB2, • Mixing prob. comp.
IMM (best [69]) • Mixed initial conditions

Table 9.4: A comparison of multiple model filters for hidden mode switched linear
systems with and without unknown inputs.

we have chosen to take the second route in Figure 6-1 to address this problem, we
first developed a unified framework for simultaneous state and input estimation for a
more general class of linear systems (cf. Table 9.2 for the broad applicability of the
proposed ULISE filter in comparison to existing filters in the literature). Moreover,
we have shown that the input and state estimators we proposed have the same nice

197



properties as the Kalman filter (cf. Table 9.3 for a comparison of their properties).
Then, to complete the latter component of route (2) in Figure 6-1, we made

effective use of multiple model framework for estimation to additionally estimate the
hidden mode (cf. Table 9.4 for comparison of our multiple model filter with the well-
studied filters for switched linear systems without unknown inputs). In particular,
we utilized the whiteness property of the generalized innovation of the true mode to
infer the hidden mode of the switched linear stochastic system and shown that the
consistency of our multiple model filter is related to Kullback-Leibler divergence.

These inference algorithms provide the initial steps towards the realization of
smart vehicles that are aware of the hidden intentions of other vehicles, as well as
smart power grids with reliable estimates despite faults or malicious attacks on its
topology, actuators and sensors. In addition, on the topic of resilient estimation of
smart power grids or more generally, stochastic cyber-physical systems, we character-
ized the fundamental limitations to this attack-resilient estimation problem, such as
the upper bound on the number of asymptotically correctable signal attacks/errors
and the maximum number of models that are needed to represent all possible modes.

9.2 Extensions

We now present some insights gained from further extensions of our work on simul-
taneous input and state filtering that were omitted from this thesis, in order to not
digress too much from the focus of this thesis on hidden mode hybrid systems.

9.2.1 Simultaneous Input and State Estimation with a Delay

As an extension to the “real-time” simultaneous input and state estimation problem
considered in Section 7.2.1, we have also considered the problem of simultaneous input
and state estimation with a delay/lag (i.e., the estimation of inputs and states up to
time step k from the measurements up to time step k +L for some integer L � 0) for
linear time-invariant discrete-time stochastic systems with unknown inputs in [14].
Given that filtering and smoothing algorithms are typically initiated by an initial
state estimate (biased or otherwise), it makes sense to think of an estimator with
a delay as an estimator that can uniquely provide state and input estimates at all
times after a possible initial delay or lag (cf. the notion of invertibility in Definition
6.4.4). In addition, we wish for an estimator whose the state and input estimates
are asymptotically unbiased with more observations. More formally, we define the
desired asymptotic estimator with a delay as follows:

Definition 9.2.1 (Asymptotic/Stable Estimation with a Delay) For any ini-
tial state x0 2 Rn and sequence of unknown input {dj}j2N in Rp, an asymptotic
estimator with a delay or lag L

(i) uniquely estimates the state x̂k and the unknown inputs {di}k�1
i=0 for all k from

observations of outputs up to time step k + L, i.e., {yi}k+L
i=0 , and
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(ii) provides asymptotically unbiased estimates, i.e., E[x̂k � xk] ! 0 and E[d̂k�1 �
dk�1] ! 0 as k ! 1.

A key result is that system invertibility (cf. Definition 6.4.4) is necessary for
the existence of an asymptotic estimator with a delay L (based on Definition 9.2.1).
Moreover, strong detectability is necessary for the stability of the filter because the
strongly undetectable modes of the system cannot be stabilized by any choice of filter
gain. Since strong detectability implies invertibility (cf. Section 6.4.2 and Figure 6-2),
we conclude that strong detectability is a key system property for the existence of an
asymptotic estimator. Note also that, since we no longer require estimation without
delay or lag, i.e., in real-time with L = 0, the rank condition of rk(C2G2) = p� pH in
the theorems for the ULISE filter in Section 7.2.1 is no longer necessary. Thus, the
recursive filter we have proposed in [14] applies to a broader class of systems.

9.2.2 Simultaneous Input and State Filtering with Partial In-
put Information

Up till this point, we have assumed that the unknown inputs dk for all k is completely
unknown. However, in many applications, they are not completely unknown, as they
may satisfy conservation laws [136] or are bounded by physical laws. For instance,
autonomous vehicles do not have knowledge of the control inputs of other vehicles
[6] but these inputs are limited by the maximum engine power. Other application
examples include real-time estimation of mean areal precipitation during a storm
[46], fault detection and diagnosis [47] as well as population and traffic estimation
[136–138].

In our attempt to extend the results in Section 7.2.1 to circumstances in which
partial input information is available, we considered in [15] the case when input
aggregate information is available in these linear forms:

1. Linear equality constraint:

Rkdk = ⇢k, (9.1)

where ⇢k 2 Rrk and Rk 2 Rrk⇥p are deterministic and known. Furthermore, we
assume that Rk has full row rank, i.e., rank(Rk) = rk and rk  p (otherwise,
redundant constraints can be removed). This form of aggregate information is
found in various contexts (cf. [136]) such as conservation laws, known weighted
averages, aggregated statistics, etc. Some concrete examples are when net mi-
gration arrivals (input variables) are only known at a national (aggregated) level
in the estimation problem of Australian state populations [137] or when the net
gain of lane-changing vehicles (unknown inputs) aggregated across all the lanes
is equal to zero in a traffic densities study [138].

2. Linear inequality constraint:

Rkdk  ⇢k, (9.2)
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where ⇢k 2 Rrk and Rk 2 Rrk⇥p are deterministic and known (rk is generally
greater than p). This partial information form allows for the incorporation of
input bounds (including L1-norm and L1-norm) since unknown disturbance
inputs in most practical problems are bounded. For instance, the unknown
inputs of other drivers [6] are bounded by the vehicles’ engine power, whereas
the fault signals in fault detection and diagnosis [47] are oftentimes bounded.
In the context of data/signal injection attacks [12,76] in cyber-physical systems,
it may be reasonable to assume that the attacker has limited resources.

We introduced filtering algorithms for simultaneously estimating both states and
unknown inputs when input aggregate information is available in the form of linear
equality and inequality constraints given above. With the input aggregate equality
constraint, we transformed the problem via a substitution method into an equivalent
problem with no constraints. Hence, the nice properties of the input and state filter
developed in Section 7.2.1 directly apply, i.e., the estimates are optimal in a minimum
variance unbiased sense and we have sufficient conditions for filter stability for linear
time-varying systems, as well as necessary and sufficient conditions for convergence
of filter gains to steady-state for linear time-invariant systems. Furthermore, via a
“detour” of using a projection method [139] that projects the unconstrained input
estimates onto the constraint manifold, we could further show that with the input
aggregate information, the mean-squared error of the estimates is decreased.

On the other hand, when the input aggregate information is given in the form of
a linear inequality, we utilized the projection method to project the unconstrained
input estimates onto the polyhedron described by the linear constraints, similar to the
approach in [140] for Kalman filtering with state inequality constraints. We showed
that the projection decreases the mean-squared error of the input estimates, but the
estimates may become biased, although the bias is imperceptible in our simulation
examples in [15].

9.3 Future Directions

In this section, we present some directions for future research on related problems.

9.3.1 Hidden Mode, Input and State Smoothing

A natural future direction to pursue in the short term is the problem of hidden mode,
input and state smoothing. As is observed in the development of the optimal input
and state smoother, ULISS, in Section 7.2.2, smoothed estimates improve on the
filter estimates by considering the observations of the entire time interval. Thus, we
expect the smoothed estimates of this new hidden mode, input and state smoothing
algorithm would improve on the filtered estimates from the multiple model filters
presented in Chapter 8.
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9.3.2 Nonlinear Input and State Estimation

In the vehicle reentry example we presented in Section 7.5.3, we saw the potential of
applying the linear input and state estimators we developed in Chapter 7 to nonlinear
systems with unknown inputs, and specifically by linearization around a reference
trajectory. Thus, it would be interesting to further study the effectiveness of such
linearization-based techniques (“local approach”) for nonlinear stochastic systems with
unknown inputs that would use more sophisticated nonlinear estimation approaches
that are similar in spirit with higher-order extended Kalman filters (EKF), unscented
Kalman filters (UKF) [115], quadrature Kalman filters (QKF) [141] and cubature
Kalman filters (CKF) [142].

9.3.3 Combining Estimation and Control

While it is often necessary to estimate the system modes, states and unknown inputs
because the information in these estimates are interesting in their own right, often, an
engineer needs these estimates in order to implement a state-feedback controller or a
disturbance rejection scheme. To employ feedback control based on filtered estimates,
the uncertainties associated with these estimates must oftentimes also be considered.
For example, in safety control applications such as vehicular collision avoidance, the
quantification of some notions of probabilistic safety guarantees is needed.

Since we not only have estimates of hidden modes, states and inputs, but also some
information about their probabilities and moments of their distributions, an interest-
ing area of future exploration is the safety control design that keeps the intersection
between the credible region (Bayesian confidence region) of the estimates for a given
confidence level with the bad and unsafe sets, empty at all times. This confidence
level can then potentially be seen as a measure of probabilistic safety guarantee.

9.3.4 Robustness to Modeling Errors in Resilient Estimation

The existing approaches for resilient state estimation—both the optimization-based
(frequentist) approach in [79] and the recursive (Bayesian) approach described in Sec-
tion 8.3—rely heavily on the perfect knowledge of the system dynamics and model
with or without noise or disturbance signals apart from the attack signals. For the ‘fre-
quentist’ approach, the active research area of robust optimization, which addresses
the problem of optimization under uncertainty, in which the uncertainty model is not
stochastic, but rather deterministic and set-based (e.g., [143, 144]) seems to provide
promising tools for addressing the problem of obtaining resilient state estimates that
are robust to modeling errors, and would make an intriguing future research direction.

9.3.5 Resilient Control

A further research direction is that of resilient control. As before, state estimates
that are resilient to adversarial attacks may be intrinsically interesting, but, often, a
system operator/engineer may be more interested in guaranteeing the system safety
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in the face of malicious attacks. Hence, resilient feedback control designs (that may
or may not rely on resilient estimates) are of great interest and relevance to preserve
the continual operation of many safety-critical infrastructure systems that may be
prone to attacks.
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